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ABSTRACT: The beginning of motion of particles at the bottom of awater channel is a result of a rather
complex interaction between the flow and the particles. Using a simplified bed model it is possible to easily
study and isolate the interactions between the flow and the bed and to better define the conditions leading to the
beginning of bed particles motion. A theoretical approach that takes into account the different parameters such
as support angle and turbulence intensity, is presented andcompared with the Shields diagram and experimental
results. This study is the first phase of a broader research project in course who aims to better understand and
explain the beginning of sediment particles motion.

1 INTRODUCTION
Aiming to study the interaction between the flow and
the channel bed, a simple model was developed in or-
der to allow a proper description of that interaction
in terms of its physics. Some assumptions were made
and based on the known results of the boundary layer
theory.

This work summarizes the first stage of a broader
research project in course at the Hydraulics Labora-
tory of Faculty of Engineering of Porto University,
currently focused at the study of the flow around a
single particle, aiming to be used in future work to
characterize the interaction between particles.

2 CONCEPTUAL MODEL
The bed model studied consists on a flat and hori-
zontal plate in which a localized two-particles’ width
bed, with the full transverse length of the water chan-
nel was provided, as depicted in Figure 1. Over this
bed of particles, at the channel axis, a single parti-
cle was placed. The particles that support that single
particle will be from now on referred as supporting
particles and the single particle will be designated as
test-particle. This model consists in a simplification
of one presented by (Nezu and Nakagawa 1993).

There are two possible 3D configurations to sup-
port the test-particle: a three- or a four-particles bed
arrangement. For this analysis the test-particle is as-
sumed to be supported by a four particles bed ar-
rangement with the centres of the five spheres form-
ing a square-based pyramid as shown in Figure 2.
It can be shown that the maximum height of the
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Figure 1: Simplified bed model. A test-particle, with
the same diameter as the ones of the bed is immersed
on a flow with a velocity profileu = u(y). The forces
acting on a particle (referred as test-particle) are the
weight ~P , the drag~D, the lift ~L, the buoyancy~I, the
normal reaction~Rn, the friction force~Fr, andd is the
particle’s diameter.

sphere ish1t = d/
√

2 and that the support angle is
θ = atan

√
2/2 = 35.26o (as depicted on Fig 2).

For this simple model theoretical hypothesis re-
garding the beginning of motion were assumed:
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Figure 2: A squared based pyramid results from the
four-spheres support arrangement considered in this
study, beingθ the supporting angle. Flow direction is
perpendicular to the segmentAD.

1. the flow is processed over a flat smooth bed until
it reaches the test-particle.

2. the flow is bidimensional and developed, so that
the longitudinal component,u, is much larger
than the vertical and transversal componentsv
andw, respectively;

3. the boundary-layer is limited to a narrow region
near the bed, so that the test-particle may be con-
sidered, in this approach, immersed in a uniform
stream, of velocityU∞;

4. outside the boundary layer, the turbulence in-
tensity profile will be assumed constant (Hinze
1975);

5. the flow is fully established;

2.1 Analysis of the Forces Acting on the Test-
Particle

The forces acting on the test-particle are the following
(considering an horizontal plate) are:

- The immersed weight force,~P − ~I:

P − I =
π

6
(ρs − ρ)gd3 (1)

where ρs = density of the particle;ρ =
density of the water;g = acceleration of gravity;
andd = particle’s diameter.

- The drag,~D, and lift, ~L, forces (Goldstein 1965):

D =
1

2
ρU2

∞
SCD (2)

L =
1

2
ρU2

∞
SCL (3)

where U∞ = velocity of the flow far from
the bed;S =particle’s section exposed to the
flow; CD = the drag coefficient; andCL = lift
coefficient.

- The resistance force,~Fr which can be expressed as
(Halliday et al. 2001):

Fr = µeRn (4)

where µe = static friction coefficient; and
Rn = normal reaction.
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Figure 3: Top view of the particle arrangement and
representation of the pivot points (P1 andP2) and axis
formed by those points. Flow direction is perpendicu-
lar to the segmentP1P2.

From the equilibrium conditions,
∑ ~F = 0 and

∑ ~M = 0, where~F represents the resultant force and
~M the resulting torque, one obtains respectively for

the force balance:

U2
∞

(s− 1)gd
=

4

3CD









µe

1 +
CL

CD

µe









(5)

and for the torque balance:

U2
∞

(s− 1)gd
=

4

3CD









tan θ

1 +
CL

CD

tan θ









(6)
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where θ = support angle, as represented in Fig-
ure 2; ands = ρs/ρ. According to observations for
the studied case conditions and considering current
values of static friction coefficients for glass and
perspex(0.7 to 0.9), equation (6) was taken as the
critical reference in the following analysis.

The first member of equation (6) can be identified
as a Froude number, and so the following relation can
be written:

Fr = f(CD, CL, θ, φ) (7)

where CD and CL are functions of the particle
Reynolds number, defined as Rep = U∞d/ν and of
the shear rate defined as∂u/∂y (Saffman 1964).
For CD and CL, formulations corresponding to the
situation of a sphere in a shear flow should be used,
if available.

In accordance with the model’s theoretical hypoth-
esis referred (as 3.) before, it was assumed thatCL

was zero (Goldstein 1965), corresponding to, on a
first approach, not taking into account lift force ef-
fects. That simplification was assumed although hav-
ing in mind that, accordingly to (Saffman 1964), a
sphere in a slow shear flow is submitted to a lift force.
Therefore equation (6) can be written:

U2
∞

(s− 1)gd
=

4

3CD

tan θ (8)

or, multiplying both terms by the squared shear
velocity,u2

∗
= τw/ρ:

u2
∗

(s− 1)gd
=

4

3U+2
∞

CD

tan θ (9)

whereU+
∞

= U∞/u∗. For turbulent boundary layer
flows, and using the skin friction coefficient defini-
tion, it is possible to demonstrate thatu∗/U∞ ≈ 1/20.
The left hand side of equation (9) may be identified
as the Shields parameter (Shields 1936) and will be
denoted bySh (sometimes referred in the literature
by θ or Y ), and referred from now on as the Shields
number.

The behavior of theCD can be expressed as a
function of the particle Reynolds number (Cliff et al.
1978). Some of those expressions, which are particle
Reynolds number range dependent, are:

• for 0.01 ≤ Rep ≤ 20:

CD =
24

Rep

(

1 + 0.1315Re0.82−0.05 logRep

p

)

(10)

• for 20 ≤ Rep ≤ 260:

CD =
24

Rep

(

1 + 0.1935Re0.6385
p

)

(11)

• for 260 ≤ Rep ≤ 1.5× 103:

logCD = 1.6435− 1.1242W + 0,1558W 2 (12)

• for 1.5× 103 ≤ Rep ≤ 1.2× 104:

logCD = −2.4571 + 2.5556W

− 0.9295W 2 + 0,1049W 3 (13)

with W = log Rep.
Taking into account the referred expressions (10 to

13) for theCD evaluation, equation (9) can be plotted
and compared with the Shields diagram (correspon-
dent to granular mixtures), considering the Reynolds
number range variation (usingu∗ ≈ U∞/20), and dif-
ferent support angles (Figure 4).
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Figure 4: Comparison of Shields diagram with curves
obtained for an isolated sphere, for different support
angles (theta meansθ).

For the turbulent regime, Re∗ > 80, and considering
θ = 35.26o, the Shields numberSh, as calculated by
equation (6) is approximately0.006, which is about
10 times less than the value usual accepted for the
Shields diagram in the same conditions,Sh ≈ 0.06,
(Cardoso 1998). In experiments carried out by (Fen-
ton and Abbott 1977) a value ofSh ≈ 0.01 was ob-
tained, for large values of Re∗. Moreover, this last re-
sult is in good agreement with the ones obtained by
(Coleman 1967).

In addition to the previous considerations one
should also take into account the existence of turbu-
lence forces, namely a turbulent drag and a turbulent
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lift. Starting from the definition of drag force, and ex-
pressing the velocity in terms of a mean value and of
a fluctuation component:

D =
1

2
ρ(u + u′)2SCD (14)

or:

D =
1

2
ρ(u2 + 2uu′ + u′2)SCD (15)

Applying the Reynolds average in order to elimi-
nate the termuu′ and taking into account the simpli-
fied theoretical hypothesis 3 referred before, one has:

D =
1

2
ρ(U2

∞
+ u′2)SCD (16)

expressing that the drag force has a contribution
from the mean as well as from the fluctuating ve-
locity components and it can be seen that the drag
force has a contribution from the mean value of the
flow and from the fluctuating component. A similar
reasoning is valid for the lift force. It is then possible
to individualize drag and lift turbulent forces,Dt and
Lt, with:

Dt =
1

2
ρu′2CDS (17)

Lt =
1

2
ρu′2CLS (18)

whereu′ = fluctuation of the longitudinal velocity.
Conducting a similar approach as before (neglect-

ing the lift component), and again from the torque
analysis equation (9) turns now into:

Sh =
4

3CD

tan θ
1

U+2
∞

(

1

1 + It2u

)

(19)

where It2u = u′2/U2
∞

, is defined as the turbu-
lence intensity for theu component. IfItu is small
compared with unity, equation (19) can be written as:

Sh =
4

3CD

tan θ
1

U+2
∞

(

1− It2u
)

(20)

The plot of this function is depicted in Figure 5 con-
sideringθ = 35.26o for two different values ofItu.
One can observe that the contribution of turbulence,
although not relevant, shall be envisaged and taken
into account, the most as more turbulent the flow is.

1 10 100 1000

1E-3

0.01

0.1

theta = 35.26º 

It_u = 30%

It_u = 0%

Shields

 

 

S
h

Re
*

It_u:   0%      
It_u:    30%

Figure 5: Variation of the Shields number with the tur-
bulence intensity of the longitudinal velocity compo-
nent (u) on the Shields number, for a support angle of
θ = 35.26o (It u stands forItu).

3 EXPERIMENTAL SETUP
The experiments were made on the flume channel of
the Hydraulics Laboratory at FEUP. The channel is
0.4m wide by0.6m high and has a length of 17 m.

On this channel a model similar to the one de-
scribed before (Fig 1) was built in aperspexplate
placed on the bottom of the water channel and the 5
mm diameter spherical particles used were made of
glass (ρs = 2.65kgm−3).

Table 1: Parameters of the LDV (m.c.v. stands for
measurement control volume).

Parameter Value Comment
λ 514 nm wavelength
θ 6.834o angle of laser beams
δx 2.53 mm major axis of m.c.v.
δy 162µm minor axis of m.c.v.
Df 4.318µm fringe spacing
fs 0.6 MHz frequency shift

In order to measure the mean and turbulent veloc-
ities of the flow a one component laser Doppler ve-
locimeter (LDV) system from DANTEC was used.
The characteristics of this system are shown in Table
1.

The measurement grid used is depicted in Figure 6
and shows the plant view of the measured profiles.

4 EXPERIMENTAL RESULTS
In order to determine the conditions for the detach-
ment of the test-particle (hereafter referred as critical
conditions) several tests were carried out in order to
obtain a narrow band of flow rate values for which
the single test particle was removed, hereby referred
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Figure 6: Top view of the measurement grid used
in the measurements (L.A. stands for Longitudinal
Axis).

as critical flow rate,Qc. It was observed in the labora-
tory that the obtained interval for the critical flow rate
was:

Qc = [15.85; 17.25] (L/s) (21)

The average flow rate obtained was16.16L/s and that
was the flow value used as the critical flow case.

4.1 Studied flow characteristics
In order to allow the measurement for velocity fields
characterisation in the critical condition to be made,
the glass sphere was replaced by a steel sphere with
the same diameter. The mean and turbulent velocity
fields over and close to the test-particle were also
characterised for two other flowrate values in the
range below the critical one.

Table 2: Parameters of the flows considered
Reh Heighth (m) Q (L/s) τw (Nm−2)
3.1× 104 0.055 4.04 0.120
7.0× 104 0.085 10.10 0.224
1.0× 105 0.120 16.16 0.323

Table 4.1 summarizes the characteristics of the
studied flows in terms of flow (Q), Reynolds num-
ber (Reh = URh/ν, whereRh is the hydraulic radius,
U is the cross sectional mean velocity andν is the
kinematic viscosity) and shear stress (τw). The latter
was evaluated by applying the Clauser method to the
measured velocity profiles.

The flow fields characterization for any of those
flows was carried for two situations: one with and
the other without the test-particle placed in the flow.
The last ones enabled the application of the Clauser’s
method. In fact, according to (Young 1989) from the

log velocity law it is possible to demonstrate that the
following relation holds:

u

U∞

=
1

κ

√

Cf

2
ln

(

U∞y

ν

)

+ (22)

√

Cf

2

(

B +
1

2κ
ln

(

Cf

2

))

where Cf = 2τw/ρU2
∞

is the skin-friction coef-
ficient, κ = 0.4 is the von Ḱarmán’s constant and
B is a constant. Choosing several values ofCf it is
possible to determine a family of curves, and choose
the one who better fits the obtained experimental
data. In Figure 7 the Clauser method is illustrated for
the critical condition, Reh = 1.0× 105.
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Figure 7: Application of the Clauser method to ob-
tain the shear stress values on different longitudinal
sections of the channel for Reh = 1.0 × 105 (take
Umax = U∞).

As it can be seen the obtained values forCf at dif-
ferent longitudinal sections, for the fitting range, are
constant.

4.2 Analysis of the Conceptual Model
The conceptual model presented in the beginning of
this paper is analyzed here in the light of the experi-
ments. Using the flow characteristics (referred on Ta-
ble 4.1), the correspondent Shields numbers(Sh) and
Re∗ could be obtained and are plotted in Figure 8 and
listed on Table 3.

Comparing those values with the classical Shields
diagram, also depicted on Figure 8, it is clear that,
even for the determined critical condition, Shields’
theory does not predict the beginning of particle mo-
tion. This is recognised to be due to the fact that the
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Figure 8: Comparison of the experimental results with
the proposed conceptual model. Particle detachment
situation corresponds to point P3 (obtained for the
critical flow, Reh = 1.0× 105). Points P1 and P2 cor-
respond to the two other flows considered (Reh =
3.1× 104 andReh = 7.0× 104, respectively).

Shields’ criterion was derived considering the erosion
of a granular bed of sediments and not only a single
particle. Nevertheless the comparison is made since
the Shields diagram is one of the important tools to as-
sess the beginning of sediment motion and it is a very
widely used reference for granular mixtures. It can
be seen that (i) all the experimental points obtained
present a consistent and crescent trend and (ii) the
point correspondent to the critical flow (P3) is quite
close to the line obtained by application of the sim-
plified conceptual model, but still below the predicted
critical value.

Table 3: Experimental data points obtained in the
channel flume.

Point Reh Re∗ Sh Sh (Predicted)
P1 3.1× 104 54 0.0015 —
P2 7.0× 104 74 0.0028 —
P3 1.0× 105 89 0.0040 0.0055

As referred before, the model assumes that there is
no lift force contribution. It can be expected that if
lift force is taken into account, the prediction of the
critical value may be improved. In fact by consider-
ing the lift component, by adopting in equation (6)
the value ofCL = 0.178 proposed by (Einstein and
Samni, 1949), a new conceptual model curve may be
obtained as depicted on Figure 9.

Figure 9 indicates that by considering the lift con-
tribution the predicted critical values will be still in
better agreement with experimental ones, and so the
use of formulations for bothCL andCD on the con-
ceptual model is recommended.
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Figure 9: Comparison of the experimental results with
the proposed conceptual model consideringCL = 0
andCL = 0.178 as proposed by Einstein and Samni.
Considering the lift coefficient the conceptual model
gives results closer to the experimental ones.

4.3 Flow Field Over the Test-Particle

The use of the LDV, as referred, allowed to charac-
terize mean velocity and turbulence intensity values
on both longitudinal (u) and vertical (v) directions.
Those measurements were carried out in the perspec-
tive of investigating the influence of the turbulence
fluctuations and also the kinetic energy in the detach-
ment process of the particle. Of course, that in addi-
tion of the characterization of the flow field for the
critical condition case.

The velocity profiles corresponding to the critical
condition (Reh = 1.0 × 105) are depicted in Figures
10 to 13 and compare the behavior of the velocity field
with and without test-particle along the longitudinal
axis (see Fig 6).

Figure 10 shows that immediately upstream of the
test-particle there is a reduction on the value of the
longitudinal velocity (u) due to the deceleration of the
flow. It is also clearly seen that over the test-particle
there is an acceleration of the flow, with a high ve-
locity gradient; on the other hand the wake region is
characterized by a low velocity zone (with velocities
about zero). The turbulence intensity (Fig 11) has a
similar behavior but, in the wake region the higher
values are located at a distance of the wall of about
one diameter (y/d ≈ 1). Over the test-particle turbu-
lence intensity,Itu is about 18% (Fig 10).

For thev component, due to geometric limitations,
it was not possible to make the measurements near the
bottom. Nevertheless, it was possible to measure at a
distance of0.75mm from the top of the sphere. The
correspondent results are shown in Figures 12 and 13.

In terms of order of magnitude it can be concluded
that the longitudinal mean component,u, is much
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Figure 10: Mean velocity profiles of theu component
on the test-particle for Reh = 1.0× 105, at the longi-
tudinal axis (takeUmax = U∞ and note that the circle
is only to indicate the test particle height).
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Figure 11: Turbulence intensity for the longitudinal
component (u) over the test particle for Reh = 1.0 ×
105, at the longitudinal axis (takeUmax = U∞, It u =
Itu and note that the circle is only to indicate the test
particle height).

larger than the correspondent vertical componentv.
It is also possible to note that the turbulence intensity
associated to the vertical velocity component (v) is
of the same order of magnitude of the correspondent
mean component.

4.4 Kinetic Energy Evaluation
Using the information available from the measured
velocity profiles it is possible to determine the ki-
netic energy of the flow. In order to study the effect
of the test-particle on the kinetic energy of the flow an
analysis was made concerning sectionsx/d = −1 and
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Figure 12: Velocity profiles of the meanv component
on the test-particle for Reh = 1.0× 105, at the longi-
tudinal axis (takeUmax = U∞ and note that the circle
is only to indicate the test particle height).
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Figure 13: Turbulence intensity for thev component
on the test particle for Reh = 1.0× 105, at the longitu-
dinal axis (takeUmax = U∞, It v = Itv = v′2/U∞ and
note that the circle is only to indicate the test particle
height).

x/d = +1 (along the axis of the test-particle) by cal-
culating the kinetic energy difference between those
sections. The kinetic energy of the flow is given by
(Hinze 1975):

k = k + k′ (23)

wherek = (u2 + v2 + w2)/2 is the kinetic energy due
to the mean components andk′ = (u′2 + v′2 + w′2)/2
is the kinetic due to the turbulent fluctuations of the
flow. Due to experimental limitations the transverse
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w component was not measured and so the following
approximation was made:

k ≈
1

2
(u2 + u′2 + v2 + v′2) (24)

The difference between the kinetic energy of the flow
measured atx/d = +1 and atx/d = −1 is then given
by:

∆K = K+1 −K−1 (25)

where K+1 = total kinetic energy at section
x/d = +1; andK−1 = total kinetic energy at section
x/d = −1. By dividing by u2

∗
equation (25) is

made non-dimensional, which may be expressed by
writing:

∆K+ = K+
+1 −K+

−1 (26)
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Figure 14: Total non-dimensional kinetic energy pro-
files measured atx/d = −1, 0, and+ 1 for the crit-
ical flow situation. Note that atx/d = +1 the total
turbulent kinetic energy decreases significantly when
compared with the one measured atx/d = −1.

Figure 14 shows the profiles of the total non-
dimensional kinetic energy inx/d = −1, 0and + 1
for the critical flow situation (Reh = 1.0× 105) at the
longitudinal axis.

The correspondent quantitative changes between
the profiles atx/d = −1 andx/d = 1 are expressed
in Figure 15.

In order to characterize the test-particle influence
in the kinetic energy longitudinal variations it is pos-
sible to define the average kinetic energy between the
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Figure 15: Total non-dimensional kinetic energy dif-
ference between profiles measured atx/d = -1 and
x/d = +1 (dK+ = ∆K+).

bed and the particle’s top. This averaged value can be
expressed in a non-dimensional form as:

ǫ =
1

d+

∫ d+

0

∆K+dy+ (27)

whered+ = u∗d/ν is the non-dimensional height of
the particle.ǫ may be interpreted as the mean value
of the total kinetic energy difference between the
bottom andd+.

In dimensional form, the average value of the total
kinetic energy difference may be expressed by:

e = ǫu2
∗

(28)
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Figure 16: Variation of thee parameter with the shear
Reynolds number considering two situations: with no
test-particle and with test-particle. It can be seen that
the test-particle acts as an energy dissipater.
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On Figure 16 the variation ofe is plotted against
the variation of the shear Reynolds number Re∗ for
two cases: one considering the presence of the test-
particle in the flow and other not considering it. From
the case with test-particle it can be seen that the test-
particle acts naturally as a kinetic energy dissipater,
and it can be guessed that the particle will be de-
tached if the flow has enough kinetic energy to re-
move it from its place. Further developments of this
energy based method to assess the beginning of sedi-
ment motion are to be studied.

5 CONCLUSIONS
A conceptual model for the beginning of motion of a
singular test-particle was presented that considers the
influence of the drag and of turbulent drag forces.

The improvement of the model by considering the
lift force contribution proved to enhance model accu-
racy, as should be expected. Although the complete
form and adequacy of the conceptual model to the
full range of shear Reynolds number has still to be
validated, the obtained results of the model showed
a good agreement with the ones obtained experimen-
tally for the beginning of motion. In order to avoid
approximations and use of inadequate data, the values
of lift and drag coefficients should be calculated con-
sidering the particle Reynolds number and the shear
rate(∂u/∂y) near the wall.

It is known that turbulence is an important mech-
anism regarding the beginning of sediment motion.
The presented model showed also that turbulence in-
tensity contributed to influence particle detachment,
but the formulation used, based on time averaged val-
ues, did not reveal that effect as mostly significant
in current turbulent flows, as it could be expected.
Improvements on this model should also be imple-
mented in order to deal properly with the turbulence
effects, namely by considering all velocity compo-
nents, based on laser Doppler anemometry measure-
ments.

Using the velocity profiles it was possible to study
the flow field for the critical condition and estimate
the kinetic energy of the flow (mean and fluctuation
component). It is clear that the test-particle acts as a
kinetic energy dissipater and that there is a threshold
for which the test-particle is removed. That should be
explored in order to better assess the beginning of par-
ticles motion.
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