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Sparse Multi-Bending snakes
Ricardo J. Araújo, Kelwin Fernandes, and Jaime S. Cardoso, Senior Member, IEEE

Abstract—Active contour models are one of the most em-
blematic algorithms of computer vision. Their strong theoretical
foundations and high user interoperability turned them into a
reference approach for object segmentation and tracking tasks.
A high number of modifications have already been proposed, in
order to surpass known problems of traditional snakes, such as
initialization dependence and poor convergence to concavities.

In this paper, we address the scenario where the user wants to
segment an object that has multiple dynamic regions but some of
them do not correspond to the true object boundary. We propose a
novel parametric active contour model, the Sparse Multi-Bending
snake, which is capable of dividing the contour into a set of
contiguous regions with different bending properties. We derive
a new energy function that induces such behavior and present a
group optimization strategy that can be used to find the optimal
bending resistance parameter for each point of the contour. We
show the flexibility of our model in a set of synthetic images.
Additionally, we consider two real applications, lung segmentation
in Computerized Tomography data, and hand segmentation in
depth images. We show how the proposed method is able to
improve the segmentations obtained in both applications, when
compared to other active contour models.

Keywords—Active contour model, segmentation, heterogeneous
rigidity, sparsity.

I. INTRODUCTION

Active contour models (ACMs), also known as snakes, were
first introduced in [12], and have been widely used for image
segmentation [2], [25], [30], [32] and object tracking [8], [15],
[24], [26], [31] tasks since then. A snake is a spline moving
in an image domain, in such a way that minimizes an energy
function. This energy results from three factors: (1) constraints
based on the topology of the snake; (2) potential forces that
come from the image features of interest; (3) user defined
attractive and/or repulsive forces. The first accounts for forces
that are inherent to the shape of the snake, in order to resist
stretching and bending efforts. The second is responsible for
driving the contour into the features of interest, such as the
edges of an object. The last is an user dependent mechanism
that allows to induce attracting and/or repelling forces, in order
to guide the contour to the desired configuration.

Even though all ACMs share common principles, the pro-
posed formulations have different traits in terms of the rep-
resentation of the contour/surface, the image derived energy
and the numerical schemes used to propagate the boundary.
Models may be distinguished according to the way the contour
is represented - explicitly [12], [16], [29] versus implicitly [5],
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[6], [17] or according to the image features used to attract the
ACM to the boundaries of the object - edge-based [5], [12],
[16], [29] or region-based [6], [17].

Regarding the representation of the contour, it is said to
be explicit when the curve is represented by a discrete set
of points, which are moved in the image domain according
to a field of forces. Such ACMs are also designated as
parametric. Implicit models use the level set method [23] to
represent the curve as the zero-level set of a surface. This
approach accounts for natural topology modifications, while
the parametric snakes need more heuristic approaches [14],
[27] to adapt to such needs. Nevertheless, level set based
approaches require periodical re-initializations of the level set
function to a signed distance one, in order to maintain stability
throughout the evolution of the contour. Besides being difficult
to know when the re-initialization should be made, a significant
computational cost is also introduced. The need of performing
a re-initialization was eliminated by obligating the level set
function to be similar to the signed distance function. This was
achieved with the introduction of a penalty term that weighs
the distance between those functions [18].

Considering the nature of the image feature guiding the
ACM to the object boundary, edge-based snakes are attracted
to strong gradient regions while region-based snakes move
along the image according to region statistics, looking for the
configuration that maximizes the difference of such features
in each side of the contour. The latter are able to detect
boundaries of objects which are not defined by gradient, and
tend to be more robust when considering the influence of
contour initialization in the evolution process.

In this paper, we build upon traditional parametric ACMs
(tACMs from now on). The model introduced in [12] presents
two limitations. It requires that the initialization is close
enough to the target boundary, given that the forces are only
defined near the edges, making the final result highly sensitive
to the initialization. The other limitation is the poor con-
vergence to strong concavities. Baloon force was introduced
in [10] to tackle these problems but requires prior knowledge
related to which direction should the force be acting. Besides,
weak edges are easily surpassed due to the pressure, leading
to erroneous boundaries when portions of the object are not
well defined. Another method addressing these issues was
later proposed, establishing a new force field [29], known as
Gradient Vector Flow (GVF). A generalized version further
improving the convergence to long and thin concavities was
later proposed in [28]. More recently, a new external force
field, resulting from the convolution of the edge map with
a user-defined kernel was proposed [16]. The authors claim
superior noise robustness, reduced computational cost and
increased flexibility over the GVF field. Further improvement
of robustness to noise and initialization was achieved with the
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Fig. 1. Synthetic object displaying several dynamics along the boundary.
Contours obtained using a tACM with rigidity of 0 (left) and using a tACM
with rigidity of 10 (right). x0 is represented in the left image as a black star
and the contour evolves clockwise.

proposal of a decoupled active contour [22], where alternate
steps of external energy minimization and prior-based smooth-
ing are taken.

The referred ACMs do not allow, however, to find the
correct boundary of objects having variable dynamics along
the contour, where some of them occur due to the presence of
artifacts. Consider, for instance, the object shown in Figure 1.
Suppose that the concavities present in its top and bottom
boundaries are due to an artifact (noise, object overlapping,
image acquisition issue, or related problems), such that the true
boundary of the object is smooth at those regions. A tACM is
unable to produce the desired result, as the rigidity is constant
along the entire snake. High rigidity coefficient produces a
smooth boundary that cannot fit correctly any concavities,
while low rigidity makes the snake model the regions we want
to disregard. Figure 1 presents the contours obtained with those
models.

The problem of finding the true object boundary has been
focused in the past, however the methodologies are specifically
tailored for a given application [11], [19] or they do not allow
for different behavior along the contour [1], [7]. Recently,
an orientation-lifted Finsler minimum path approach has been
developed and extended to closed contour detection [7], al-
lowing to surpass the common shortcut problem by penalizing
the variation of the tangent vector along the curve. Even
though such approach was effective at finding the true smooth
boundary, it does not solve the problem mentioned before, as it
is not capable of achieving heterogeneous behavior along the
contour. In this paper, we propose a novel parametric ACM
that allows to have a finite number of contiguous regions with
different bending properties. We designate such method as
Sparse Multi-Bending (SMB) snake, since rigidity transitions
between consecutive contour points are sparse, leading to
contiguous regions of equal bending resistance.

Our main contributions to the ACM literature are the follow-
ing: (1) proposal of a snake model that is able to automatically
fit different dynamics along the boundary of the object; (2)
design of a novel energy function that promotes few transitions
in the rigidity coefficients along the contour, and consequently
the existence of a small number of contiguous regions; (3)
derivation of a pairwise coordinate descent strategy to optimize
the proposed energy function.

Regarding the structure of this paper, in Section II we
present the relevant background for our work; in Section III we

present a novel energy function and propose an optimization
framework that allows to obtain snakes with sparse hetero-
geneous bending properties; in Section IV we show how the
proposed model behaves in a set of synthetic images, and in
two real applications, more precisely, lung segmentation in
Computerized Tomography (CT) images and accurate hand
gesture segmentation; finally, in Section V we present the
conclusion to the paper and point possible future research
directions.

II. BACKGROUND

Traditional snakes, as introduced in [12], are represented as
a parametric curve x(s) =

(
x(s), y(s)

)
, s ∈ [0, 1]. The energy

of a given snake configuration is obtained by evaluating an
energy function along s:

Esnake =

∫ 1

0

Esnake
(
x(s)

)
ds

=

∫ 1

0

Eint
(
x(s)

)
+ Eext

(
x(s)

)
ds

(1)

where Eint is the energy due to topological constraints of the
snake, and Eext is an energy map where image features of
interest, usually edges, have lower energy. Additionally, a term
related to user input may also be considered, where attracting
and/or repulsive forces are manually set.

The internal energy Eint is expressed as:

Eint =
1

2

(
α(s)|x′(s)|2 + β(s)|x′′(s)|2

)
(2)

where x′(s) and x′′(s) are the first and second-order deriva-
tives of x(s), respectively. The first term penalizes the growth
of the snake, making it behave as a membrane, while the
second penalizes bending, making it act like a thin plate. The
coefficients α(s) ∈ R≥0 and β(s) ∈ R≥0 control the relevance
of those properties along the snake.

The external energy Eext defines the features that attract
the snake. Although different functions have been designed,
in this paper we consider one that associates lower energy to
stronger edges. Then, the external energy may be given by:

Eext = −
∣∣∇(Gσ ∗ I)∣∣2 (3)

where Gσ ∗ I is a smoothed version of image I obtained by
performing a convolution with a Gaussian having a standard
deviation of σ, and ∇ denotes the gradient operation.

A snake lying in a minimum of (1) must satisfy the Euler-
Lagrange equation:

αx′′ − βx′′′′ −∇Eext(x) = 0 (4)

which can be equivalently expressed as a force balance:

fint(x) + fext(x) = 0 (5)

where fint(x) = αx′′ − βx′′′′ is the force due to the internal
constraints, and fext(x) = −∇Eext(x) is the force that pulls
the contour to the desired image features.
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By treating x(s) as a function of time t, we can iteratively
update the contour using a gradient descent scheme:

∂x(s, t)

∂t
= αx′′(s, t)− βx′′′′(s, t) + fext(x(s, t)) (6)

The solution to (4) is found when (6) reaches a steady
state. Numerical schemes perform a discretization of x(s) into
n contour points, xi = {xi, yi}, i = 1, . . . , n, allowing to
solve (6) in a discrete grid, such as a 2D image. The discrete
version of (1) is given by:

Esnake =

n∑
i

1

2

(
αi|x′i|2 + βi|x′′i |2

)
+ Eext(xi) (7)

However, as stated in Section I, these ACMs suffer from
strong dependency to the initialization and are unable to model
strong concavities. The GVF snake, as introduced in [29], is
one of the fundamental methods that deals with these issues.
It uses a different external force, represented by the vector
field v(x, y) = [u(x, y), v(x, y)] that minimizes the following
function:

E =

∫ ∫
µ
(
u2x+u

2
y+v

2
x+v

2
y

)
+
∣∣∇f ∣∣2∣∣v−∇f ∣∣2dxdy (8)

where f(x, y) = −Eext and µ is a parameter controlling the
smoothness of the GVF field. This function combines two
interesting properties: (1) when |∇f | is high, (8) is minimized
by setting v = ∇f , such that the force field is kept similar
to the gradient of the edge map at regions where strong edges
exist; (2) when |∇f | is low, the first term of (8) dominates and
the energy is minimized when the partial derivatives are small,
which means that the force field is smoothed at homogeneous
regions. These properties allow to extend the range of the force
field and improve the convergence to concavities.

Even though (7) allows to have a parameterized contour
with variable stretching and bending resistances, for the best
of our knowledge, no scheme for the automatic optimization
of such properties exists. tACMs set αi and βi, i = 1, . . . , n to
constant values, such that identical properties exist across the
entire contour. In Section III, we present a novel snake model
that automatically finds proper rigidity distribution, β, along
the contour, being able to accurately segment objects whose
boundary displays dynamics that result from the presence of
artifacts.

III. SPARSE MULTI-BENDING SNAKE

The SMB snake is a novel parametric ACM, since it is
able to automatically tune the bending resistance along the
contour. Our motivation is to have a flexible model that is
able to accurately fit the true contour of objects that, due to
noise or other artifacts, have a locally distorted boundary. A
synthetic example was provided in Figure 1. This problem
amounts to the necessity of having ACMs that are able to fit
certain dynamics while neglecting others.

A. Energy definition
The desired properties for our ACM are two-fold. First,

it should allow to accurately model highly dynamic regions.
Second, it should be flexible enough in order to smooth regions
with dynamical behavior in favor of fitting others that present
higher dynamics. Here, we propose a novel energy function
that allows to achieve such behavior.

The energy of a parametric ACM having constant stretching
and heterogeneous bending resistances is given by a particular
case of (7):

E =

n∑
i

1

2

(
α|x′i|2 + βi|x′′i |2

)
+ Eext(xi) (9)

Given that βi ∈ R≥0 and |x′′i |2 ∈ R≥0, the minimiza-
tion of the energy (9) trivially induces configurations where
βi = 0, i = 1, . . . , n. Therefore, constraints are required to
find models which are more interesting in terms of applicabil-
ity.

In our proposed framework, we restrict the optimization
space by forcing the final solution to have an average rigidity
value of β. This may be thought as defining a budget that has
to be distributed over the entire contour. In this particular case,
the total budget is nβ, where n is the number of discrete points
parameterizing the contour. Even then, the existence of a point
xj with curvature |x′′j |2 ≈ 0 would be enough to allocate the
entire budget to βj . Thus, a second constraint sets an upper
bound M on the budget that might be given to a single point.

These constraints already allow us to obtain non-trivial
models whose rigidity is heterogeneously distributed along
the contour, in such a way that low rigidity exists in regions
of higher dynamics. However, noise and other artifacts may
lead to dynamical behavior that we do not want to model.
Thus, we seek solutions with sparse rigidity variation which
divide the contour into a small number of regions having
heterogeneous bending properties, in order to fit the true
dynamics of a contour while ignoring the contribution of noise
and other artifacts. We address this issue by modifying the
energy function to promote sparse rigidity transitions along
the contour, for the sake of inducing contiguous regions with
different bending properties. Such is achieved by considering
a L0 norm term that penalizes the number of transitions in β,
leading to our proposed energy function:

ESMB =

n∑
i

1

2

(
α|x′i|2 + βi|x′′i |2+

λ
∥∥βi − βi−1∥∥0)+ Eext(xi)

(10)

where βi ∈ [0,M ],
∑
i βi = nβ, λ ∈ R≥0 is a regularization

constant that controls the sparsity inducing term, and ‖ · ‖0
denotes the L0 norm, which in this particular setting is 1 every
time that the rigidity parameter β changes between consecutive
points in the contour, and 0 otherwise. Note that we are
considering closed parametric contours, such that β0 ≡ βn.
This holds for the remaining expressions presented in this
paper, although we omit it for notation simplicity.
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The term of (10) accounting for the curvature is responsible
for pulling lower rigidity to points with higher curvature, while
the L0 norm imposes that the solutions are sparse, that is, a
limited amount of different bending regions are allowed to
exist. In the end, an adequate choice of λ allows to obtain a
sparse solution where the most bending-resisting segments are
those where the frequency of high curvatures is lower. When
λ → ∞, the energy function will not allow any transition
to occur in β, such that the minimum of (10) amounts to
setting βi = β, i = 1, . . . , n. Then, the SMB snake would
behave as a tACM with β = β. The other extreme case, when
λ = 0, is not interesting in terms of applicability. Such setting
freely introduces transitions in β, as to minimize the curvature
related term of (10), only restricted by the constraints. The
ratio M/β controls the proportion of contour points that are
allowed to have low β. It is expected that for high ratios,
a large portion of points have very low β at the expense of
assigning high β to a point where the curvature is low. This
particular case produces final contours very similar to the ones
obtained when using a tACM with low β. A more interesting
scenario arises when λ ∈]0,∞[. An adequate parameterization
allows to model the curvature of some regions while smoothing
the fluctuations of others. Besides, the parameterization of the
SMB snake naturally allows for a significant flexibility in terms
of the number of different bending regions and their respective
sizes.

The joint optimization problem considered in the proposed
SMB snake comes as follows:

arg min
xi, βi

n∑
i=1

1

2

(
α|x′i|2 + βi|x′′i |2+

λ
∥∥βi − βi−1∥∥0)+ Eext(xi)

subject to 0 ≤ βi ≤M, i = 1, . . . , n,
1

n

∑
i

βi = β

(11)

B. Optimization framework

The joint optimization of the contour x and the rigidity
parameters β, as expressed in (11), is a complex problem.
Nonetheless, we propose to tackle it by considering alternated
steps of partial optimization: optimization of x given rigidity
parameters β, and optimization of β given contour x, until
convergence. The first step amounts to evolve x for a given
β, using the traditional discrete schemes. The second one is
now addressed, as we present a method to iteratively optimize
β given x.

For notation simplicity, let k be a vector representing
the curvature along the parameterized contour x, such that
the curvature at xi, given by |x′′i |2, is denoted by ki. The
optimization of β given x is deduced from (11) by only
regarding the terms that depend on the rigidity distribution:

Fig. 2. Possible division of the snake into two different regions, R1 and R2.
P1 and P2 are the indices of the first contour points of regions R1 and R2,
respectively, considering clockwise order.

arg min
βi

n∑
i=1

βiki + λ
∥∥βi − βi−1∥∥0

subject to 0 ≤ βi ≤M, i = 1, . . . , n,
1

n

∑
i

βi = β

(12)

Finding the solution to (12) is not trivial due to the
inclusion of the L0 norm. It makes the energy function
non-differentiable, such that typical gradient-based descent
methods cannot be used. Here, we propose a group opti-
mization strategy based on pairwise coordinate descent to
minimize (12).

Consider any division of the contour x into two contiguous
regions, R1 and R2, such that R1∩R2 = ∅ and R1∪R2 = x.
An example of such a division is provided in Figure 2. By (12),
we know that

∑
i βi = nβ. Thus, the following trivially holds:

γ − γ +
∑
i∈R1

βi +
∑
i∈R2

βi = nβ (13)

which is equivalent to:

∑
i∈R1

(
βi +

γ

n1

)
+
∑
i∈R2

(
βi −

γ

n2

)
= nβ (14)

where γ is a variable representing a perturbation to the rigidity
distribution, and n1 and n2 are the number of points in R1

and R2, respectively. Given a feasible β distribution, and a
particular division of the contour into two regions, our group
optimization strategy updates the rigidity βi of each contour
point xi by δi, according to the region it belongs to:

δi =

{
γ/n1 if i ∈ R1

−γ/n2 if i ∈ R2
, i = 1, . . . , n (15)

Then, for a given division of the contour, we are interested
in finding the γ value that leads to a minimization of (12).
Such is achieved by transforming (12) into an expression that
depends on γ:
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γ

J

γMγm

a > 0

a < 0

Fig. 3. Cost J of the first term of (17), as a function of γ. a is the difference
between the mean curvatures of R1 and R2.

arg min
γ

n∑
i=1

(
βi + δi

)
ki+

λ
∥∥∥βi + δi − βi−1 − δi−1

∥∥∥
0

subject to 0 ≤ βi + δi ≤M, i = 1, . . . , n

(16)

By keeping only the terms dependent on γ, (16) is simplified
to:

arg min
γ

γ

(
1

n1

∑
i∈R1

ki −
1

n2

∑
i∈R2

ki

)
+

λ

(∥∥∥∥βP1
+

γ

n1
− βP1−1 +

γ

n2

∥∥∥∥
0

+∥∥∥∥βP2
− γ

n2
− βP2−1 −

γ

n1

∥∥∥∥
0

)
subject to 0 ≤ βi +

γ

n1
≤M, i ∈ R1,

0 ≤ βi −
γ

n2
≤M, i ∈ R2

(17)

where P1 and P2 are the first contour points of R1 and R2,
respectively, considering clockwise order.

Let βmi∈Rj
and βMi∈Rj

denote, respectively, the minimum and
maximum β values found among the points of region Rj . The
constraints in (17) can be equivalently written as the following
set of conditions:

{
γ ≥ max

(
−n1βmi∈R1

, n2

(
βMi∈R2

−M
))
,

γ ≤ min
(
n1
(
M − βMi∈R1

)
, n2β

m
i∈R2

) } (18)

The set of conditions in (18) defines a minimum and
maximum limit for γ, which we designate as γm and γM ,
respectively. A further reduction of the search space can be
achieved, by carefully analyzing the shape of the terms in
the goal function of (17). The first term is linear on γ, being
the slope dictated by the relation between the mean region
curvatures, 1

n1

∑
i∈R1

ki and 1
n2

∑
i∈R2

ki. The contribution
of this term to the energy (17), as a function of γ, is present
in Figure 3. When the slope is positive, this term pushes the
optimum γ towards γm. Instead, when the slope is negative,

γ

J

l

1

γMγm

Fig. 4. Cost J of a single L0 norm of the second term of (17), as a
function of γ. l is given by n1n2

n1+n2
(βP1−1 − βP1

) for the first L0 norm
and n1n2

n1+n2
(βP2

− βP2−1) for the second one.

it drives the optimum γ to γM . Note that, for the particular
case where the regions have equal mean curvature, the slope
is 0, such that any γ leads to the same cost. This means that
this term either contributes to one minimum, γm or γM , or to
none. The second term is a sum of two L0 norms weighted
by the regularization term γ. A L0 norm contributes in a very
particular manner to the energy (see Figure 4). It generates
a local minimum at the γ value that reduces its argument
to 0. Hence, the first L0 norm induces a local minimum at
γ = n1n2

n1+n2
(βP1−1− βP1

), while the second is responsible for
one at γ = n1n2

n1+n2
(βP2

− βP2−1).
Given that (17) is simply given by the addition of these

functions, it amounts to find which of the following γ values
minimizes (17): {

γm,

γM ,
n1n2
n1 + n2

(βP1−1 − βP1),

n1n2
n1 + n2

(βP2
− βP2−1)

} (19)

After finding the optimum γ for a given division, β may be
updated accordingly:

βi(τ + 1) =

{
βi(τ) +

γ
n1

if i ∈ R1

βi(τ)− γ
n2

if i ∈ R2
, i = 1, . . . , n (20)

where τ ∈ Z+ denotes the current iteration of the optimization
procedure. Essentially, we propose an iterative procedure (see
Algorithm 1), where, at iteration τ , we consider all the possible
divisions of the contour into two contiguous regions, and for
each, we find the optimum γ. The division that is effectively
considered at iteration τ is the one that minimizes (16). We re-
peat such process until convergence, or in other words, until no
additional perturbation further decreases our energy functional.
Note that, even though we only consider a division into two
regions at each time, the iterative nature of the optimization
procedure allows to incrementally find new heterogeneous
bending regions. Figure 5 exemplifies this, by showing how
the rigidity evolves with τ , when x is the contour shown in
the left image of Figure 1, λ = 5, β = 5, and M = 10.
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Fig. 5. Rigidity distribution after 1 iteration (left), 2 iterations (middle), and convergence (right) of the proposed optimization algorithm, when applied to the
contour shown in the left image of Figure 1, with λ = 5, β = 5, and M = 10.

Algorithm 1: Optimization of rigidity distribution β given
contour x.

Input: rigidity distribution β, contour x
Output: optimized rigidity distribution β̂
βit ← β
k← curvature along x
J ← LossFunction

(
β,k

)
//Eq. (12)

do
β̂ ← βit

for (P1, P2), 1 ≤ P1 < P2 ≤ n do
γ ← GroupOptimization

(
β̂,k, P1, P2

)
//Eq. (17)

βconfig ← UpdateBeta
(
β̂,k

)
//Eq. (20)

cost← LossFunction
(
βconfig,k

)
//Eq. (12)

if cost < J then
βit = βconfig

J ← cost
end

end
while βit 6= β̂;
return β̂

IV. EXPERIMENTAL RESULTS

In this Section, we demonstrate how the SMB snake design
allows to address different scenarios. First, we perform ex-
periments on synthetic images to show the adaptability of the
model to different user requirements. Afterwards, we apply
the SMB snake to two real applications that benefit from
having a multi-bending ACM, the lung segmentation in CT
images and the accurate hand gesture segmentation. Finally, we
report some findings related to initialization and computational
efficiency.

In the experiments described in subsections IV-A, IV-B,
and IV-C, we initialized the contour x(t0) at the boundary
of a dilated version of the Ground truth of the object. A
square kernel of side 13 was used. The number of discrete
points was set to a fraction of the perimeter of that initial
contour. The fraction was 1/3 for synthetic and hand images,
and 1/5 for the lung ones, as the lung boundary can be
accurately modeled with fewer contour points. For all tested
parametric models, including ours, we set α = 0, such that
we do not penalize stretching forces. Additionally, the image
related forces were obtained after 100 iterations of gradient
vector flow (8). Regarding our model, the rigidity across x(t0)

Fig. 6. Synthetic image and contour x(t1) in black (left). x0 is represented
as a black star and the contour evolves clockwise. Curvature along the contour
(right).

was set to β(t0),∀i. After letting the snake converge, at time
t1, we optimized β given the curvature k along the contour
x(t1). The curvature at point xi was estimated by the inverse
of the radius of the circle fitted using xi and its neighbors
xi−1 and xi+1. Finally, we let the snake converge again,
according to the new rigidity distribution, leading to the final
contour x(t2). In our experiments, no further improvement was
obtained by undergoing additional steps of rigidity distribution
optimization.

A. Synthetic images
Let us consider first a binary object resembling the shape

of a flower, as shown in Fig. 6. Three regions induce high
curvature along the boundary of the object, namely the petal
(top), sepal (right) and stem (bottom) regions. The SMB snake
parameterization allows to model portions of the referred
dynamics. For instance, by setting β(t0) = 0, we first obtain
a detailed contour of the flower (black line imposed in the
top image of Fig. 6). The curvature along the contour is
represented in the bottom image of Fig. 6.

As it can be seen, the stronger dynamic appears in the petal
region, such that this is the first region that the SMB snake
tries to distinguish. However, an adequate parameterization
may also append adjacent dynamics, such as the sepal one.
Fig. 7 illustrates the flexibility of the proposed model, where
we set β(t0) = 0, λ = 5, M = 12 and show the effect of
varying β. The results show that by decreasing the ratio M/β,
we induce configurations with a smaller portion of the contour
having low rigidity, as discussed in Section III.

It may also be of interest to use parameterizations that
induce a partition of the contour into more than two different
bending resisting regions. Returning to the example provided
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Fig. 7. β distribution (top) and SMB snake result (bottom) for β(t0) = 0, λ = 5, M = 12 and varying β: 2 (left), 5 (middle) and 8 (right).

Fig. 8. β distribution (top) and SMB snake result (bottom) for β(t0) = 0, β = 5, M = 10 and varying λ: 0 (left), 5 (middle) and 20 (right).

in Fig. 1, the objective was to fit the lateral dynamics while
neglecting the remaining ones. Fig. 8 shows how the optimized
rigidity distribution varies with λ and demonstrates that the
SMB snake is able to accomplish its purpose for an adequate
regularization value, which in this case was any λ between 1.4
and 10.3.

B. Lung CT images
The segmentation of the lung area in CT images poses a

challenge when nodules exist in the peripheral region of the
lung. These masses are designated as juxta-pleural nodules
and, when comparing to healthy lung tissue, they respond in
a different manner to the imaging acquisition procedure (see
Fig. 9). This makes these nodules highly susceptible to be lost
in the lung segmentation step, a task that commonly precedes
the crucial nodule detection and characterization ones. Here,
we show how the SMB snake model is able to naturally handle

Fig. 9. Example of juxta-pleural nodules, indicated by white arrows.

this scenario. Throughout the CT images, the lungs frequently
exhibit a medial region with intermediate to high dynamics,
while the lateral region is generally smooth. Hence, a SMB
snake capable of modeling the lung contour as two different
segments seems ideal to include juxta-pleural nodules that exist
in the lateral region of the lung.
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To conduct our experiments, we used 406 lung CT images
from the LIDC-IDRI database [3], [4], [9], of which 208
include juxta-pleural nodules. Manual annotations of the entire
lung regions and of the individual juxta-pleural nodules were
made by an expert. We compare the results of our model to
the GVF snake [29], and two implicit ACMs, the Distance
regularized level set evolution (DRLSE) method [18], and the
Selective Binary and Gaussian Filtering Regularized level set
(SBGFRLS) [35]. The edge-based application of DRLSE is
ruled by the following gradient flow:

∂φ

∂t
= aR(φ) + bL(φ) + cA(φ) (21)

where φ is a level set function that represents the contour
implicitly as the zero-level set, R(φ) is associated to a term
that penalizes the difference of φ to a signed distance function,
L(φ) is related to the line integral of the edge indicator
function along the zero level set of φ, A(φ) to the weighted
area of the region inside zero level set of φ, and a ∈ R>0,
b ∈ R>0, c ∈ R control the relevance of those terms,
respectively. The sign of c dictates whether the zero level set
expands or contracts.

On the other hand, the region-based SBGFRLS evolution is
given by:

∂φ

∂t
= spf(I) · d|∇φ| (22)

where spf(I) is a region-based signed pressure function,
making the contour shrink when outside the region of interest
and expand when inside. The second term, modulated by
a constant d, increases the propagation speed. Regarding
the implementation of this level set formulation, after each
evolution step, a Gaussian filter is used to regularize the level
set function, such that its standard deviation σ dictates the
amount of regularization of the contour.

Regarding the GVF snake, we considered varying values of
β. As for the parameterization of the DRLSE model, we set
a = 0.2, c = 3 and tested different configurations of b. With
respect to the SBGFRLS model, we set d = 1 and tuned σ.
Finally, for our model, we empirically set β(t0) = 5, λ = 1,
M = 17, and varied the value of β. Table I summarizes the
performance of these models with respect to three different
metrics: the percentage of juxta-pleural nodule area that is
included in the segmentations, and the Jaccard index and F1-
score accounting for the entire lung area segmentation. Visual
results related to the examples provided in Fig. 9 are presented
in Fig. 10.

The results show that, as we increase β in the GVF snake,
we are able to include a higher percentage of nodule area, at
the cost of decreasing the accuracy at other dynamic regions, as
concluded from the decrease in the Jaccard index and F1-score.
This was expected since more topological restricted snakes
induce smoother contours, allowing them to ignore the concav-
ities that exist due to the juxta-pleural nodules. However, they
also fail at returning a detailed lung boundary in highly curved
regions. The DRLSE method produced results similar to a GVF
snake with zero rigidity, and varying the parameterization did
not significantly change the behavior of the model. Regarding

TABLE I. EVALUATION OF THE LUNG SEGMENTATIONS OBTAINED
WITH DIFFERENT ACMS. COMPARISON IS MADE IN TERMS OF THE MEAN
JUXTA-PLEURAL NODULE AREA THAT IS INCLUDED AND ALSO IN TERMS

OF THE COMPLETE LUNG AREA, USING THE JACCARD INDEX AND THE
F1-SCORE.

Model % nodule area
segmentation J F1

GVF

β = 0 24.1 0.963 0.981
β = 1 60.7 0.958 0.979
β = 5 76.6 0.944 0.971
β = 10 81.1 0.913 0.964
β = 20 83.8 0.908 0.951

DRLSE
b = 10 22.6 0.970 0.985
b = 50 26.8 0.973 0.986
b = 100 26.7 0.971 0.985

SBGFRLS
σ = 1 11.9 0.968 0.983
σ = 5 62.4 0.957 0.978
σ = 10 71.0 0.924 0.959

Proposed
β = 8 67.2 0.958 0.978
β = 10 80.0 0.956 0.977
β = 12 81.4 0.951 0.975

the SBGFRLS model, the increase of regularization allowed
to include more nodule area, as expected, however the loss
of lung boundary detail also increased significantly. The SMB
snake was able to attain the advantages of both low and high
bending resisting tACMs, combining a proper inclusion of
juxta-pleural nodules and accurate lung boundary modeling. It
proved to be the model achieving the best compromise. Even
then, occasionally, juxta-pleural nodules may appear in the
medial region of the lung or in its vicinity, and be wrongly
regarded as part of the natural dynamic of the lung (see
Fig. 11).

C. Hand segmentation
Hand segmentation has applications in gesture recognition,

scene understanding and tracking tasks, possibly requiring the
extraction of features from that region. Thus, it is of interest
to obtain an accurate segmentation, as to avoid having features
from regions that are not relevant for the problem. The input
might be RGB and/or depth, but either way, this is not a trivial
task to accomplish, as may be seen in Fig. 12.

One of the major difficulties is avoiding the inclusion of
the pulse region in the final segmentations; however, we show
that the SMB snake model performs well in such scenario. Our
experiments used the Creative Senz3D dataset [20], [21] and
we considered depth information as input. The database was
built with data coming from 4 different people, each doing
30 repetitions of 11 different gestures, resulting in 1320 cases.
Our tests considered only the first 5 repetitions of each gesture
made by each person, hence 220 images. Manual annotations
of the hand were made for those cases. Fig. 13 shows the
gestures included in the dataset.

In this application, we aim at disregarding the pulse dy-
namics at the cost of modeling the fingers. For such to occur,
the last region has to present a stronger curvature. Hence,
we do not expect that the SMB model improves upon other
ACMs when considering gestures 7, 10 and 11, where only
one finger produces curvature. Furthermore, gestures 4 and 5
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(a) GVF snake, β = 0 (b) GVF snake, β = 20 (c) DRLSE, b = 50 (d) SBGFRLS, σ = 10 (e) Proposed, β = 10

Fig. 10. Example contours of the lung area. From left to right: contours obtained using a GVF snake with β = 0, a GVF snake with β = 20, the DRLSE
model with b = 50, the SBGFRLS model with σ = 10 and the proposed SMB snake.

Fig. 11. An example juxta-pleural nodule that has been missed in our
proposed framework due to its inclusion in the region of higher dynamics.

Fig. 12. Grayscale and depth information on gesture.

do not require our model to neglect the pulse curvature. Given
that no fingers produce curvature, the best choice here is to
use a tACM with high β (a particular case of our model as
was already shown in Section III). Thus, our tests consider the
remaining 6 gestures.

We compare the performance of the GVF and SMB snakes
when modeling the boundary of the segmentation produced
with a region growing approach. The GVF snake was param-
eterized with β = 0. Regarding our model, we set β(t0) = 0,
λ = 20, M = 40, and optimized β according to the gesture,
as presented in Table II. Local entropy was used to clean the
depth information before using the region growing method.

(a) 1 (b) 2 (c) 3 (d) 4

(e) 5 (f) 6 (g) 7 (h) 8

(i) 9 (j) 10 (k) 11

Fig. 13. Gestures included in the Creative Senz3D dataset.

Jaccard and F1-score were used to evaluate the segmentations.
The results are presented in Table III. Example visual results
are presented in Fig. 14.

As expected, the results improved when using the SMB
model over the GVF snake. Such occurs due to the ability

TABLE II. SMB MODEL PARAMETERIZATION FOR HAND
SEGMENTATION, ACCORDING TO THE GESTURE.

Parameter Gesture
1 2 3 6 8 9

β 10 20 18 20 15 20
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TABLE III. EVALUATION OF THE HAND SEGMENTATIONS PRODUCED
BY THE GVF SNAKE (BASELINE) AND THE SMB SNAKE (PROPOSED)

WHEN APPLIED TO THE OUTPUT OF REGION GROWING. AVERAGE
JACCARD INDEX (J) AND F1-SCORE (F1) WERE USED AS METRICS.

Metric Method Gesture
1 2 3 6 8 9

J Baseline 0.77 0.76 0.79 0.71 0.73 0.73
Proposed 0.81 0.82 0.82 0.83 0.80 0.83

F1 Baseline 0.87 0.86 0.88 0.83 0.84 0.84
Proposed 0.89 0.90 0.90 0.90 0.89 0.90

Fig. 14. Examples of the segmentations obtained for some of the considered
gestures. ACM delineation of the region growing area (top) and SMB snake
result (bottom).

of neglecting weaker dynamics (the pulse) in favor of stronger
ones (fingers) when using the SMB snake. This behavior is
not possible in a tACM. In this experiment, we assumed that
the gesture was known a priori, which is impossible in some
scenarios, such as gesture recognition. Nonetheless, it is known
that ACMs are strongly dependent on the parameterization,
such that these methodologies require tuning whenever the
characteristics of the target object change.

D. Impact of intensity inhomogeneity
Intensity inhomogeneity, either due to non-uniform illumi-

nation or the nature of the image, introduces a challenge to the
evolution of ACMs, as it leads to significant changes of the
gradient and region statistics. Here, taking the image present
in Fig. 1, we artificially generate images that are affected
by intensity inhomogeneity. We analyzed how the proposed
methodology behaved in such scenario, in comparison with
the edge-based DRLSE method described in section IV.B and
a region-based level set formulation which is robust in the
presence of intensity inhomogeneity, the Locally Statistical
Active Contour Model (LSACM) [34]. Visual results1 are
provided in Fig. 15. Regarding the proposed model, the number
of discrete points was set to half the perimeter of the initial
contour, β(t0) = 0 (such that a GVF snake with no rigidity first

1In our experiments concerning intensity inhomogeneity, the SBGFRLS was
clearly worst than the LSACM, thus we only show results for the latter. Despite
this, the SBGFRLS achieved better compromises regarding segmented nodule
area and lung boundary detail in the lung experiment, thus we selected it as
representative of region-based level set methods in section IV.B.

fits all of the object dynamics), λ = 10, β = 10, and M = 25.
As for the DRLSE, a = 1, b = 10, and c = 4 were used.
Finally, concerning the LSACM, we used the implementation
provided by the authors [33] and set the parameter controlling
the size of the constant kernel to 20.

The GVF snake was capable of converging to the dynamics
of the object in the first three scenarios of intensity inhomo-
geneity, including the case where the shadow of the object was
present (third row of Fig. 15). This is a result of smoothing
and propagating the most relevant gradient vectors, which exist
between the object and the background. The DRLSE method
failed at this particular case, as the edge between the shadow
and the background was strong enough to prevent further
evolution of the contour. However, in the fourth case, where
we mimic object overlapping, the gradient vectors between
the overlapped object and the background are sufficiently
strong to prevent the GVF snake from converging only to the
dynamics of the target object. Our methodology, by taking the
result of the GVF snake and according to its parametrization,
was capable of breaking the contour into a set of contiguous
regions with different bending properties, as shown before. The
LSACM successfully fitted the dynamics of the object in all
the images, even though it does not possess the flexibility of
the SMB snake and cannot replicate its results when desirable.

E. Impact of contour initialization
The evolution of parametric ACMs is largely influenced by

the initialization of the curve, especially when local minima
exist due to noise and other objects. This is the case of the
lung scenario we described before, such that we analyze here
the effect of varying the initialization in the performance of
some of the parametric ACMs that were considered for that
application: GVF snake with β = 0, with β = 20, and
the SMB snake with β = 10. We now consider initializing
with dilations of the Ground Truth using kernels of varying
width, more precisely, 0 (no dilation), 13, 26, and 39. We
also consider those same dilations affected by local distortions
obtained by adding noise drawn from a normal distribution
N (µ = 0, σ2 = 100). Finally, we also test evolving the ACMs
from an ellipsis fitted to the object, and from the bounding box
of the object. Let these scenarios be represented by D0, D13,
D26, D39, DN0, DN13, DN26, DN39, ELL, and BBOX ,
respectively. Fig. 16 presents a graphical comparison of how
the performance of the ACMs was affected by the initialization,
with respect to the overall lung segmentation quality, according
to the Jaccard index.

The performance of the considered ACMs decreased when
increasing the distance between the initial curve and the
target lung boundary. This was expected due to the influence
of the non-target lung in the evolution of the contour. The
added noise did not have such a significant impact, but it
ended affecting slightly more the GVF with zero rigidity. As
that model does not penalize bending, any distortion of the
contour which makes it approximate the boundary of the non-
target lung results in a region that becomes trapped. Again,
initializing at the bounding box of the target lung frequently
induced the contour to be trapped at the boundary of the non-
target lung, leading to poor performance. The initialization
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(a) Initial contour (b) GVF snake (c) Proposed (d) DRLSE (e) LSACM

Fig. 15. Impact of intensity inhomogeneity in the evolution of different ACMs. From left to right: initial contours, the results obtained using the GVF snake,
our proposed methodology, the DRLSE level set, and the LSACM.

as an ellipse fitted to the target lung did not severely suffer
from this as it better encapsulated the object of interest.
The initialization dependence of our model is related to the
parametric ACM used to first fit the dynamics of the object
(t1), before optimizing the rigidity along the contour. In this
paper, for demonstrability purposes of our framework, we used
the GVF snake with rigidity β(t0) in that first step. A more
sophisticated parametric ACM, in the sense of being robust to
noise and initialization, could be used instead, however such
detail is behind the scope of this paper.

F. Time efficiency
The SMB snake includes an intermediate step where a new

rigidity distribution is found, therefore it has an increased
computational cost associated. Even though we introduced
an exhaustive search algorithm for optimizing the rigidity
distribution, note that for each possible division of the contour
into two, there is an analytical solution, only requiring us
to evaluate the cost function at four points. In fact, the
optimization procedure only took, in average, 0.014 s for each
considered image of the lung database, and 0.018 s regarding
the hand experiments, using a naive implementation in C++

Fig. 16. Performance of parametric ACMs when only considering the seg-
mentation of the total area of the target lung, according to curve initialization.

and an Intel Core i7-6700 CPU 3.40GHz in a setup with
16.0 GB of RAM. For the sake of comparison, 100 iterations
of tACM evolution, which are not enough for convergence
in most applications, take 0.5 s in a MATLAB implementa-
tion [13]. Thus, our rigidity optimization procedure takes less
time than 4 iterations of tACM evolution, showing that its
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computational cost is practically negligible, especially when
we also take into consideration the cost of calculating the
image energy and the field of forces. We believe that most
applications benefiting from our ACM follow the scenarios
included in this paper, in the sense that only a small number of
regions should have distinct bending properties, thus requiring
few iterations of the optimization algorithm until convergence.

V. CONCLUSION

In this paper, we presented a novel parametric ACM that
allows to divide the snake into a set of contiguous regions
with different rigidity properties. The proposed energy function
allows the user to control the amount of such regions, since
it incorporates a regularization term that penalizes the number
of transitions in the β distribution along the contour. A group
optimization strategy was also presented, which may be used
to optimize β, given a contour with points xi, i = 1, . . . , n.

We tested the proposed model in two real applications, lung
area segmentation in CT images and accurate hand gesture
segmentation. Regarding the first, we showed how our model
achieved a result that is not possible when using other explicit
and implicit ACMs. The SMB snake was able to accurately
follow the lung curvature while including most of the juxta-
pleural nodules. Other ACMs can only achieve one of those
desired properties. Parameterizations of low rigidity tend to
not include the nodule area, while the ones with high rigidity
fail at retrieving the detailed lung boundary. Considering the
second application, the SMB snake was able to discard the
pulse area that is often included in the segmentations obtained
with a region growing algorithm.

Regarding future work, given the relevance of level set based
approaches in the current framework of ACMs, it would be
interesting to have an implicit ACM, which naturally handles
topology changes and is more robust to initialization, enjoying
from the flexibility that characterizes the SMB snake. Addi-
tionally, an extension to 3D would also be highly desirable.
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