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ABSTRACT

The laminar flat plate boundary-layer flow solution for finitely extensible nonlinear elastic model with Peterlin’s closure fluids, originally
derived by Olagunju [D. O. Olagunju, Appl. Math. Comput. 173, 593–602 (2006)], is revisited by relaxing some of the assumptions related to
the conformation tensor. The ensuing simplification through an order of magnitude analysis and the use of similarity-like variables allows
for a semi-analytical approximate similarity solution to be obtained. The proposed solution is more accurate than the original solution, and it
tends to self-similar behavior only in the limit of low elasticity. Additionally, we provide a more extensive set of results, including profiles of
polymer conformation tensor components, laws of decay for peak stresses and their location, as well as the streamwise variations of boundary
layer thickness, displacement and momentum thicknesses. We also provide asymptotic laws for these quantities under low elasticity flow
conditions. Comparisons with results from the numerical solution of the full set of governing equations show the approximate similarity
solution to be valid up to a high local Weissenberg number (Wix) between 0.2 and 0.3, corresponding to a local Weissenberg number based
on the boundary layer thickness of about 10, for a wide range of values of dumbbell extensibility and solvent viscosity ratio. Above this criti-
cal condition, the semi-analytical solution is unable to describe the complex variations of the conformation tensor within the boundary layer,
but it still remains accurate in its description of the velocity profiles, friction coefficient, and the variations of displacement, momentum, and
boundary layer thicknesses for Weissenberg numbers at least one order of magnitude higher (within 5% up toWix � 5).

Published under license by AIP Publishing. https://doi.org/10.1063/5.0042516

I. INTRODUCTION

Boundary layer flows are ubiquitous in industrial and natural
flows in such a variety of conditions that more than 100 years after the
seminal work of Prandtl1 it continues to be the source of relevant
research, as in Refs. 2–4. The topic has been far less investigated for
fluids of non-Newtonian rheology and, in particular, when they exhibit
viscoelastic characteristics. One particular exception is the turbulent
pipe or channel flow of solutions of polymers and worm-like micelles.
Toms’s finding,5 that the minor addition of polymer molecules to a
Newtonian solvent imparts viscoelastic fluid properties that induce
severe drag reduction in turbulent flow, fostered a wealth of experi-
mental,6 theoretical,7,8 and numerical,9 research that continues up to
this day, as reviewed recently by White andMungal.10

The more fundamental laminar boundary layer flow over a flat
plate remains less investigated for viscoelastic fluids and is the topic of
this work. These fluids are incompressible liquids, and Srivastasa11

and Rajeswari and Rathna12 proposed approximate solutions by utiliz-
ing the K�arm�an-Pohlhausen method13,14 to study the boundary layer
flows of second order Rivlin–Ericksen fluids in the vicinity of a stagna-
tion point. Later and inspired by Prandtl’s theory, Beard andWalters15

proposed a similarity solution for boundary layer flows of viscoelastic
Oldroyd-B fluids near a stagnation point and reported that increasing
the elasticity increases the velocity inside the boundary-layer and the
wall stress. In 1982, Rajagopal et al.16 studied Falkner–Skan flows of
second order fluids and concluded that this type of solution requires
not only a large Reynolds number (Re), but also that Re=Wi� 1,
where Wi is the Weissenberg number, the ratio between elastic and
viscous forces. In contrast with Newtonian fluids, which follow a single
rheological constitutive equation, non-Newtonian fluids are character-
ized by a wide range of behaviors, and this may be accompanied by a
variety of rheological constitutive equations.17 Early constitutive mod-
els, as used in the above works, were essentially derived from contin-
uum mechanics, which described in an incomplete form some of the

Phys. Fluids 33, 023103 (2021); doi: 10.1063/5.0042516 33, 023103-1

Published under license by AIP Publishing

Physics of Fluids ARTICLE scitation.org/journal/phf

https://doi.org/10.1063/5.0042516
https://doi.org/10.1063/5.0042516
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0042516
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0042516&domain=pdf&date_stamp=2021-02-24
https://orcid.org/0000-0003-3074-3473
https://orcid.org/0000-0002-6866-5469
https://orcid.org/0000-0002-9576-4622
mailto:fpinho@fe.up.pt
https://doi.org/10.1063/5.0042516
https://scitation.org/journal/phf


relevant non-Newtonian fluid properties (Rivlin–Eriksen and second
order fluids may not be even valid on account of the large deformation
rates encountered in boundary layer flows). The advent of structural
or kinetic-theory based constitutive models has resulted in better qual-
itative and in some cases quantitative, descriptions of the rheology of
real fluids.18 A well-known example of the former is the successful
description of the rheology of some polymer melts by the Phan-
Thien–Tanner model.19,20

Paradoxically, the description of dilute polymer solutions has
remained more elusive. One of the simplest constitutive equations that
is able to describe their main rheological features and has been abun-
dantly used in recent research,21,22 is the model known as FENE-P23

(acronym for “finitely extensible nonlinear elastic” model with
Peterlin’s closure24). Further details are given in Sec. II.

With regard to the boundary layer flow of FENE-P fluids,
Olagunju27,28 proposed an approximate similarity solution in contrast
to the Newtonian case for which there is a global self-similar solution.29

Olagunju called it a local self-similar solution, because it still depended
on two independent spatial variables, the streamwise coordinate and the
Newtonian similarity variable, as will be discussed in Sec. IV. In his
works, Olagunju only provided information on the profiles of velocity
and on the law of variation for the friction coefficient. No information
was given on other relevant quantities such as the laws of variation of
the boundary layer, displacement, and momentum thicknesses, on the
profiles of the polymer stress contribution, and on the effects of maxi-
mum polymer extensibility (L2) and polymer concentration (bp)
(although his solution contained L2 and bp, he did not explore their
effects). In addition, Olagunju ignored non-negligible elastic contribu-
tions to the rheological constitutive equation, which did not affect signif-
icantly the velocity profiles, but certainly do affect the polymer stresses
as was found for the laminar planar jet flows of viscoelastic FENE-P flu-
ids by Parvar et al.30 In particular, Parvar et al.30 showed that an
Olagunju type of solution of the planar jet is unable to properly estimate
the normal streamwise component of the polymer conformation tensor
(Cxx) at very lowWi and also the normal transverse component (Cyy) in
the whole range of Wi. Bearing in mind that the wall in a boundary
layer flow imposes significantly higher rates of deformation, and conse-
quently higher elastic stresses, than those existing in a planar jet (for
similar characteristic fluid velocities), the extent of Olagunju’s polymer
stress simplifications27 needs to be assessed, while also providing the
missing information on boundary layer flow characteristics. This sets
the stage for the present work in which we provide a different and more
complete solution to the boundary layer flow over a flat plate at zero
pressure gradient for FENE-P fluids.

Section II presents the flow set up, coordinate system, and full set of
governing equations. The order of magnitude analysis leading to a simpli-
fied momentum equation is carried out in Sec. III. Section IV addresses
the simplifications of the constitutive equation and introduces the mathe-
matical transformations leading to the final coupled set of equations. This
set of equations is numerically solved with numerical methods explained
in Sec. V, and Sec. VI presents and discusses its results in detail, in some
cases comparing them with the results of the full set of governing equa-
tions numerically solved with the RheoFoam toolbox of OpenFoam.

II. FLOW PROBLEM AND GOVERNING EQUATIONS

The laminar planar flat plate flow is sketched in Fig. 1. A uniform
free stream velocity (U1) flows over a thin immobile semi-infinite flat

plate of lengthL at zero incidence, and a streamwise null pressure gra-
dient is imposed outside the boundary layer, whose thickness is
denoted by d. The origin of the coordinate system is placed at the plate
leading edge, with x, y denoting the streamwise and transverse coordi-
nates, respectively. The no-slip boundary condition is imposed at the
wall, and the fluid velocity increases with the wall distance across the
boundary layer approaching asymptotically the free-stream value. To
define the boundary layer thickness, the criterion of local streamwise
velocity equal to 99% of the free stream velocity is used.31,32

The viscoelastic dilute polymer solutions are described by the
finitely extensible nonlinear elastic model23 in which the Peterlin clo-
sure24 provides a closed form to compute the average dumbbell length
needed to determine the restoring spring force of the kinetic-theory
physical model dumbbell, the so-called FENE-P constitutive equation.
This model has the minimum ingredients needed to describe the rhe-
ology of dilute polymer solutions, such as memory effects, shear-
thinning behavior, and bounded elastic stresses. Hence, it has been a
popular choice to investigate fundamental laminar as well as turbulent
flow behavior of dilute polymer solutions (Refs. 9, 22, and 33 to name
a few).

The governing equations for steady flow of incompressible fluids
are written next in indicial notation. The conservation of mass is

@uk
@xk
¼ 0 (1)

and the momentum equation is

q
@ui
@t
þ uk

@ui
@xk

� �
¼ � @P

@xi
þ @sij
@xj

; (2)

where ui is the velocity vector, P is the pressure, and q is the fluid den-
sity. The fluid extra stress sij is given as the sum

sij ¼ ssij þ spij (3)

of the Newtonian solvent stress (ssij) and a polymer contribution (spij).
The solvent stress is

ssij ¼ 2qtsSij; (4)

where ts is its kinematic viscosity and Sij is the rate-of-strain tensor
defined by

FIG. 1. Schematics of the flat plate flow with definition of boundary layer thickness
and coordinate system.
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Sij ¼
1
2

@ui
@xj
þ
@uj
@xi

 !
: (5)

The polymer stress contribution (spij) is given by the FENE-P
model23,24 as

spij ¼
q�p
k

f Ckkð ÞCij � f Lð Þdij
� �

; (6)

where �p is the zero-shear rate polymer kinematic viscosity coefficient,
k is the longest relaxation time of the polymer molecules, dij is the
identity tensor, and Cij is the dimensionless conformation tensor. This
tensor expresses the orientation and stretch of the model polymer
dumbbell at each flow point (cf. Ref. 23) and needs to be given by an
adequate evolution equation. Finally, f Ckkð Þ is the Peterlin function, a
scalar function of the trace of the conformation tensor and f Lð Þ is usu-
ally its equilibrium value (value at rest) that depends on the square of
the maximum normalized dumbbell extensibility, L2.

There are several variants of the FENE-P model that differ in the
Peterlin function used of which we single out the following three,
which give essentially identical responses provided L2 � 3

f Ckkð Þ ¼ L2

L2 � Ckk
and f Lð Þ ¼ L2

L2 � 3
; (7a)

f Ckkð Þ ¼ L2

L2 � Ckk
and f Lð Þ ¼ 1; (7b)

f Ckkð Þ ¼ L2 � 3
L2 � Ckk

and f Lð Þ ¼ 1: (7c)

The form of Eq. (7a) is the original, modified to Eq. (7b) by Bird
et al.23 as discussed in the study by Beris and Edwards.34 The functions
in Eq. (7c) have been used first by Vaithianathan and Collins35 and
since then have been used extensively in investigations of turbulent
flows of polymer solutions.21,22,36,37 Even though the formulation to be
presented is general and independent of the model, the final numerical
results pertain to the last set of functions.

In all cases, the evolution equation for the dimensionless confor-
mation tensor is the following hyperbolic differential equation:

@Cij

@t
þ uk

@Cij

@xk
¼ Cjk

@ui
@xk
þ Cik

@uj
@xk
� 1

k
f Ckkð ÞCij � f Lð Þdij
� �

: (8)

III. MOMENTUM EQUATION

We follow a standard procedure for boundary layer analysis (cf.
Refs. 31 and 32): we start by making the governing equations dimen-
sionless prior to simplifying them through an order of magnitude
analysis. In this process, we adopt the analysis performed by Parvar
et al.30 for the planar jet flow of FENE-P fluids. To normalize the equa-
tions, the length of the domain (L) and the boundary layer thickness
(d) are used as characteristic streamwise and transverse length scales,
whereas the free-stream velocity (U1) is used as the characteristic
velocity scale. The Reynolds number (ReL) is defined by

ReL ¼
U1L
�0

; (9)

where t0 is the zero-shear rate kinematic viscosity of the solution
(�0 ¼ �s þ �p). We define the ratio between the polymer viscosity
and the solution zero-shear rate viscosity, bp,

bp ¼
�p

�s þ �p
¼ �p
�0
; (10)

which is proportional to the polymer concentration. The Weissenberg
number (WiL) is

WiL ¼
kU1
L : (11)

The following normalized lengths and velocities (denoted with �) are
defined to ensure that their dimensionless derivatives in the continuity
equation are at most of the order of unity (in particular L � d)

x� ¼ x
L ; y� ¼ y

d
; u� ¼ u

U1
; v� ¼ vL

U1d
; p� ¼ P

qU12 : (12)

Back-substitution into the continuity equation leads to

@u�

@x�
þ @v

�

@y�
¼ 0: (13)

The normalized x-momentum equation becomes

u�
@u�

@x�
þv�@u

�

@y�
¼�@P

�

@x�
þ

1�bp
� �
ReL

L2

d2
d2

L2
@2u�

@x�2
þ@

2u�

@y�2

 !

þ
bp

WiLReL

L
d

d
L
@ f Ckkð ÞCxx�1½ �

@x�
þ
@ f Ckkð ÞCxy
� �

@y�

 !
:

(14)

As for the planar jet,36 the following relations are valid:
1�bpð Þ
ReL

L
d

� 	2
@2u�

@y�2 �
1�bpð Þ
ReL

@2u�

@x�2 and
bp

WiLReL
L
d

� 	
@ð f Ckkð ÞCxy½ �Þ

@y�

� bp

WiLReL

@ f Ckkð ÞCxx�f Lð Þ½ �ð Þ
@x� , since L=d� 1. Also, as argued by

Olagunju,27,28 the leading parts of @
2u�

@y�2 and
@ð f Ckkð ÞCxy½ �Þ

@y� must be of O(1)

for the polymer and solvent stress terms to be of the same order of
magnitude; otherwise, the velocity field would be indistinguishable
from that of the Newtonian fluid. At high enough Reynolds numbers
and since the solution is dilute (1� bp � 1), we have

L=dð Þ2

ReL
¼ O 1ð Þ ! d ¼ O ReL

�1
2L

� �
! d
L � ReL

�1
2; (15)

which indicates the classical boundary layer proportionality, and

bp

WiLReL

L
d

� �
¼ O 1ð Þ ! WiL ¼ O bpReL

�1
2

� 	
: (16)

Equation (16) implies small values of WiL, for which it can be shown
from the constitutive equation that Cxy � kCyy@u=@y. However, the
simplified momentum equation can still be used at higher values of
WiL, when Cxy increases significantly, provided the shear stress gradi-
ent terms dominate over the neglected streamwise gradient of the
polymer normal stress. This happens to be the case until very high val-
ues of WiL, when the simplified constitutive equation is no longer
valid, i.e., the simplifications in the constitutive equation breakdown
before those of the momentum equation, as will be shown.

The order of magnitude analysis of the y-momentum equation
leads to @P�=@y� ¼ 0. Since the present analysis is directed to a flat
plate boundary layer @P�=@x� ¼ 0, the pressure is constant in the
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entire flow domain and the y-momentum equation is no longer
needed.

We proceed with the dimensional form of the simplified x-
momentum equation

u
@u
@x
þ v

@u
@y
¼ �s

@2u
@y2
þ �p

k

@ f Ckkð ÞCxy
� �

@y
: (17)

Through the introduction of the stream function w, continuity is
enforced and only the x-momentum equation needs to be solved. The
stream function w is defined as

u ¼ @w
@y

; v ¼ � @w
@x

: (18)

Back-substituting into the x-momentum equation leads to

@w
@y

� �
@2w
@x@y

 !
� @w

@x

� �
@2w
@y2

 !

¼ �s
@3w
@y3

 !
þ �p

k

@ f Ckkð ÞCxy
� �

@y
: (19)

To solve this equation, we need the variations of Cxy and f Ckkð Þ in
order to obtain a closed form solution. The stream function and all
components of the conformation tensor depend simultaneously on x
and y, but the use of the approximate similarity transformation dis-
cussed below will compact the solution.

IV. CONFORMATION TENSOR EQUATION

Under steady state conditions Eq. (8) simplifies to

uk
@Cij

@xk
¼ Cjk

@ui
@xk
þ Cik

@uj
@xk
� 1

k
f Ckkð ÞCij � f Lð Þdij
� �

: (20)

In flows with high shear rates, the distortion and stress contributions
[terms on the right-hand-side of Eq. (20)] are usually the relevant
quantities, as shown by the order of magnitude analysis of Parvar
et al.30 for the planar jet. Substituting the velocities, as defined through
the stream function in Eq. (19), the simplified evolution equations for
the non-zero components of the conformation tensor are rewritten as

�2 Cxx
@2w
@x@y

þ Cxy
@2w
@y2

 !
þ 1

k
f Ckkð ÞCxx � f Lð Þ
� �

¼ 0; (21)

2 Cyx
@2w
@x2
þ Cyy

@2w
@x@y

 !
þ 1

k
f Ckkð ÞCyy � f Lð Þ
� �

¼ 0; (22)

1
k

f Ckkð ÞCzz � f Lð Þ
� �

¼ 0; (23)

�Cyy
@2w
@y2
þ Cxx

@2w
@x2
þ 1

k
f Ckkð ÞCxy
� �

¼ 0: (24)

These equations can be further simplified by considering @w/@y
� @w/@x and that with the exception of very low Weissenberg num-
ber flows, the normal components of Cij are higher than the shear
components (at rest Cxx ¼ Cyy ¼ Czz ¼ 1 and Cij ði6¼jÞ¼0). Hence, we
keep cross derivative terms when multiplying normal components of
Cij, leading to

�2kCxx
@2w
@x@y

��������������

�2kCxy
@2w
@y2
þ f Ckkð ÞCxx ¼ f Lð Þ; (25)

2kCyy
@2w
@x@y

������������

þ f Ckkð ÞCyy ¼ f Lð Þ; (26)

f Ckkð ÞCzz ¼ f Lð Þ; (27)

�kCyy
@2w
@y2
þ f Ckkð ÞCxy ¼ 0: (28)

The underlined terms in the equations for Cxx and Cyy are new, i.e.,
they are not present in Olagunju’s solution,28,29 and through Peterlin’s
function, they also affect the other components of Cij. However, since
their effect on the polymer shear stress is weaker than on normal
stresses, the impact on the velocity profiles will be weak as will be
shown later.

Further manipulation of Eqs. (25)–(28) provides the following
final expressions for the conformation tensor components

Cxx ¼
f Lð Þ þ 2kCxy

@2w
@y2

f Ckkð Þ � 2k
@2w
@x@y

 !

¼ f Lð Þ
f Ckkð Þ 2k

@2w
@x@y

þ f Ckkð Þ
 !

þ 2k2
@2w
@y2

 !2

f Ckkð Þ f Ckkð Þ2 � 2k
@2w
@x@y

 !2
0
@

1
A

; (29)

Cyy ¼
f Lð Þ

2k
@2w
@x@y

þ f Ckkð Þ
 ! ; (30)

Czz ¼
f Lð Þ
f Ckkð Þ ; (31)

Cxy ¼
kCyy

@2w
@y2

f Ckkð Þ ¼
kf Lð Þ @

2w
@y2

f Ckkð Þ f Ckkð Þ þ 2k
@2w
@x@y

 ! : (32)

In this set of coupled algebraic equations, Cij depends on the flow
characteristics, via the stream function, other Cij components and its
trace through the Peterlin function. The determination of the Peterlin
function, defined in Eq. (7), is explained below. From the three normal
components above, the trace Ckk is given by

Ckk ¼ f Lð Þ
3f Ckkð Þ2 þ 2k2

@2w
@y2

 !2

� 4k2
@2w
@x@y

 !2

f Ckkð Þ f Ckkð Þ2 � 4k2
@2w
@x@y

 !2
0
@

1
A

: (33)

Next, we introduce variables consistent with the self-similar
Newtonian thin boundary layer solution,31,32 and in dimensionless
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form for generality. Here, the following variables g and function
Gðg; xÞ are utilized:

g ¼
ffiffiffiffiffiffiffi
U1
2�0

r
y

x1=2
; G g; xð Þ ¼

wffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2U1�0
p

x1=2
: (34)

The streamwise and normal velocities are recovered from their defini-
tions, as

u ¼ U1G
0 g; xð Þ; (35)

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
�0U1
2x

r
gG0 g; xð Þ � G g; xð Þ
� �

; (36)

where the prime indicates derivative in order to g. For the correspond-
ing Newtonian flow, these variables allow for a self-similar solution,
and function GðgÞ only depends on g. This is not the case for the
FENE-P fluid, even if other powers of x and y are tried, a finding that
Olagunju27,28 had previously arrived at and, as investigated by Parvar
et al.30 for the planar jet. Therefore, the flow problem remains two-
dimensional, with G g; xð Þ depending on both g and x, and this vari-
able transformation does not simplify its solution unless further
assumptions are introduced. This we do here by considering that
streamwise variations of G g; xð Þ are negligible, i.e., henceforth
@G g; xð Þ=@x � 0, allowing us to obtain what is here called an approx-
imate similarity solution. As we shall see, this assumption still leads to
a very good description of the velocity field, while allowing for a much
simpler solution.38–43 Without it we would end up with a far more
complicated set of equations bringing little advantage over the numeri-
cal solution of the full set of original governing equations.

The Peterlin function f Ckkð Þ also depends on g and x, as shown
below, and for mathematical clarity henceforth we use

K g; xð Þ ¼ f Ckkð Þ; (37)

but note that it is not necessary to invoke the above simplifying
assumption for this quantity, i.e., @K g; xð Þ=@x 6¼ 0.

Substitution of all expressions into Eq. (7) leads to the following
third order algebraic equation for K g; xð Þ:

K3 þ C0K
2 þ C1 gG00ð Þ2K þ C2G

002 þ C3 gG00ð Þ2 ¼ 0 (38)

with dimensionless coefficients

C0 ¼
3I � 3f Lð Þ � L2

L2

� �
;

C1 ¼ �k2U1
2x�2 ¼ �Wix

2;

C2 ¼ �
k2f Lð ÞU13

�0L2
x�1 ¼ � f Lð ÞRexWix2

L2
;

C3 ¼
k2 L2 þ f Lð Þ � 3I
� �

U12

L2
x�2 ¼ L2 þ f Lð Þ � 3I

� �
Wix2

L2
:

(39)

Here, I ¼ 1 if the Peterlin functions are given by Eq. (7c) and I ¼ 0
otherwise. Coefficients C1 to C3 in Eq. (39) depend on x; hence this
shows why K depends on both g and x, and for this single reason, it is
not possible to get a full self-similar solution as for Newtonian fluids.

Regarding the x-momentum equation, by substituting Cxy [from
Eq. (32)] into Eq. (17),

@w
@y

@2w
@x@y

 !
� @w

@x

� �
@2w
@y2

 !
¼ �s

@3w
@y3
þ �pf Lð Þ

2k
@2w
@x@y

@3w
@y3
þ f Ckkð Þ @

3w
@y3
� 2k

@3w
@x@y2

@2w
@y2
� @f Ckkð Þ

@y
@2w
@y2

2k
@2w
@x@y

þ f Ckkð Þ
 !2

0
BBBB@

1
CCCCA (40)

together with variables g and G in Eq. (40) and algebraic manipula-
tion, it becomes

�GG00 ¼ 1� bp
� �

G000 þ bpf Lð Þ C4G00
2 þ KG000 � K 0G00

K � C4gG00ð Þ2

 !
; (41)

with

C4 ¼ kU1x
�1 ¼Wix: (42)

Again, the dependence on x and g is clear, and this equation also
involves the first derivative of K relative to g, which is obtained from
Eq. (38) and is given by

K 0 ¼ � 2C5 C1K þ C3ð Þ þ 2G00G000 C2 þ g2 C1K þ C3ð Þ
� �� �

C6
(43)

with

C5 ¼ gG002; C6 ¼ 3K2 þ 2C0K þ C1 gG00ð Þ2
� �

: (44)

Back-substitution of K 0 into Eq. (41), and further mathematical
manipulation, leads to the following final form of the momentum
equation cast in terms of GðgÞ

G000 ¼�
GG00 þbpf Lð ÞG00

C4C6G00 þ2C5 C1KþC3ð Þ
� �

K�C4gG00ð Þ2C6

1�bp
� �þbpf Lð Þ

C6Kþ2G002 C2þg2 C1KþC3ð Þ
� �� 	

K�C4gG00ð Þ2C6

0
@

1
A
:

(45)

The numerical solution of Eqs. (38) and (45) is discussed in Sec. V,
and its results are presented in Sec. VI.

V. NUMERICAL SOLUTION OF THE GOVERNING
EQUATIONS

The set of simplified governing equations presented in Sec. IV
can only be solved numerically, as described below. Since we assumed
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@G g; xð Þ=@x � 0, each set is composed of an ordinary third-order dif-
ferential equation on G gð Þ and an algebraic cubic equation for
K g; xð Þ.

To solve each set of equations, the third-order differential equa-
tion is converted to a system of ordinary first-order differential equa-
tions with the following transformations, G1 ¼ d2G

dg2 , G2 ¼ dG
dg, and

G3 ¼ G, or alternatively written as

dG1

dg
¼ G000; (46)

dG2

dg
¼ G1; (47)

dG3

dg
¼ G2: (48)

The cubic equation is solved first with the Cardan–Tartaglia for-
mula.44,45 Its correct solution must be real-valued, all the normal com-
ponents of Cij are positive, and 3 � Ckk � L2. The ensuing system of
differential equations is solved numerically by a fourth-order
Runge–Kutta method coupled with a shooting technique to match the
unknown boundary conditions.46,47 The boundary conditions for the
laminar flat plate boundary layer flow are31,32

G0 1ð Þ ! 1; G 0ð Þ ¼ G0 0ð Þ ¼ 0: (49)

VI. RESULTS AND DISCUSSION
A. Newtonian fluids: Validation

The governing equations for the boundary layer flow of the visco-
elastic fluid reduce to those for a Newtonian flow for bp ¼ 0, and this
is used to verify the solution.31 Through asymptotic analysis, White31

verified that at g ¼ 10 the flow characteristics are very close to bound-
ary conditions at infinity; therefore, the same condition is used here.
We define the local Reynolds Rex as per Eq. (9) with x instead of L.

We considered a maximum Rex ¼1 	 105, a flow condition for which
the Blasius solution remains valid31 and below the critical condition
for laminar-turbulent transition (Rex;cr ¼ 5 	 105) for Newtonian
fluids.

Figure 2(a) shows an excellent agreement between the numerical
values of G, G0; and G00 for the current solution and the literature. The
plotted quantities are related to the velocity profiles u and v according
to Eqs. (35) and (36). By considering Eqs. (34) and (35), the following
characteristics of the boundary layer flow were also quantified:

• The boundary layer thickness (d) based on the 99% of free stream
velocity criterion (cf. Sec. II) is quantified by setting G0 ¼ 0:99,
giving g ¼ 3:4723, and consequently

d
x
¼ 4:9105ffiffiffiffiffiffiffi

Rex
p : (50)

• The displacement thickness (d�) is defined as

d� ¼
ð1
0

1� u
U1

� �
dy ¼

ffiffiffiffiffiffiffiffiffiffi
2�0x
U1

r ð1
0

1� G0ð Þdg

¼ x

ffiffiffiffiffiffiffi
2
Rex

r
lim
g!1

g� G gð Þ
� �

; (51)

leading to d�=x ¼ 1:7208=
ffiffiffiffiffiffiffi
Rex
p

;
• The momentum thickness (h) is defined as

h ¼
ð1
0

u
U1

1� u
U1

� �
dy ¼

ffiffiffiffiffiffiffiffiffiffi
2�0x
U1

r ð1
0
G0 1� G0ð Þdg

¼ x

ffiffiffiffiffiffiffi
2
Rex

r ð1
0
G0 1� G0ð Þdg; (52)

leading to h=x ¼ 0:664=
ffiffiffiffiffiffiffi
Rex
p

, and a shape factor
H ¼ d�=h ¼ 2:591, consistent with Refs. 31 and 48.

FIG. 2. Characteristics of the Newtonian laminar boundary layer flow: (a) Variation of G, G0, and G00 with g; (b) variation with Rex of the normalized boundary layer thickness
(d=x), displacement thickness (d�=x) and momentum thickness (h=x). Lines represent data from the present work and symbols represent data from the literature.29
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The local skin-friction coefficient Cf for the Newtonian fluid is given
by

Cf ¼
sxy

1
2
qU1

2

0
@

1
A

y¼0

¼
�s
@2w
@y2

1
2
U1

2
: (53)

The variations with Rex of these four quantities are plotted in Fig. 2(b),
and the agreement is excellent with data from Refs. 31 and 32.

B. FENE-P fluids: Validation

We start with a comparison between our approximate similarity
solution and the numerical solution of the full set of non-simplified
governing equations using the RheoFoam toolbox of OpenFoam,25,26

and also with the approximate similarity solution of Olagunju.27

Olagunju27,28 only presented the velocity profiles and the law of varia-
tion for the friction coefficient, so we used his equations to extract
other quantities.

The RheoFoam simulation relied on the use of the high-order
resolution scheme CUBISTA49 for the advective terms in the momen-
tum and conformation equations. The computational domain had a
length 1:2L divided into two blocks: block I upstream the plate leading
edge was 0:2L: long and block II along the plate had a length of L.
The width of both blocks was set equal to 2L. Within each block,
the non-uniform computational grid had Nx 	 Ny 	 Nz cells for the
x; y; z directions, respectively, as given in Table I together with the
expansion/contraction mesh factors fx ¼ Diþ1

x =Di
x and fy ¼ Diþ1

y =Di
y

and ratios of mesh size over boundary layer thickness at some loca-
tions. This mesh was selected after an assessment of mesh indepen-
dence using four grids. Differences between the results of this grid and
those obtained in a grid with twice the number of cells in each direc-
tion are below 0.05%.

On the inlet boundary, a uniform velocity was imposed, on the
outlet boundary, a zero gradient condition was set for all quantities,
and no slip was imposed at the wall. At the boundary upstream the
wall, in block I, symmetry conditions were set. At the boundary oppo-
site the wall, far from the boundary layer, free stream velocity condi-
tions were imposed, both in blocks I and II.

The simulation was carried out for the Peterlin function of Eq.
(7c) with bp ¼ 0:1 and L2 ¼ 900 and the results shown pertain to
x=L ¼ 0:2, where the local Reynolds and Weissenberg numbers are
Rex¼2 	 104 andWix¼ 0.1, respectively [the local Weissenberg num-
berWix is defined as per Eq. (11) with x instead of L].

Figure 3 compares the transverse profiles of normalized stream-
wise and wall-normal velocities obtained in RheoFoam and with the
present and Olagunju’s semi-analytical solutions showing excellent
agreement, as shown through the zooms in Fig. 3. Olagunju’s solution
very slightly over-predicts u=U1 and v=U1ð Þ

ffiffiffiffiffiffiffi
Rex
p

.
The corresponding transverse profiles of the conformation tensor

components ðCxy;Cyy;Czz; and Cxx) are plotted in Fig. 4, and again
there is a very good agreement between the results of the present work
and of the RheoFoam simulation. However, Olagunju’s solution shows
various differences relative to our solution and RheoFoam predictions:
it over-predicts Cxy near the wall and, regardless ofWix , it always pre-
dicts the maximum Cxy to occur at the wall, whereas both the current
solution and RheoFoam show that the maximum Cxy occurs at a slight
distance from wall, with this offset increasing withWix .

Simultaneously, Olagunju’s solution over-predicts the wall peak
of Cxx in Fig. 4(d), whereas with regard to Cyy and Czz , Figs. 4(b) and
4(c) show that they are qualitatively incorrect even if the numerical
values are not too different from 1, as they should be. As a matter of
fact, the peak value of Cyy away from the wall and the local minimum
positive value at the wall are not captured qualitatively by Olagunju’s
solution, which always predicts a wall peak value, whereas for Czz

TABLE I. Characteristics of the meshes used in the RheoFoam calculations for vali-
dation. The values of Dx and Dy are at the cells nearest the wall.

Block Nx Ny Nz fx fy
Dxx¼0
dx¼L

; Dyx¼0dx¼L
Dxx¼L
dx¼L

I 20 600 1 0.886 1.0088 
 
 
 
 
 

II 200 600 1 1.011 1.0088 0.0439, 0.003 0.439

FIG. 3. Comparison between normalized transverse velocity profiles at x=L ¼ 0:4 for bp ¼ 0:1, L2 ¼ 900, Rex¼ 2 	 104, and Wix¼ 0.1 from present and Olagunju solu-
tions, and from RheoFoam: (a) u=U1; (b) v

ffiffiffiffiffiffiffi
Rex
p

=U1.
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FIG. 4. Comparison between transverse profiles of the conformation tensor components obtained with RheoFoam and present and Olagunju solutions at xL ¼ 0:4 for bp¼ 0.1,
L2 ¼ 900, Rex ¼ 2 	 104, and Wix¼ 0.1: (a) Cxy ; bð Þ Cyy ; cð Þ Czz; dð Þ Cxx , Lines are a guide to the eye.

FIG. 5. Transverse profiles of normalized streamwise velocity (u=U1): (a) from present solution at various flow conditions (dashed lines are a guide to the eye); (b) compari-
son between present solution (dashed dotted lines) and RheoFoam solution (solid lines) for bp ¼ 0:1, L2 ¼ 900, andRex ¼ 2	 104.
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plotted in Fig. 4(c), Olagunju’s values are in excess of 1, whereas the
correct values are below 1.

As stated earlier, the discrepancies between both solutions come
from the simplifications in the conformation equations for Cxx and
Cyy , then carried to the other components of Cij via the Peterlin func-
tion f Ckkð Þ, and increase substantially with Wix . In contrast, at lower
Wi, such asWix ¼ 0.005, velocity and conformation tensor profiles of
both semi-analytical solutions collapse, but they are not shown for
conciseness.

It is worth comparing the computational cost of the semi-
analytical solutions and of the RheoFoam simulation. The latter was

performed by a computer equipped with an Intel Xeon E5 processor
with 12MB L3 cache and Turbo Boost up to 3.9 GHz, with parallel
processing using its six computer cores. The computational time was
4.5 h.; however for the semi-analytical solutions, the same computer
took about 1 s.

C. FENE-P fluids: Results

The solution presented and discussed here pertains to the
Peterlin function of Eq. (7c), and we vary the Reynolds and
Weissenberg numbers as well as bp and L2. The local Reynolds Rex

FIG. 6. Transverse profiles of normalized wall-normal velocity v
ffiffiffiffiffiffiffi
Rex
p

=U1
� �

: (a) from present solution at various flow conditions (dashed lines are a guide to the eye); (b)
comparison between present solution (dashed dotted lines) and RheoFoam solution (solid lines) for bp ¼ 0:1, L2 ¼ 900, and Rex ¼ 2	 104.

FIG. 7. Streamwise variation of Cf as a function of flow and fluid characteristics: (a) from present solution (dashed lines are a guide to the eye); (b) comparison between pre-
sent solution (dashed dotted lines) and RheoFoam solution (solid lines) for bp ¼ 0:1 and L2 ¼ 900. Note that Wix ¼ WiL at x where Rex ¼ 105.
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and Weissenberg numbersWix and their values at the end of the plate
(ReL andWiL) are both used. Note that a specific boundary layer flow
sets ReL and WiL, then at each x=L the data pertain to different local
values of Rex and Wix since Rex � x and Wix � x�1. Alternatively,
one may compare physical quantities at the same local values of Rex
andWix , but then, at each x=L, data correspond to different values of
ReL andWiL.

To show that the approximate similarity solution remains valid
well beyond the smallWi suggested by Eq. (16) [e.g., WiL ¼ O 10�3ð Þ
for ReL ¼ O 105ð Þ] we include comparisons with data from
RheoFoam simulations at ReL ¼ 1	 105, with bp¼0.1, L2 ¼ 900,
andWiL ¼ 0:2 andWiL ¼ 1:0. These simulations were carried out in
a rectangular computational domain similar to that described in Sec.
VI B and Table I. We faced numerical instabilities with the RheoFoam
simulations at higher values ofWiL.

1. Flow field

Figures 5(a) and 6(a) show transverse profiles of normalized
streamwise and wall-normal velocities as a function of the independent
dimensionless numbers. By normalizing lengths with the boundary-layer
thickness and using the local Reynolds number (Rex) for the wall-
normal velocity, the profiles at low elasticity levels tend to collapse on the
Newtonian profiles, but by increasing elasticity the profiles progressively
deviate from the Newtonian asymptote thus showing that their similarity
nature is only approximate. The deviation is small for the streamwise
velocity profile, which is pinned at the wall and at the edge of the bound-
ary layer in this normalization. For the transverse velocity, in general,
there is a progressive decrease with elasticity as the boundary layer edge
is approached, so that the dimensionless wall-normal velocities can be
10% smaller than the Newtonian values under certain conditions of high
elasticity (highWix for non-dilute solutions, i.e., for high bp).

Figures 5(b) and 6(b) compare transverse profiles of normalized
velocities at x=L ¼ 0:2. Even at Wi numbers several orders of

magnitude larger than imposed by Eq. (16) [note that
Wix ¼ ðL=xÞðWiL)], the present solution can still predict well the pro-
files of streamwise and wall-normal velocities. For the same global flow
condition the comparison always improves on going downstream,
becauseWix decreases (such profiles are not shown for conciseness).

The local skin-friction coefficient Cf for the FENE-P fluid is
given by

FIG. 8. Streamwise variation of the normalized boundary layer thickness d=xð Þ as a function of flow and fluid characteristics: (a) from present solution (dashed lines are a
guide to the eye); (b) comparison between present solution (dashed dotted lines) and RheoFoam solution (solid lines) for bp ¼ 0:1 and L2 ¼ 900. Note that Wix ¼ WiL at x
where Rex ¼ 105.

FIG. 9. Streamwise variation of Wi for two flows with bp ¼ 0:1 and L2 ¼ 900: and
ReL ¼ 105. Lines are a guide to the eye. Wix shown by dot-dashed lines; Wid
shown by solid lines.
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with @2w
@x@y y ¼ 0ð Þ ¼ � U1x�1

2 g 0ð ÞG00 x; 0ð Þ
� �

¼ 0, thus leading to

Cf ¼
sxy

1
2 qU12

� �
y¼0
¼

ffiffiffiffiffiffiffiffi
2

ReL

r
1� bp þ

bpf Lð Þ
K 0; xð Þ

 !
G00 x; 0ð Þ: (55)

The streamwise variations of the friction factor (Cf ) and of the nor-
malized boundary layer thickness d=xð Þ are plotted in Figs. 7(a)
and 8(a), respectively. As for the laminar planar jet previously

FIG. 10. Streamwise variation of the dimensionless displacement thickness d�=xð Þ as a function of flow and fluid characteristics: (a) from present solution (dashed lines are a
guide to the eye); (b) comparison between present solution (dashed dotted lines) and RheoFoam solution (solid lines) for bp ¼ 0:1 and L2 ¼ 900: Note that Wix ¼ WiL at x
where Rex ¼ 105.

FIG. 11. Streamwise variation of the dimensionless momentum thickness h=xð Þ as a function of flow and fluid characteristics: (a) from present solution (dashed lines are a
guide to the eye); (b) comparison between present solution (dashed dotted lines) and RheoFoam solution (solid lines) for bp ¼ 0:1 and L2 ¼ 900: Note that Wix ¼ WiL at x
where Rex ¼ 105.
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investigated,30 when elasticity effects are weak (low WiL, low bp, high
L) both quantities follow closely the corresponding Newtonian results,
but asWi and bp increase or L decreases, the boundary layer thickness
and the skin friction coefficient decrease on account of the stronger
shear-thinning nature of the shear viscosity accompanying those
changes of the independent dimensionless numbers. The comparison
between the approximate similarity semi-analytical solution and the
RheoFoam predictions for the friction factor (Cf ) in Fig. 7(b) and for
the normalized boundary layer thickness d=xð Þ in Fig. 8(b) are very
good atWi well in excess of the limit imposed by Eq. (16), with differ-
ences below 2% for d=xð Þ and 1% for Cf . In these plots and in
Figs. 10(b) and 11(b), since Wix ¼WiL at x where Rex ¼ 105, then
Wix ¼ 5WiL where Rex ¼ 104.

Before proceeding, the critical issue of the characteristic length
used to define the Weissenberg number needs to be discussed, because
it has implications on the interpretation of what are low or high
Weissenberg number flows. This issue has similarities with the

definition of the Reynolds number in classical boundary layer theory.
We use a distance measured from the plate leading edge (the local dis-
tance, x, or the full length of the plate, L) as this makes the definition
ofWi (and of Re) independent of the solution. However, from a physi-
cal point of view it makes more sense to use the boundary layer thick-
ness in the ratio of time scales, since the flow is dominated by shear
(except at very largeWi where extensional effects may become impor-
tant as explained above). The problem is that d is part of the solution
and it is always difficult to know a priori what the value of Wid (and
Red) will be. For instance, for the cases in Figs. 7 and 8 where
0:01 <Wix < 5.0, one gets 0.3<Wid< 150 as shown in Fig. 9, i.e., the
use of the more physically meaningful boundary layer thickness d as
characteristic length leads to larger numerical values of Wid, well in
excess of O 1ð Þ. Therefore, the highest values ofWix used here to inves-
tigate the flow characteristics of the approximate similarity solution
are large enough to assess the effects of strong elasticity, provided the
solution is within its range of validity, an issue discussed later.

FIG. 12. Streamwise variation of local peak values of the polymer stress and total shear stress for various flow conditions: (a) spxx , (b) spyy , (c) spxy , and (d) sxy . Data are normal-
ized by the corresponding stress at x=L ¼ 0:2. Lines are a guide to the eye; the solid line is the low elasticity asymptote.
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Figures 10 and 11 show the corresponding streamwise variations
of the dimensionless displacement and momentum thicknesses.
Again, at low elasticity levels both quantities follow closely the corre-
sponding Newtonian laws, however by increasing the elasticity level
d�=x and h=x decrease on account of the fuller velocity profiles associ-
ated with the shear-thinning of the shear viscosity. The comparisons
with RheoFoam predictions in parts (b) show again very good agree-
ment, with differences not exceeding 1% at the highest Wi numbers
plotted.

2. Conformation and stress tensors

Figures 12(a)–12(d) follow the streamwise decrease of the peak
values of the polymer stress components and of the total shear stress,
normalized by the corresponding peak values at x=L ¼ 0.2. For visco-
elastic fluids, the local Weissenberg number increases to infinity as the
leading edge is approached; therefore, the boundary layer theory ceases
to be valid between the leading edge, where its assumptions do not
hold even for Newtonian fluids, and some location downstream.
Hence, only data for x=L � 0.2 are shown.

FIG. 13. Streamwise variation of the ratio of wall polymer shear stress ðspxyÞ to wall
solvent shear stress ðssxyÞ. Lines are a guide to the eye; the solid line is the low
elasticity asymptote.

FIG. 14. Streamwise variation of ratios between local maximum polymer ðspij Þ over local maximum solvent stresses ðssijÞ: (a) spyymax=s
s
yymax and (b) spxx

�� ��
max= ssxx

�� ��
max

. Lines are
a guide to the eye; the solid line is the low elasticity asymptote

FIG. 15. Variation across the boundary layer of spxy=ssxy . Lines are a guide to the
eye; the solid line is the low elasticity asymptote.
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For all components, the normalized data plotted in Fig. 12 follow
equations of the form

log10

spij

��� ���
max

spij
��� ���

max@x
L¼0:2

¼ mlog10
x
L

� �1=2
" #

� b; (56)

which are also shown as lines. At low elasticity levels, the normalized
peak stress curves tend to an asymptote, which is indicated in each
plot as a solid line.

The decay rate of the low elasticity asymptotic for spxx is twice as
fast as for the shear stresses, because in this limit spxx / @u=@yð Þ2,
whereas the polymer shear stress varies linearly with @u=@y as does
the Newtonian solvent shear stress, and consequently the total shear
stress sxy . The transverse normal stress spyy is much smaller than spxx
and the rate of decay of its local peak depends on the streamwise varia-
tions of @v=@y and Cyy . Further manipulation of Eqs. (34)–(36) shows

that the streamwise variations of @v=@y and @u=@y are related, but
the quantities involved are very small and simple order of magnitude
arguments are unable to explain the rate of decay shown in Fig. 12(b)
that only accurate numerical calculations can provide.

For low elasticity flows, the linear dependence of both shear
stresses on @u=@y is equivalent to having a constant ratio for spxy=s

s
xy

equal to the ratio of viscosity coefficients �p=�s ¼ 1=9 for bp ¼ 0:1
and �p=�s ¼ 1 for bp ¼ 0:5, as shown in Fig. 13. On account of
shear-thinning effects, as Wi increases there is a decrease in the stress
ratio spxy=s

s
xy and in the decay rates for all stresses shown.

The ratios of local maximum polymer stress over the correspond-
ing local maximum solvent stress (spijmax

=ssijmax
) show similar behaviors

for the shear and wall-normal components. At low elasticity levels,
the maximum shear stresses are at the wall so the behavior is that
of Fig. 14, but as elasticity increases, the peak polymer shear stress
moves away from the wall to the near wall vicinity, where the corre-
sponding conformation tensor component peaks, and the ratio

FIG. 16. Transverse profiles of conformation tensor component quantities normalized by their corresponding absolute local peak values for various flow conditions: (a)
Cxy ; bð ÞCyy � 1; cð Þ Czz � 1; and ðdÞ Cxx � 1. Lines are a guide to the eye; the solid line is the low elasticity asymptote.
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spxymax
=ssxymax

decreases below �p=�s. With regard to spyy and ssyy their
maxima are offset from the wall, where under low shear rate condi-
tions they essentially depend linearly on @v=@y; hence, their ratio is
also equal to the ratio of viscosity coefficients �p=�s, cf. Fig. 14(a).
However, spxx and ssxx behave differently as depicted in Fig. 14(b):
whereas ssxx is purely viscous and depends only on the small value of
@u=@x, being negative, the polymer stress spxx exhibits the nearly qua-
dratic dependence on the large values of @u=@y and is positive; there-
fore, the ratio spxxj jmax= ssxxj jmax takes on large values even in the limit
of small elasticity and increases withWiL or bp and in inverse propor-
tion to L2.

Figure 15 plots the variation across the boundary layer of spxy=s
s
xy

at some representative locations, as given through the values of Rex
and Wix , showing that there are shear-thinning effects and suggesting
that the peak polymer stress values may occur at some distance from
the wall. As the edge of the boundary layer is approached and the
shear rates decrease, this stress ratio approaches the viscosity coeffi-
cient ratio �p=�s ¼ bp= 1� bp

� �
. Note however that the variation of

the total shear stress across the boundary layer is monotonic, with
peak values at the wall (such profiles are not shown for conciseness).

At this stage, it is important to remember that the approximate
similarity nature of the solution is introduced by the conformation
equations. Transverse profiles of conformation tensor component
quantities, normalized by the corresponding local absolute peak values,
are plotted in Figs. 16(a)–16(d) for a wide range of conditions at two
different locations (expressed through the values of Rex and Wix). As
expected, at low elasticity flow conditions, here represented by
Wix � 0:005, the profiles collapse on asymptotic curves (solid lines);
for increasing levels of viscoelasticity the profiles progressively deviate
from the asymptotes and the nature of the approximate similarity
behavior sets in. The normalized profiles of Cxy , Czz � 1 and Cxx � 1
all exhibit their large variations taking place further away from the
wall than in their asymptotic curves, and for the shear component, the
location of the peak value also moves away from the wall. Cyy is always

positive, but the large variations of the normalized profiles of Cyy � 1
are a consequence of the ratio involving very small numbers due to
very small variations of Cyy around 1. At the wall Cyy < 1; hence the
negative values are plotted. In addition, whereas at low elasticity levels
the maximum Cyy � 1 > 0 and occurs away from the wall, at high
elasticity levels, the maximum difference Cyy � 1 < 0 and occurs at
the wall; therefore the normalized profiles are equal þ1 and �1 at
those specific locations, respectively. When viscoelasticity is not weak,
Fig. 16 shows some degree of variation in terms of the normalized con-
formation tensor quantities due again to the amplification of small val-
ues in the ratio and also to the approximate nature of the similarity
solution.

Next, Fig. 17 plots transverse profiles of spyy and sxy ¼ ssxy þ spxy ,
normalized by the corresponding local peak values, to show better the
asymptotic behavior under conditions of weak viscoelasticity. Indeed,
the plot of the total shear stress seems to be universal, but the zoom at
the inset shows the existence of small differences. These differences are
small because the approximate nature of the viscoelastic solution
comes through the constitutive equation, i.e., through the polymer
stress not through the momentum equation or the solvent stress. Both
shear stresses are essentially determined by the magnitude of the shear
rate @u=@y, and the solvent stress partially compensates for the varia-
tions of the polymer shear stress, so that the total stress profile has a
near-universal shape. In Fig. 5, we also observed that the profile of nor-
malized streamwise velocity is very weakly dependent on flow condi-
tions showing a near-universal behavior.

Contrasting with the large variations in normalized Cyy � 1
shown in Fig. 16(d), the corresponding normalized spyy= spyy

�� ��
max

in Fig.
17(a) presents a significantly better behavior because the small varia-
tions of Cyy � 1ð Þ are partially compensated by the small variations in
f Ckkð Þ leading to a better behaved stress [note that
spyy ¼ f Ckkð Þ Cyy � 1ð Þ].

For all flow conditions investigated, the peak values of spxx and of
the total shear stress sxy are at the wall. For the polymer shear stress,

FIG. 17. Transverse profiles of stress normalized by their local peak value for several flow conditions: (a) spyy=s
p
yymax and (b) sxy=sxymax. Lines are a guide to the eye; the solid

line is the low elasticity asymptote.
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under weak elasticity conditions the peak value occurs at the wall and
then progressively deviates away from the wall as elasticity and shear-
thinning further increases. The location of the peak values and its vari-
ation as a function of flow conditions are plotted in Figs. 18(a) and
18(b) for spyy and spxy , respectively, including the equations for the
asymptotic locations.

The streamwise variation of the polymer wall shear stress (spxyÞ is
plotted in Fig. 19, confirming the findings from the transverse profiles.
The low elasticity asymptote is also plotted for polymer shear stress.

To assess the limit of validity of the approximate solution in
terms of conformation tensor components, transverse profiles of
Cxy; Cyy; Czz and Cxx are plotted and compared in Fig. 20 with the
corresponding RheoFoam results, at two different locations (x=L¼0.2
and 1) for two different flow conditions (WiL ¼ 0.2 and 1), in order to
encompass a wide range of Wix . Conformation tensor components
are the most sensitive quantities to flow elasticity, and discrepancies
between the simplified theory and predicted RheoFoam simulations
are now clear for the highest Wix profiles. The differences are related
to large peak values in Cxx; Cxy and Cyy appearing off the wall, at
0:3 � y=d � 1, with the transverse RheoFoam profiles exhibiting
changes in concavity. The corresponding Czz do not exhibit local max-
ima, but very rapid variations the simplified theory is unable to follow.

The “well-behaved” semi-analytical solution is unable to follow
these large variations in Cij at high Wix flows, on account of the
imposed boundary layer simplifications, but the values at the wall are
always correctly described. Decreasing Wix by going downstream
reduces the differences, and at Wix ¼ 0:2, the behavior exhibited by
the RheoFoam simulation is now well described by the semi-analytical
solution, whereas at Wix ¼ 0:3, the RheoFoam profiles show the
appearance of local peaks, i.e., the critical value ofWix is here between
0.2 and 0.3. Note that atWix ¼ 0:2 and for L2 ¼ 900, the extension of
the dumbbells, measured by Ckk=L2, is around 0.3, hardly characteristic
of low elasticity flows. In spite of the poor performance of the
semi-analytical solution in describing profiles of Cij at Wix > 0:2, the
semi-analytical solution remains accurate in terms of friction coefficient,
normalized velocity profiles, and normalized momentum, displacement,
and boundary layer thicknesses up toWix � 5 as seen in Sec. VIC1.

For bp ¼ 0:5, with L2 ¼ 900, and increasing L2 from 900 to
10 000 for bp ¼ 0:1, maintains the critical value of Wix between 0.2
and 0.3, but the corresponding profiles are not shown for conciseness.
Reducing L2 from 900 to 400, for the same bp, slightly reduces the crit-
ical Wix to 0.2 (local peaks are seen to start appearing only for some
components of Cij).

FIG. 19. Decay law for the polymer wall shear stress (spxy ) normalized by its value at
x
L ¼ 0:2. Lines are a guide to the eye; the solid line is the low elasticity asymptote.

FIG. 18. Location of peak values of some stress components: (a) Normalized y for spyy and (b) normalized y for spxy. Lines are a guide to the eye; the solid line is the low
elasticity asymptote.
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VII. CONCLUSIONS

The boundary layer flow of FENE-P fluids over a flat plate at
zero pressure gradient, initially investigated by Olagunju,27 was revis-
ited leading to a more accurate simplified set of conformation tensor
equations that still allowed a semi-analytical solution to be obtained.
Due to the fluid viscoelasticity this solution showed an approximate
self-similar behavior, contrasting with the full similar behavior of the
corresponding Newtonian problem.

The current semi-analytical solution is more accurate than
Olagunju’s solution, and in addition, we provide a more extensive set
of results of the flow characteristics that include profiles of polymer
stress and conformation tensor components, asymptotic laws of decay
of peak stresses and conformation tensor components in the limit of
low elasticity as well as laws for the location of such peak values. We
also present results quantifying the boundary layer thickness as well as
the displacement and momentum thicknesses. Even though the peak
polymer shear stresses take place away from the wall, except in the low
elasticity limit where the polymer and solvent shear stresses are pro-
portional to each other, the peak of the total fluid shear stress is always
at the wall.

For large values of Wix and bp, combined with low values of L2,
one of the assumptions of the boundary layer theory starts to break
down. As is well known, the boundary layer theory is not valid in the
vicinity of the plate leading edge, even for a Newtonian flow, but since
Wix / x�1, this region extends further downstream of the leading
edge for viscoelastic fluids. In order to assess the shortcomings of the
semi-analytical solution under these conditions, and in particular at
large and very large Weissenberg numbers, we provide results from
the numerical solution of the full set of complete (non-simplified) gov-
erning equations. For local Weissenberg numbers (Wix) of up to about
0.2 (for bp ¼ 0:1 and L2 ¼ 900), the semi-analytical solution approxi-
mates reasonably well all flow characteristics, but as Wix further
increases the transverse variation of the conformation tensor compo-
nents become increasingly complex within 0:3 � y=d � 1, exhibiting
changes in the concavity of the profiles that go together with the

development of large peak stress values. Nevertheless, the semi-
analytical solution continues to predict well the wall values of all com-
ponents of the stress and conformation tensors. In addition, and in
spite of its poor performance in predicting Cij for Wix > 0:2, it still
predicts the normalized velocity profiles, friction coefficient and nor-
malized evolution of the momentum, displacement and boundary
layer thicknesses within 5% of the RheoFoam solutions for Wix � 5:
For bp ¼ 0:5, with L2 ¼ 900, and increasing L2 from 900 to 10,000
for bp ¼ 0:1, maintained the critical value of Wix for the conforma-
tion tensor between 0.2 and 0.3. Reducing L2 from 900 to 400, for the
same bp, slightly reduces the criticalWix to 0.2.

The different forms of the FENE-P model in Eq. (7) only differ in
behavior when the extent of the dumbbells, as measured by Ckk,
becomes significant in comparison with L2. Therefore, the current
semi-analytical solution should not depend on the form of the FENE-
P model except if close to its limit validity condition, as quantified by
the critical value of the local Weissenberg number, the ratio Ckkmax=L

2

approaches 1. We did not investigate this situation, but we expect no
dependence for the other forms of the FENE-P model, because for
L2 � 900 the critical Wix > 0:2, and at Wix ¼ 0:2; the extension of
the dumbbells is not too high (for bp ¼ 0:1 and L2 ¼ 900 we have
Ckkmax=L

2 � 0:3 and on increasing L2, Ckkmax=L
2 decreases). However,

as L2 is lowered there could be an effect of the FENE-P model because
at the criticalWix the ratio Ckkmax=L

2 will be higher than at higher val-
ues of L2, but this issue was not investigated in this work.

The computational cost of the semi-analytical solution at 1 s is
negligible in comparison with that of the corresponding RheoFoam
simulation at 4.5 h in a computer equipped with an Intel Xeon E5 pro-
cessor with 12MB L3 cache and Turbo Boost up to 3.9GHz, with par-
allel processing using its six computer cores.
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