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a b s t r a c t

A new low-Reynolds-number k–e turbulence model is developed for flows of viscoelastic fluids described
by the finitely extensible nonlinear elastic rheological constitutive equation with Peterlin approximation
(FENE-P model). The model is validated against direct numerical simulations in the low and intermediate
drag reduction (DR) regimes (DR up to 50%). The results obtained represent an improvement over the low
DR model of Pinho et al. (2008) [A low Reynolds number k–e turbulence model for FENE-P viscoelastic
fluids, Journal of Non-Newtonian Fluid Mechanics, 154, 89–108]. In extending the range of application
to higher values of drag reduction, three main improvements were incorporated: a modified eddy viscos-
ity closure, the inclusion of direct viscoelastic contributions into the transport equations for turbulent
kinetic energy (k) and its dissipation rate, and a new closure for the cross-correlations between the fluc-
tuating components of the polymer conformation and rate of strain tensors (NLTij). The NLTij appears in
the Reynolds-averaged evolution equation for the conformation tensor (RACE), which is required to cal-
culate the average polymer stress, and in the viscoelastic stress work in the transport equation of k. It is
shown that the predictions of mean velocity, turbulent kinetic energy, its rate of dissipation by the New-
tonian solvent, conformation tensor and polymer and Reynolds shear stresses are improved compared to
those obtained from the earlier model.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

It is well known that the addition of small amounts of additives
that impart viscoelastic properties to fluids can represent an effec-
tive way to reduce drag and heat transfer [1–4]. These early studies
were aimed at quantifying the relationship between fluid rheology,
polymer molecular weight and concentration on one side and drag
reduction (DR), Reynolds stresses and velocity profiles on the
other. These studies, which were experimental or numerical using
direct numerical simulations (DNS) increased significantly our
phenomenological understanding of drag reduction. Nevertheless,
and despite the increase in computational power, our predictive
capability of non-Newtonian viscoelastic turbulent flows remains
very limited. This has motivated the use of direct numerical simu-
lation of viscoelastic turbulent flow in simple geometries such as
the plane channel [3,5,6] to assess the performance of turbulence
ll rights reserved.
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closures intended for use in the more complicated flows encoun-
tered in industrial applications [7–9].

The earlier attempts to develop turbulence closures for non-
Newtonian fluids had no link with fluid rheology and essentially
showed that it was possible to predict drag reduction (DR) by a
suitable modification of the von Kármán coefficient [10]. An excep-
tion was the simple eddy viscosity model of Mizushina and Usui
[11], which used a Van Driest damping function modified to incor-
porate a coefficient related nonlinearly, and with a very large coef-
ficient of the order of 108, to the relaxation time of the linear
viscoelastic Rouse model. More recent turbulence models included
only variable viscosity effects, described by such rheological con-
stitutive equations as the power law or Bingham law for yield-
stress fluids [12,13]. In an attempt to incorporate viscoelastic fluid
rheology into turbulence models for drag reducing fluids, Pinho
and co-workers [14–17] developed several first-order turbulence
models for a modified version of the generalised Newtonian fluid
constitutive equation, where the dependence of strain hardening
of the fluid on the third invariant of the rate of deformation tensor
was included. These models also included an anisotropic version to
capture the increased Reynolds stress anisotropy [17]. However,
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this constitutive equation is not truly elastic in nature, therefore it
is unable to capture important features of elastic fluids, namely the
memory effect and its spatio-temporal variation. To illustrate this
feature, using a simplified version of the second order fluid equa-
tion, Pinho et al. [18] derived a simple one-equation k–l turbulence
model that was capable of predicting drag reduction by incorporat-
ing the time-average elastic shear stress in the momentum equa-
tion. This feature especially required a closure for the elastic
stress work (interaction between fluctuating elastic stress and rate
of strain tensors) appearing in the transport equation for turbu-
lence kinetic energy, provided the elastic stress work was mostly
dissipative. The adoption of a viscoelastic constitutive equation
including memory effects, such as the finitely extensible nonlinear
elastic model with Peterlin’s modification (FENE-P), was the obvi-
ous choice given the availability of DNS data.

The ability to accurately predict the flow characteristics of vis-
coelastic fluids in complicated geometries is important for the de-
sign and optimisation of engineering applications, e.g., use of drag
reducing agents in geometries with bends, bifurcations and expan-
sions/contractions of the flow cross-section. To date, this ability is
very limited. The DNS predictions of viscoelastic turbulent flows by
Dimitropoulos et al. [19], Housiadas et al. [6] and Li et al. [8],
amongst others, give insight into the physics of drag reduction
by polymer additives, while providing useful data for developing
suitable turbulence models. We also note that the latter work in-
cludes a zero-order eddy viscosity closure. The FENE-P model
was used to describe fluid rheology in the above studies although
some research has also been carried out with the Oldroyd-B and
Giesekus models [20,21]. The use of DNS for engineering calcula-
tions is prohibitively expensive and hence the need to resort to
the methodologies of large eddy simulation (LES) or RANS meth-
ods. The latter is adopted in this work and follows, with the neces-
sary adaptations, the work developed by Pinho and co-workers
[15–17] for a modified generalised Newtonian fluid model.

As mentioned, the constitutive equation used in [14–16] lacked
memory effects. Constitutive equations based on polymer kinetic
theory, such as the FENE-P model, are physically more realistic in
their description of the rheology of the dilute and semi-dilute poly-
mer solutions. However, as pointed out by Ptasinski et al. [22]
there is a quantitative discrepancy between the experimentally
measured and numerically predicted (by DNS) amounts of drag
reduction when using the FENE-P model with the relaxation time
measured in shear rheology. This is due to one of several reasons.
As Gupta et al. [23] point out, part of the issue is related to the clo-
sure inherent to the FENE-P constitutive equation. Its predictions
could be improved by suitably renormalising the extensibility
parameter in the model or by using a different FENE closure [24].
Another cause of discrepancy is the simplicity of the underlying
dumbbell model, namely the lack of configurational degrees of
freedom. On the experimental side, concentration effects and poly-
mer degradation effects can be very intense, especially when using
low concentrations of flexible polymers with a very high molecular
weight [25,26]. Nevertheless, the DNS predictions are qualitatively
correct and provide consistent and physically meaningful depic-
tions of the energy transfer mechanisms in turbulent polymer drag
reduction [6,27–29].

In addition to the zero-order eddy viscosity model of Li et al. [8],
there have been some other attempts at developing RANS/RACE
turbulence closures for the FENE-P fluid (RACE stands for Rey-
nolds-averaged conformation equation). Leighton et al. [7,30] pro-
posed a second-order Reynolds stress model in which closure
approximations were put forward for the fluctuating pressure-
strain term and for the new terms containing the interactions be-
tween fluctuations of the polymer stress and kinematic quantities.
Shaqfeh et al. [31] modified the v2-f model of Durbin [32] by
relating the time-averaged polymer stress as a function of the
conformation, as is obvious from its evolution equation, but in a
simplified manner by invoking exclusively the relevance of exten-
sional flow. As a consequence, instead of working with the full con-
formation tensor, only an equation for its trace is required. The
time average polymer stress is then modelled in a Boussinesq-like
form introducing the concept of turbulent viscoelastic viscosity.
They also introduced changes to the transport equations for k
and v2, where the pressure-strain term was modified to depend
on viscoelastic quantities. At the end, and even though the model
contains only three new coefficients and captures well the velocity
profiles at low and high drag reductions (LDR and HDR, respec-
tively), it underpredicts the distribution of turbulent kinetic energy
and overpredicts mean polymer elongation.

Recently, in their development of a k–e model for FENE-P flu-
ids, Pinho et al. [9] used the Reynolds-averaged form of the con-
formation tensor equation to determine the average polymer
stress. The outcome was a simple closure for the nonlinear tensor
term that quantifies the cross-correlation between the fluctuating
conformation and velocity gradient tensors arising from the dis-
tortion term of Oldroyd’s upper convective derivative, hereafter
referred to as NLTij (defined in Eq. (11)). Further, they developed
accurate closures for the viscoelastic stress work and for the vis-
coelastic – turbulent diffusion appearing in the equation for k.
Since the model was calibrated using only low drag reduction
DNS data, it was unable to predict higher drag reductions. The
model also had deficiencies in predicting accurately secondary
quantities such as the rate of dissipation of turbulent kinetic en-
ergy, but to our knowledge it is still the only existing first-order
closure for a FENE-P fluid which is extensively documented in
the archival literature.

In the context of single point closures, the Reynolds-averaged
evolution equation for the conformation tensor (Cij) contains the
new term NLTij that requires closure so that the average polymer
stress contribution to the turbulent momentum balance can be
calculated. However, the relevance of NLTij is not limited to the
evolution equation of the conformation tensor. As shown by Pinho
et al. [9], NLTij and its trace also appear in closures developed for
the viscoelastic stress work term of the transport equations of
the Reynolds stresses and of the turbulent kinetic energy for visco-
elastic fluids, respectively. The closure for the viscoelastic stress
work developed in [9] was tested against DNS data for low drag
reduction. An essential step in devising a more generally applica-
ble single point turbulence model for viscoelastic fluids described
by the FENE-P rheological equation of state is the development of a
more accurate closure for NLTij, which is one of the aims of this
work.

In their previous investigation, Pinho et al. [9] devised a simple
model for NLTij based on a functional single-point relationship be-
tween this tensor and the set of parameters on which it depends.
This functional relationship was reduced through the application
of the principles of symmetry, invariance, permutation and realiz-
ability as inspired by Younis et al. [33,34], but there could be still
some problems of invariance due to the use of the vorticity tensor,
which we address in the present development. Besides, the model
derived in [9] was limited to low drag reduction (DR < 30%) and
was unable to capture some of the features of the NLTij tensor, such
as the negative peak of NLT11 at the buffer layer, and it underesti-
mated NLT33. The new closure for NLTij presented here is derived
from its exact equation using physical insight from post-processed
DNS data, order of magnitude analysis of terms and arguments
from homogeneous isotropic turbulence. Here, the closures are ex-
tended to the intermediate drag reduction (IDR) regime (this corre-
sponds to the low end of the high drag reduction regime, up to DR
�50%). Specifically, additional modifications to the original model
of Pinho et al. [9] include the direct incorporation of viscoelastic
properties into the eddy viscosity model for the Reynolds stresses
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and the transport equation for the rate of dissipation of turbulence
by the Newtonian solvent, which must necessarily be affected by
the presence of polymer additives. Some of the closures developed
by Pinho et al. [9] were also revisited, since the relative contribu-
tions of the double and triple correlations to the closures in the
IDR regime differ from those at LDR.

The paper is organised as follows: the Reynolds-average gov-
erning equations for the turbulent flow of FENE-P fluids are pre-
sented in Section 2. Section 3 describes how the exact equation
for NLTij is derived and then presents and justifies an approxima-
tion to this exact equation from which the closure is developed.
The Reynolds stress and the viscoelastic closures specific to the
transport equations of k and of its rate of dissipation by the
Newtonian solvent (eN) are treated in Section 4, which also in-
cludes the extension of the model for the viscoelastic stress
work of Pinho et al. [9] to the IDR regime. After remembering
the final set of governing equations that need to be solved, the
paper presents predictions by the new viscoelastic turbulence
model and assesses its performance against DNS data. Finally,
the paper closes with the main conclusions and recommenda-
tions for future work.
2. Governing equations and non-dimensional numbers

In what follows, uppercase letters and overbars denote
Reynolds-averaged quantities, whereas lowercase letters and
primes denote fluctuations. A caret is used to identify instanta-
neous quantities. Conventional Cartesian tensor notation is used
throughout.

The exact instantaneous equations for turbulent flow of incom-
pressible FENE-P fluids are:
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Eq. (1) is the continuity equation, Eq. (2) is the momentum
equation in which the total stress is a sum of solvent and polymeric
contributions, as defined in Eq. (3). The solvent stress obeys New-
ton’s law of viscosity, the polymeric stress is defined by Eq. (4) and
depends on the conformation tensor bcij. The evolution equation ofbcij is Eq. (5) and the Peterlin function is given in Eq. (6), where L2

denotes the maximum molecular extensibility and bckk is the trace
of the instantaneous conformation tensor.

After applying the Reynolds decomposition [35] (see also [9])
and time-averaging Eqs. (1)–(6), we obtain the so-called Rey-
nolds-averaged Navier–Stokes/Reynolds-averaged conformation
evolution (RANS/RACE) equations:
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In Eqs. (7) and (8) �p is the mean pressure, Ui is the mean veloc-
ity, q is the fluid density, �quiuk is the Reynolds stress tensor and
sp
ik is the Reynolds-averaged polymer stress. In the FENE-P model

the time-averaged extra stress is the sum of a Newtonian solvent
contribution of viscosity coefficient gs with a polymeric
contribution:

sij ¼ gs
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This Newtonian extra stress has already been incorporated into
the momentum Eq. (8). The Reynolds-averaged polymer stress sp

ij

results from Reynolds-averaging the instantaneous FENE-P stress
equation (9) and is given by Eq. (10). Then, the average conforma-
tion tensor (Cij) is given by the Reynolds average conformation
evolution Eq. (11), where the first-term inside the brackets on
the left-hand-side is Oldroyd’s upper convective derivative of Cij.
The various terms have specific designations given below the
horizontal brackets.
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The functions appearing in Eq. (10) are those in Eq. (6) and here and
henceforth it is important to realise that
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The other parameters of the model are the relaxation time of the
polymer k and its viscosity coefficient gp. To calculate the molecular
conformation and the corresponding polymer stress, it is necessary
to quantify the three terms with overbars in Eqs. (10) and (11) using
adequate closures.

DNS results are used in this work to guide some of the simpli-
fying assumptions and to calibrate the model coefficients. The
DNS data pertain to the low and intermediate drag reduction re-
gimes and are part of extensive data produced by Li et al. [8] and
Kim et al. [36,37] for FENE-P fluids in fully-developed turbulent
channel flow. The two sets of DNS data used throughout this paper
are characterised by the following parameters: a Reynolds number
of Res0 = 395, a ratio of solvent to total zero-shear-rate viscosities
(b) of 0.9 and a maximum extension L2 = 900. The Weissenberg
numbers are Wes0 = 25 and Wes0 = 100, corresponding to drag
reductions of 18% and 37%, respectively. The non-dimensional
numbers are defined as follows: the Reynolds number
Res0 � hus=m0 is based on the friction velocity (us), the channel
half-height (h) and the zero shear-rate kinematic viscosity of the
solution, which is the sum of the kinematic viscosities of the sol-
vent and polymer (m0 = ms + mp). The Weissenberg number is given
by Wes0 � ku2

s=m0 and the ratio between the solvent viscosity and
the solution viscosity at zero shear rate is b (b � ms/m0).

Housiadas et al. [6] and Li et al. [8] have shown that all terms of
CTij ¼ �uk@cij=@xk are negligible in comparison with the other
terms of Eq. (11) at both low and high drag reduction. As a conse-
quence, to close Eq. (11) it is only necessary to develop a closure
for the NLTij term, which accounts for the interactions between
the fluctuating components of the conformation and velocity gra-
dient tensors that originate from Oldroyd’s upper convected
derivative.



-180

-160

-140

-120

-100

-80

-60

-40

-20

0

0.1 1 10 100 1000y+

Fig. 1. Comparison between DNS data of f ðCkk þ ckkÞc12 and f ðCkkÞC12 for the
channel flow of a FENE-P with Res = 395, L2 = 900 and b = 0.9: (––)f ðCkk þ ckkÞc12 and
(–+–) f ðCkkÞC12 for Wes = 25, DR = 18%; (—) f ðCkk þ ckkÞc12 and (+) f ðCkkÞC12 for
Wes = 100, DR = 37%.
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Pinho et al. [9] have also demonstrated that it is justifiable to

neglect f bckk

� �
cij in Eq. (10), for low drag reduction (LDR). To assess

whether that remains valid in the IDR regime, Fig. 1 shows a com-

parison of the magnitudes of the shear component of f bckk

� �
cij and

f Ckkð ÞCij for the two sets of DNS data. At the peak of f bckk

� �
cij, the

ratio f bckkcij
� �

=f Ckkð ÞCij varies from around 5% at LDR to 20% at
IDR. Hence, as a first approximation, this double correlation can
still be neglected.

The Reynolds stress tensor in Eq. (8) is modelled by invoking the
Boussinesq turbulent stress–strain relationship (13)
�quiuj ¼ 2qmT Sij �
2
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where k is the turbulent kinetic energy and Sij is the rate of defor-
mation tensor defined in Eq. (14)
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In Eq. (13) mT is the eddy viscosity, here modelled by a modified
form of the Prandtl–Kolmogorov closure, to be explained later.
Now, it suffices to say that mT is a function of k and the rate of dis-
sipation of k by the Newtonian solvent (eN). These two quantities
are obtained from their transport equations.

The transport equation for the turbulent kinetic energy is given
by Eq. (15), a contraction of the Reynolds stress equation devel-
oped by Dimitropoulos et al. [19],
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Introducing the polymeric stress fluctuations into Eq. (15), we ob-
tain the following transport equation for k
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where Pk is the rate of production of k, Qk is the turbulent transport
of k by velocity and pressure fluctuations, DN

k is the molecular diffu-
sion of k associated with the Newtonian solvent, eN is the viscous
dissipation of k by the Newtonian solvent, QV is the viscoelastic tur-
bulent transport and eV is the viscoelastic stress work, which can be
positive or negative, acting as a dissipation or production mecha-
nism, respectively. Note that both eN and eV terms have leading
minus signs.

The transport equation for the rate of dissipation of turbulent
kinetic energy by the Newtonian solvent was derived by Pinho
et al. [9] and is given by:
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Except for the last term, the viscoelastic contribution to the trans-
port equation of eN, all other terms are identical to those for a New-
tonian fluid.

The quantities plotted in all figures are non-dimensionalised
using the normalisation of the original DNS data [8]. Specifically,
the velocity scale is always taken as the friction velocity, leading
to the use of superscript (+) as in ui ¼ uþi us, but for the spatial coor-
dinates either the channel half-height ðxi ¼ x�i hÞ or the viscous
length are used ðxi ¼ xþi m0=usÞ, leading to superscripts ⁄ and +,
respectively. Both normalisations are used in the original DNS data.
When mixing the two types of normalisation, i.e., wall/viscous and
physical velocity and length scales, the superscript used is ⁄, as in
NLTij ¼ NLT�ijus=h.

3. Closure of the Reynolds average conformation equation

3.1. Exact and approximate equations for NLTij

An exact expression for NLTij can be derived as

L bckj
� �

@ui
@xk

1

f bcmm

� �þ L bcik
� � @uj

@xk

1

f bcmm

� � where the operator L bckj
� �

denotes

the instantaneous evolution equation of bckj. This is given as Eq.
(AI-1) of Appendix I.

An alternative, more compact equation was derived by Pinho

[38] as L bckj

� �
@ui
@xk
þ L bcik

� � @uj

@xk
given here as:
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Fig. 2. Comparison between components of f bcmm
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� þ f bcmm
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(symbols)

and of f Cmmð ÞNLT�ij (lines) for channel flow of FENE-P fluids at Res = 395, L2 = 900 and

b = 0.9: (a)Wes = 25, DR = 18%; (b)Wes = 100, DR = 37%: (�) 2fc01k@u10=@x�k; (M)

2fc03k@u30=@x�k; (h) 2fc02k@u20=@x�k; (—) f ðCkkÞNLT�11; (––) f ðCkkÞNLT�22; (- --)
f ðCkkÞNLT�33.
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The above expression can be related to NLTij through the following
approximation:

f bcmm
� �

ckj
@ui

@xk
þ f bcmm
� �

cik
@uj

@xk
� f Cmmð Þ ckj

@ui

@xk
þ cik

@uj

@xk

� �
¼ f Cmmð ÞNLTij ð19Þ

The above approximation is justified by comparing DNS data for the
exact and approximate functions: see Fig. 2(a) (LDR) and (b) (IDR).
In both regimes the triple correlation and the corresponding
approximation have the same form, an indication that the latter
captures the features of the former and that only a coefficient of
proportionality is required. Near the wall, there is always a good
match between the triple correlation and f(Cmm) � NLTij and a differ-
ence is shown essentially to occur in the region of the positive peak,
which increases with Weissenberg number. Hence, f(Cmm)NLTij will
be quantified by the r.h.s. of Eq. (18), which needs modelling, mul-
tiplied by such coefficient of proportionality. The essential feature
of the model is to capture this Weissenberg number dependence
away from the wall, and because NLTij is not that important close
to the wall any discrepancy in the near wall region will be of little
consequence to the turbulence model predictions.

The approximation of Eq. (19) can also be understood by analys-
ing the comparison between the time-averaged trace of the confor-

mation tensor (Ckk) and its r.m.s. ð
ffiffiffiffiffiffi
c2

kk

q
Þ plotted in Fig. 3 for

DR = 18% and 37%. Near the walls the molecules are more stretched
and the traces of the conformation tensor are larger, so f bckk

� �
is dif-

ferent from its equilibrium value of 1 (not shown for conciseness),ffiffiffiffiffiffi
c2

kk

q
� Ckk and

ffiffiffiffiffiffi
c2

kk

q
=Ckk decreases with drag reduction varying

from 23% at DR = 18% to 10% for DR = 37%. Thus, here it is justifi-
able to neglect the r.m.s. in comparison with the time-averaged va-
lue with all its implications regarding function f bckk

� �
. At the

centreline
ffiffiffiffiffiffi
c2

kk

q
approaches Ckk, but both quantities decrease to

small values and consequently f bckk

� �
� f Ckkð Þ � 1 (for Ckk = 50

and 100, f Ckkð Þ ¼ 1:06 and 1.12, respectively). This justifies

neglecting
ffiffiffiffiffiffi
c2

kk

q
in comparison with Ckk when calculating f(Ckk),

as found previously for LDR [9]. At IDR the molecules are more

stretched, the difference in magnitudes of
ffiffiffiffiffiffi
c2

kk

q
and Ckk actually in-

creases and on the centreline region
ffiffiffiffiffiffi
c2

kk

q
is now lower than Ckk.
Given the form of function f bckk

� �
the fluctuations ckk have a small

influence on the triple correlation in Eq. (19) and the function
f bckk

� �
can come out of the time-average. Another implication offfiffiffiffiffiffi

c2
kk

q
� Ckk is that it is also justifiable to consider f bckk

� �
� f Ckkð Þ.

Both these relations will be used to derive closures.
3.2. Development of a model for NLTij

Equating the r.h.s. of Eq. (18) to f(Cmm) NLTij and solving in order
to NLTij provides an equation for NLTij that needs to be modelled.
On the basis of DNS data analysis some terms of such equation will
be neglected with physical insight and theoretical considerations
providing the arguments for the closure of the remaining terms.
This will require certain assumptions to be made with their valid-
ity checked later once DNS data for higher and maximum drag
reductions become available. The assumptions that were adopted
here were as follows:
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(1) All cross-correlations between velocity fluctuations and gra-
dients of the fluctuating conformation tensor ðun @cij=@xk

� �
Þ

are negligible, regardless of the indices. This is correct for CTij

[5,6], but needs to be demonstrated for other index
combinations.

(2) Turbulence is homogeneous away from solid walls leading
to the neglect of contributions having similarities with
turbulent diffusion of turbulent kinetic energy. This
requires confirmation for polymer flows, at least for some
combinations of indices. For Newtonian fluids it is a reason-
able assumption except near walls. This assumption implies
that
un
@uj

@xk
¼ 0 ð20Þ
(3) Invariance requires that convective terms are null except as
part of a material derivative which is not the case here.
Hence,
Un
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� 0 ð21Þ
Based on these three assumptions the NLTij expression sim-
plifies to Eq. (22), which still contains terms that need to be
modelled.
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3.2.1. Closure for the double correlations between fluctuating strain
rates

To model Eq. (22) we start with the four terms involving the
cross-correlations between two fluctuating rates of strain on its
r.h.s., which are
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The relation between the double correlation of fluctuating
strain rates and the turbulence kinetic energy in homogeneous iso-
tropic turbulence is given by Eq. (24) [39], where kf is Taylor’s lon-
gitudinal micro-scale. This length scale is associated with
streamwise gradients of fluctuating streamwise quantities,
whereas for the gradients of cross-stream quantities Taylor’s trans-
versal length scale (kg) is used, but both are related byk2

g ¼ k2
f =2.

@ui

@xk

@uj

@xl
¼ 8

3
k

k2
f

dijdkl �
1
4

dikdjl þ dildjk
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ð24Þ

In homogeneous isotropic turbulence Eq. (24) has the following
four possible outcomes:

ð1Þ when i ¼ j ¼ k ¼ l;
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3
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f

ð25aÞ

ð2Þ when i ¼ j and k ¼ l; with i–k;
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3
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ð3Þ when i ¼ l and k ¼ j; with i–k;
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@xk

@uj
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¼ �2

3
k

k2
f

ð25cÞ

ð4Þ zero otherwise ð25dÞ

At high Reynolds number homogeneous isotropic turbulence,
Taylor’s longitudinal micro-scale is related to the dissipation of
turbulent kinetic energy via Eq. (26). Here, we consider that this
dissipation is that by the Newtonian solvent (eN).

eN ¼ 20
msk

k2
f

ð26Þ

Hence, those four terms are modelled as
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� eN
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which brings the rate of dissipation of k by the Newtonian solvent
to contribute to NLTij.

The model of Eq. (27) is isotropic, whereas DNS shows NLTij to
be anisotropic. Since the model of NLTij is made of closures for
the various terms in Eq. (22) the assessment of its performance re-
quires improvements in several of its components. Essentially, the
main contribution of Eq. (27) to the full NLTij model is in the pre-
diction of its yy and zz components. The anisotropic NLTij behaves
very much like the Newtonian rate of dissipation tensor, eN

ij , and
this has implications on modelling. If the model for NLTij is to be
used in the context of a second order turbulence closure, then eN

ij

is available and can be used to provide the anisotropy in NLTij. This
leads to an alternative proposal for the closure of term (27) given
as Eq. (28), where we invoke an argument of isotropy in reverse,
i.e., that eN

ij ¼ 2
3 e

Ndij ! eNdij ¼ 3
2 e

N
ij
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By using eN
ij in Eq. (28) the significant anisotropy in NLTij is cap-

tured, but there is also a deficit in predicting NLT12, which increases
with drag reduction, as shown in Fig. 4. This figure compares the
DNS for NLT12 with the prediction of this quantity by the full clo-
sure using the contribution of Eq. (28) for the cross-correlation be-
tween fluctuating strain rates. Obviously, this only makes sense in
the context of second order turbulence models, where eN

ij is calcu-
lated without invoking isotropy arguments.

If the model for NLTij is to be used in the context of first order
turbulence closures, like k–e or k–x, eN

ij is calculated assuming that
eN

ij ¼ 2
3 e

Ndij, hence Eq. (28) becomes Eq. (26), hence to provide
anisotropy to the full closure of NLTij via this contribution a differ-
ent approach is used, as described next.

The contribution of Eq. (27) was calibrated essentially consider-
ing the NLT22 component, i.e., by using the DNS profile of eN

22 and
eN ¼ 3

2 e
N
22. This component of NLTij is the most important to predict

a correct evolution of the conformation tensor close to the wall,
very much as with the corresponding component of the Reynolds
stress tensor in second order turbulence models. However, this
procedure generates a deficit in the predictions of NLT33 and the
definition of Eq. (27) leads to a null contribution to NLT12, whereas
that is not true as observed in the DNS plots of Figs. 4 and 5, the
latter plotting profiles of eN

22 and eN
12. NLT12 is non-zero and as will

be shown later in Fig. 10, its peak value is of the order of the peak
value of NLT22. To correct the predictions for the shear component
of NLTij, the extra term on the shear rate tensor and its invariant
was introduced into the model of Eq. (27) leading to the final form
of the closure for this contribution as in Eq. (29). The impact of this
modification is clear in Fig. 6 comparing the predictions of NLTij

with and without this correction.
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Parameter CeF was introduced to account for modelling simplifica-
tions, the damping function fF2 takes care of low Reynolds number
effects near the wall and the ratio with the Weissenberg number
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accounts for the faster increase in the triple correlation

seen above in Fig. 2. The quantification of CeF and the specific form
of fF2 were obtained using DNS data at the same time as for the coef-
ficients and functions for the other contributions in order to con-
struct the best possible model for NLTij. All functions and the
numerical values of all coefficients are listed in Section 3.2.5, after
Eq. (35).
3.2.2. Closure for the double correlation with f bcmm
� �

Invoking the previously adopted assumptions, especially
regarding f bcmm

� �
at the end of Section 3.1, the model for the terms

containing f bcmm
� �

@ui
@xk

and f bcmm
� � @uj

@xk
in Eq. (22) should be zero, since

Ckjf bcmm
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@xk
� Ckjf Cmmð Þ@ui

@xk
¼ 0.
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However, there are advantages in modelling this term as in Eq.
(30), where all fluctuating quantities are simply substituted by the
corresponding time-averaged quantities (a decoupling of the dou-
ble correlation into the corresponding individual time-average
terms).

Ckjf bcmm
� � @ui

@xk
þ Cikf bcmm
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� CF2 Ckjf Cmmð Þ @Ui
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þ Cikf Cmmð Þ @Uj

@xk

� �
ð30Þ

This is equivalent to a near wall region model, where velocity fluc-
tuations are of the order of the mean velocity. Not surprisingly, it is
also here that the mean velocity gradient, mean conformation ten-
sor and function f Cmmð Þ reach their maxima and where this mod-
elled term is important. We designate the closure of Eq. (30) as
the CF2 term and its contribution to the NLTij model is assessed in
Fig. 7, which also shows the full NLTij model with and without this
contribution. In fully-developed channel flow this term only con-
tributes to the NLT11 component.
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Fig. 7. Transverse profiles of DNS data for NLT�11 (�), CF2 term (M), and NLT�11 model
without (––) and with (—) the CF2 contribution in channel flow of FENE-P fluids
with Res = 395, L2 = 900, b = 0.9: (a) Wes0 = 25, DR = 18% and (b) Wes0 = 100,
DR = 37%.
3.2.3. Closure for the triple correlation
To deal with the four triple correlations of Eq. (22) we followed

on the steps of classical turbulence modelling and constitutive
equation modelling, where to a first approximation an nth-order
correlation can be decoupled into the product of lower order corre-
lations as invoked above. For the model in Eq. (31) all fluctuating
quantities were transformed into their corresponding time-aver-
aged quantities and the damping function fF1 was used to account
for low Reynolds number effects.
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An alternative closure, based on a decoupling of the third order cor-
relation into the product of the time-averaged conformation tensor
with the double correlation of the fluctuating rates of deformation,
would lead to a contribution identical to that of Eq. (23). This con-
tribution, designated as the CF4 term, corrects the behaviour of NLTij

in the buffer and inner log-layers and its impact is higher at LDR as
shown in Fig. 8, where the DNS data is compared with the NLTij clo-
sure without and with this contribution.

3.2.4. Closure for the cross-correlation between fluctuating strain rate
and conformation tensors

Modelling the contribution to Eq. (22) presented in Eq. (32) was
more difficult and required an ad-hoc approach based on physical
arguments.
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First, the cross-correlation was decoupled as in Eq. (33), intro-
ducing a mixed viscous and turbulent length scale, L � m0=

ffiffiffiffiffiffiffiffiffiffi
uium
p

,
aimed at capturing anisotropy effects near the wall. It was conve-
nient to use the Reynolds shear stress when modelling normal
components of NLTij, so the model of Eq. (34) required the inclusion
of further quantities for tensorial consistency and the compliance
with symmetry and invariance properties of the original term.
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Since the degree of anisotropy of the Reynolds stress tensor was
stronger than that of NLTij near the wall, it had to be reduced and
this was achieved by the introduction of the trace of the conforma-
tion tensor in the denominator instead of the use of a damping
function. Parameter CF3 takes the numerical value listed in Table 1.

3.2.5. Buffer layer corrections and the full NLTij model for second order
turbulence closures

To correct the deficiency in predicting NLT11 in the viscous and
buffer layers there was the need to add an extra term to the closure
for NLTij, as can be seen in Fig. 9. The added term, designated as the
CF1 term, is the first on the r.h.s. of Eq. (35), which presents the full
model of NLTij for second order turbulence closures.
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Fig. 8. Transverse profiles of DNS data for NLT�11 (�), CF4 term (M), and NLT�11 model
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Table 1
Values of the model parameters for the isotropic NLTij model.

CF1 CF2 CF3 CF4 CeF

1 0.0105 0.046 1.05 2
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Fig. 9. Axial profile of DNS data for NLT�11 (�) and NLT�11 model without (––) and
with (—) the CF1 term for the channel flow of FENE-P fluids with Res = 395, L2 = 900,
b = 0.9: (a) Wes0 = 25, DR = 18% and (b) Wes0 = 100, DR = 37%.
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The numerical values of the coefficients obtained during the calibra-
tion are: CF1 = 0.24, CF2 = 0.2, CF3 = 2, CF4 = 10 and CeF ¼ 0:049.

The two damping functions required to capture the near wall
behaviour vary, as usual for Newtonian fluids, from zero at the wall
to one far from the wall and are given by Eqs. (36) and (37).
fF1 ¼ 1� 0:67 exp � yþ

17

� �� �4

ð36Þ

fF2 ¼ 1� exp � yþ

25

� �� �4

ð37Þ

The model was initially developed and calibrated using DNS
data for 18% drag reduction. Subsequently it was corrected to
37% drag reduction with minor adjustments in the numerical
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values of the coefficients CF4 and CeF , which is a good sign regarding
the robustness of the model. The model is written in expanded
form in Appendix II.

3.2.6. The full NLTij model for first order turbulence closures
The model of Eq. (35) relies on the anisotropic Reynolds stress

tensor, hence it can be used with second order and some first order
turbulence closures. However, it has to be modified for use with
isotropic first order turbulence models, such as the k–e or the k–
x models, where the Reynolds stress is closed with the Boussinesq
model of Eq. (13) implying that u1u1 ¼ u2u2 ¼ u3u3 ¼ 2k=3. In this
case the NLTij closure is given by Eq. (38), which has a similar form
of Eq. (35) with adjustment to the numerical values of the coeffi-
cients and some of its functions. Therefore, its coefficients are
now CF1 = 0.32, CF2 = 5, CF3 = 0.026, CF4 = 0.81 and CeF ¼1.43, the
damping function fF2 remains the same and function fF1 is slightly
modified to that of Eq. (39).

NLTij � ckj
@ui

@xk
þ cik

@uj

@xk

� CF1 �
Cij � f ðCmmÞ

k
� CF2

Wes0
Ckj

@Ui

@xk
þ Cik

@Uj

@xk

� �
þ k

f ðCmmÞ
CF3 �

@Uj

@xn

@Um

@xk
Ckn

uium

m0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2SpqSpq

p "

þ @Ui

@xn

@Um

@xk
Ckn

ujum

m0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2SpqSpq

p
þ @Uk

@xn

@Um

@xk
Cjn

uium

m0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2SpqSpq

p þ Cin
ujum

m0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2SpqSpq

p !!#

� k
f ðCmmÞ

� fF1 � CF4 �
Wes0

25

� �0:23

� Cjn
@Uk

@xn

@Ui

@xk
þ Cin

@Uk

@xn

@Uj

@xk
þ Ckn

@Uj

@xn

@Ui

@xk
þ Ckn

@Ui

@xn

@Uj

@xk

� �
þ k

f ðCmmÞ
CeF

Wes0

4
15
� eN

ms � b
Cmm � fF2 � dij

� �
ð38Þ

fF1 ¼ 1� 0:8 exp � yþ
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ð39Þ

A final modification to this model is necessary as discussed in the
next section, but first we briefly assess the performance of the gen-
eral closure for second order turbulence model (Eq. (35) and
Appendix II plotted as full lines) and of the isotropic turbulence
NLTij closure of Eq. (38) in dashed lines in comparison with DNS
data (symbols) in Fig. 10(a)–(d). The quantities appearing in the
model equations are also obtained from DNS, so only the closure
for NLTij is being assessed here.

Generally, the ‘‘second order’’ model predicts well both LDR and
IDR, but we must distinguish between the viscous sublayer region
and the buffer and log-law regions. NLTij in the viscous sublayer is
not so important, because other terms in the governing equations
are much larger than this contribution [8] and the discrepancies in
the near-wall region are essentially of no consequence. In the buf-
fer and log-law regions the model performs well with a slight over-
prediction of NLT11 and a slight shift in the location of the peak
value of NLT22 towards the wall. The model underpredicts NLT33

and for NLT12 the model behaves very well in the outer region
but underpredicts in the inner region.

The performance of the isotropic NLTij model is equally good.
NLT11 is not so well predicted as by the second order model espe-
cially at IDR and for NLT22 and NLT33 there are minor improve-
ments at some locations. Regarding the shear component the
isotropic model performed better than the general model in the
log-law region, but is worse in the inner region. The two models
are similar at LDR and show different behaviour at IDR, with the
isotropic model deviating more from the DNS data and performing
less well. This can be justified by the increase of anisotropic effects
with drag reduction, something that is not well captured by the
isotropic NLTij model.

As DR increases, both models capture well the shift away from
the wall of the peaks of the various components of NLTij. In the con-
text of a two-equation turbulence model the most important com-
ponent of NLTij is NLT22, which strongly affects C22 since the other
terms in the evolution equation of C22 are null. Then, this affects
the polymer shear stress sp

12 and the momentum equation. In the
governing equations of the other stresses, such as sp

11 the other ex-
act terms of sp

11 far outweigh NLT11, even though NLT11 is the larg-
est component of NLTij. The capacity of this turbulence model to
predict the negative peak of NLT11 in the near wall region contrib-
utes to a correct prediction of Ckk, and more specifically to the in-
crease of its near wall peak with drag reduction, cf. Fig. 3.

These two NLTij models, and in particular the second order ver-
sion, are good at predicting NLTkk, but these comparisons are not
shown since we are not using any of these model forms.

3.2.7. Summary of NLTij closure with isotropic turbulence for first order
turbulence closures

The NLTij closures presented above, Eqs. (35) and (38), were
developed on the basis of the DNS data, but they are to be used
in the context of turbulence closures which themselves are based
on simplifying assumptions. When using the NLTij closure within
the scope of a k–e model the assumption of turbulence isotropy
in the latter will naturally affect the performance of the former,
since the turbulence is not isotropic and the prediction of k will
not necessarily match the distribution of k from DNS. For this rea-
son minor modifications to the above NLTij closures are necessary
for it to work properly when integrated in a specific turbulence clo-
sure, as the k–e model used here. These are modifications in the
numerical values of the parameters and the introduction of the
polymeric viscosity in the last term of the closure, everything else
remaining unchanged. Hence, the final form of the NLTij closure
implemented in the present viscoelastic k–e turbulent model is gi-
ven by Eq. (40).
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The numerical values of the coefficients of this NLTij closure are
listed in Table 1, whereas the damping functions remain
unchanged.
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Fig. 10. Comparison between DNS data (symbols), the second-order model (—) and the isotropic model (––) of NLT�ij and for Res0 = 395, L2 = 900, b = 0.9 with Wes0 = 25
(DR = 18%) and Wes0 = 100 (DR = 37%): (a) NLT�11; (b) NLT�22; (c) NLT�33; (d) NLT�12.
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4. Eddy viscosity model

Results from experiments on drag reduction [22] as well as from
the DNS of Sureshkumar et al. [5] and Li et al. [8] show a reduction
in the normalised Reynolds shear stress as DR is increased. This im-
plies a reduction in the eddy viscosity. The model used by Pinho
et al. [9] for the eddy viscosity is that of Jones and Launder [40],
which requires an increase in eN to predict the correct behaviour
of the Reynolds stress with drag reduction. However, this contra-
dicts the literature regarding the behaviour of eN and the implica-
tion is that polymers must affect directly the distribution of the
eddy viscosity, i.e., the model for mT should directly involve quanti-
fiers of viscoelasticity.

We propose a new closure for the eddy viscosity of the polymer
solution to correct the deficiencies of the previous model of Pinho
et al. [9], which was essentially identical to that for a Newtonian
fluid. This new closure is Eq. (41) and contains a polymer eddy vis-
cosity ðmP

TÞ, which is proportional to the trace of the conformation
tensor and the Weissenberg number in addition to the classical
quantities (k and eN).
mT ¼ mN
T � mP

T ¼ mN
T 1� mP

T

mN
T

� �
ð41aÞ
with mN
T ¼ Cl � fl �

k2ee and
mP

T

mN
T

¼ CP
l � f P

l � fDR �
Cmmffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � 3

p ð41bÞ

The damping function f P
l accounts for the different damping of the

wall acting on the polymer eddy viscosity and fDR introduces a
Weissenberg number effect, both given in Eqs. (42a) and (42b).
Here, and elsewhere in the turbulence model, we adopt the model
of Nagano and Hishida [41] for the terms common to the corre-
sponding turbulence model for a Newtonian fluid, such as for the
classical Van Driest damping function [42] for the eddy viscosity
fl, given in Eq. (42c), and for the coefficient Cl = 0.09. The new coef-

ficient CP
l ¼ 0:0135� 25

Wes0

h i0:12
and the function f P

l , accounting for

viscoelastic effects near the wall, was calibrated using DNS data,
in a way similar to that of the viscous damping function fl [36].
The fDR function corrects the elastic contribution to the energy bal-
ance at small Weissenberg numbers.
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f P
l ¼ 1þ 2:55� exp � yþ

44
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ð42aÞ

fDR ¼ 1� exp �Wes0

6:25
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ð42bÞ

fl ¼ 1� exp � yþ

26:5

� �� �2

ð42cÞ

The transverse variation of the DNS polymer eddy viscosity is
compared with the model of Eq. (41b) in Fig. 11, whereas the total
eddy viscosity data are compared in Fig. 12. In both figures the
model data corresponds to the predictions by the k–e model. The
new turbulent viscosity model has a strong impact in the buffer
and log layers, and it has an important role to correctly predict
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Fig. 11. Comparison between DNS data (symbols) and the model predictions (lines)
of the polymeric turbulent viscosity, mP

T , normalised by zero shear rate kinematic
viscosity, m0, defined by Eq. (41b) for turbulent channel flow with Res0 = 395,
L2 = 900 and b = 0.9: M, 18% DR and �, 37% DR.
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Fig. 12. Comparison between DNS data (symbols) and the turbulence model
predictions (lines) of the turbulent viscosity mT normalised by zero shear rate
kinematic viscosity, m0, for DR = 18% (M) and 37% (�) in a turbulent channel flow
with Res0 = 395, L2 = 900 and b = 0.9.
the shear stresses and the rate of dissipation as will be shown in
Section 6. The discrepancy observed between the model predic-
tions and the DNS data in the inertial layer is typically found also
for Newtonian fluids especially at low Reynolds number turbu-
lence, where the DNS at the edge of the outer region shows inter-
mittency effects and a stronger reduction of k2 than of e, which is
absent from the k–e theory.
5. Closures in the transport equations of k and eN

The turbulent kinetic energy is given by its transport equation
and contains terms that need to be modelled in addition to existing
terms modelled in the context of Newtonian fluid mechanics that
may need to be modified. One of its terms is the rate of dissipation
of turbulent kinetic energy by the Newtonian solvent ðeeNÞ, which is
also given by a transport equation, the exact form of which is Eq.
(16) derived by Pinho et al. [9] for a polymer solution. In this work
we adopt classical Newtonian closures as much as possible and de-
scribe the closures of terms containing viscoelastic contributions,
or classical terms that are modified by the presence of the polymer
additives. As a consequence the transport equations for k and eeN

that we actually solve are Eqs. (43) and (44), respectively.

@qk
@t
þ @qUik

@xi
¼ @

@xi
gs þ

qftmT

rk

� �
@k
@xi

� �
� quiuk

@Ui

@xk

� q eeN þ D
� �

þ QV � qeV ð43Þ

@qeeN

@t
þ @qUieeN

@xi
¼ @

@xi
gs þ

qftmT

re

� �
@eeN

@xi

� �
þ f1Ce1

eeN

k
Pk

� f2Ce2q
eeN2

k
þ gsmT 1� fl

� � @2Ui

@y@y

 !2

þ Esp ð44Þ

D ¼ 2 ms þ msp
� � d

ffiffiffi
k
p

dy

 !2

ð45Þ

The l.h.s. of Eqs. (43) and (44) concern the advection of the
transported quantities. The first term on the r.h.s. of both equations
account for turbulent diffusion of the transported quantities, here
modelled as for Newtonian fluids following Nagano and Hishida
[41], but modified by a variable turbulent Prandtl number via func-
tion ft to correct turbulent diffusion near the wall as suggested by
Nagano and Shimada [43] and Park and Sung [44]

ðft ¼ 1þ 3:5 exp � RT=150ð Þ2
h i

with RT ¼ k2
= mseeN
� �

Þ. We also follow

the standard approach of working with a modified Newtonian rate
of dissipation of k ðeeNÞ, related to the true dissipation (eN) by
eN ¼ eeN þ D, where D is given in Eq. (45). Regarding D, it was nec-
essary to account for the shear-thinning of the FENE-P model by
using the solution viscosity, which is the sum of the solvent
kinematic viscosity (ms) with the local polymer kinematic viscosity
given by msp ¼ sp

xy= q _cð Þ, where _c is the local shear rate.
The final terms on the r.h.s. of Eqs. (43) and (44) introduce the

polymer effect; the two last terms in Eq. (43) are the viscoelastic
turbulent transport (QV) and the viscoelastic stress work (eV),
whereas the last term in Eq. (44) ðEsp Þ is the viscoelastic contribu-
tion to the equation of eeN , which we call the viscoelastic destruc-
tion of dissipation. The remaining terms are those of the base
Newtonian turbulence model, as mentioned above, and the corre-
sponding damping functions taking account of the low Reynolds

number behaviour are fl ¼ 1� exp �yþ=26:5ð Þ½ 
2, with y+ = usy/
mwall based on the wall kinematic viscosity of the solution, f1 = 1.0

and f2 ¼ 1� 0:3 exp �R2
T

	 

. The numerical values of the remaining

coefficients are:rk = 1.1, re = 1.3, Ce1 ¼ 1:45 and Ce2 ¼ 1:90.
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To finalise the turbulence model we present below the closures
developed for eV, QV and Esp .

5.1. Viscoelastic stress work model

The viscoelastic stress work is defined as

eV ¼ �
gp

qk
Cikf Cmm þ cmmð Þ @ui

@xk
þ cikf Cmm þ cmmð Þ @ui

@xk

� �
ð46Þ

and needs to be modelled.
For DR = 18% Pinho et al. [9] have shown that the double corre-

lation is negligible by comparison with the triple correlation,

Cikf bcmm
� �

@ui
@xk
� cikf bcmm

� �
@ui
@xk

and the same applies at IDR, even

though by a slight lesser amount as can be seen in Fig. 13. As the
Weissenberg number increases the magnitude of the double corre-
lation term increases in absolute and relative terms, but far from
the wall the underlying approximation essentially remains valid.
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Fig. 13. Transverse profiles of the different contributions to eVþRe2
s0 (Eq. (46)), (�)

Cikf Cmm þ cmmð Þ @ui
@xk

, (h) cikf Cmm þ cmmð Þ @ui
@xk

and the sum (—) for the channel flow of a

FENE-P with Res = 395, L2 = 900, b = 0.9: (a) Wes0 = 25, DR = 18% and (b) Wes0 = 100,
DR = 37%.
Close to the wall the double correlation is as important as the triple
correlation, but eV is negligible in comparison to three other rele-
vant terms of the transport equation of k, namely the rate of dissi-
pation by the Newtonian solvent, the production of turbulence and
the molecular diffusion of k, cf. Pinho et al. [9]. Therefore the same
simplification, embodied in Eq. (47), can be used at IDR with no
negative effects upon the balance equation of k.

eV �
gp

qk
cikf Cmm þ cmmð Þ @ui

@xk
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ð47Þ

Following the methodology of Pinho et al. [9], the triple correla-
tion is decoupled into a product of function f Ckkð Þ by the remaining
double correlation which is none other than NLTkk, and corrected
by a multiplicative parameter. To account for a small Weissenberg
number dependence a corrective function is also introduced lead-
ing to the final form of the model for the viscoelastic stress work
given by Eq. (48), where CeV ¼ 1:27 and n = 1.15.
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Therefore, NLTij plays a second role, this time modelling the vis-
coelastic stress work appearing in the transport equation of turbu-
lence kinetic energy via its trace. Hence, it is important for the
closure developed for NLTij to be able to predict accurately its trace,
NLTkk.

In Fig. 14 four sets of data are plotted: the DNS data for eV, the
predictions by the model of Eq. (48) using directly the DNS data for
NLTkk and the predictions of Eq. (48) using the NLTkk as given by the
two closures developed in Sections 3.2.5 and 3.2.6. The model of
Eq. (48) is good where it should be, i.e., in the buffer and log law
layers and that the correct prediction of the viscoelastic stress
work in these regions requires a good prediction of NLTkk. The
use of the ‘‘isotropic’’ NLTkk model does not lead to such a good pre-
diction as the general NLTij closure, but it is still satisfactory. The
discrepancy between eV and any of the models in the viscous sub-
layer is of no consequence, given the negligible impact of eV in the
balance of k in this region.

However, the final form of the model for the viscoelastic stress
work, to be used with the NLTij model of Section 3.2.7 ((40)), is the
following modification of the LDR model of Pinho et al. [9], here ex-
tended to IDR
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The modification of eV is embodied by function fDR, Eq. (42b),
which corrects the coefficient 1.37 to take into account its nonlin-
ear dependence on the Weissenberg number.

5.2. Viscoelastic turbulent transport model

The viscoelastic turbulent transport, QV, is exactly given by

QV ¼
gp

k
@

@xk
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where CUð Þiik ¼ cikf bcmm
� �

ui and FUð Þi ¼ f bcmm
� �

ui. Although it is not
very important at LDR, Pinho et al. [9] developed a closure for QV

neglecting the effect of the double correlation and modelling only
the triple correlation. However, the double correlation becomes
important as DR increases, as is shown in Fig. 15, where

cikf bcmm
� �

ui þ Cikf bcmm
� �

ui and cikf bcmm
� �

ui are plotted. The difference
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Fig. 14. Comparison between DNS data of eVþRe2
s0 (�) and the models of Eq. (48)

using NLT�kk DNS data (––-), NLT�kk from the second-order NLT�ij model (—) and from
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of drag reduction: (a) Wes0 = 25 (18% DR) and (b) Wes0 = 100 (37% DR).
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Fig. 15. Comparison between DNS data of cikf Cmm þ cmmð Þuþi (symbols) and
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Wes = 100, DR = 37%.

652 P.R. Resende et al. / Journal of Non-Newtonian Fluid Mechanics 166 (2011) 639–660
between the two quantities corresponds to Cikf bcmm
� �

ui, which in-
creases significantly when DR rises from 18% to 37%. In this work
we provide a new closure for QV incorporating a modification to
the model of CUð Þiik developed by Pinho et al. [9] to account for
Weissenberg number effects, and the new model for FUð Þi, which
is developed below.

A fluctuating strain rate is usually related to turbulent velocity
and length scales, but for the purpose of modelling the viscoelastic
turbulent transport we consider instead a viscoelastic turbulent
length scale (Lk 	 uk), defined as the length travelled by a fluid par-
ticle due exclusively to the fluctuating turbulent flow for a period
of the order of the relaxation time of the polymer.

@u
@x
	 u

Lk
! u 	 Lk

@u
@x
! u 	 ku

@u
@x

ð51Þ

Estimating

f bcmm
� �

u 	 k� f bcmm
� �

u
@u
@x

ð52Þ

since by definition
2ui
@ui

@xj
¼ @uiui

@xj
ð53Þ

and considering that
ffiffiffiffiffiffi
c2

kk

q
� Ckk and the arguments in Section 3.1

on the behaviour of function f bcmm
� �

, our proposal for the model
of FUð Þi is Eq. (54). We arrived at this model using Eq. (52), then
decoupling to bring f bcmm

� �
out of the cross-correlation and applying

Eq. (53).

FUð Þi ¼ f bcmm
� �

ui �
CFU

2
� k� f Cmmð Þ � @unun

@xi
ð54Þ

Calibration against the DNS data provides the numerical value of
CFU = 1 and introduces a Weissenberg number correction that
makes this double correlation larger as the Weissenberg number in-
creases (cf. Fig. 15) so that the final form of the model for the second
term inside the derivative on the r.h.s. of Eq. (50) is Eq. (55) with
CFU = 0.5.

Cik FUð Þi ¼
CFU

2

ffiffiffiffiffiffiffiffiffiffiffi
Wes0

25

r
� Cik � k� f Cmmð Þ � @unun

@xi
ð55Þ

The model of Pinho et al. [9] for CUð Þiik is a contraction of their
more general model for CUð Þijk. It was extended to IDR by incorpo-
rating a Weissenberg number dependence and is given by

CUð Þijk ¼ �Cb1

ffiffiffiffiffiffiffiffiffiffiffi
25

Wes0

s
k

f Cmmð Þ uium
@Ckj

@xm
þ ujum

@Cik

@xm

� �

� Cb2
Wes0

25

� �1:66

�
ffiffiffiffiffi
u2

j

q
Cik �

ffiffiffiffiffi
u2

i

q
Cjk

� �
ð56Þ

with parametersCb1 = 0.6 and Cb2 = 0.05.
The performance of the full closure for CUð Þiik þ Cik FUð Þi against

DNS data is shown in Fig. 16 for 18% and 37% of drag reduction. The
model compares well with the DNS data and captures its main fea-
tures. A small shift is observed in the sloping increase in the buffer
layer at DR = 37%, but the impact of this is negligible since QV is not
a major term in the balance of turbulent kinetic energy.
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5.3. Model for the viscoelastic destruction of the Newtonian rate of
dissipation

Previous models for viscoelastic fluids [7–9] neglected the extra
term Esp appearing in the transport equation of eeN for viscoelastic
fluids. One of the consequences for the model of Pinho et al. [9]
was an overprediction of eeN , a partial contribution to an underpre-
diction of k and some deficiencies in the prediction of �uv . The
reduction of eeN with DR reported in the literature requires a direct
influence of the polymer in reducing eeN , which formally exists as
term Esp . Therefore we assume that Esp is a destruction type term
in order to allow the model to reduce eeN . A major contribution of
this work is exactly in providing, for the first time, a model for this
new term.

In developing a model for Esp , and assuming that it plays the
role of a destruction term it was also assumed that it should de-
pend on the same quantities as the classical Newtonian destruction
term, i.e., it should be proportional to e2/k, with e here representing
any of the stress work terms (eeN or eV). The viscoelastic destruction
term is modelled as in Eq. (57) and has two contributions, both of
which are proportional to viscoelastic quantities.

Esp ¼ �f5 � fDR �
1� bð Þ
Wes0

�
eeN2

k
CeF1 �

eVeeN
þ CeF2 �

Cmm � f Cmmð Þ
L2 � 3
	 


0@ 1A2
264

375 ð57Þ

This closure includes a wall damping function f5 ¼ 1� exp½
�yþ=50ð Þ
, a Weissenberg number corrector function fDR, defined

before, and the numerical coefficients CeF1 ¼ 476� Wes0=25ð Þ0:56

and CeF2 ¼ 428� 25=Wes0ð Þ1:37.

5.4. Summary of the present model

It is helpful at this stage to summarise and present the complete
set of equations that need to be solved to arrive at a solution for
turbulent flow of a FENE-P fluid in the context of RANS/RACE mod-
el developed here. They are the equations of continuity
@Ui

@xi
¼ 0 ð58Þ

and momentum

q
DUi

Dt
¼ � @

�p
@xi
þ @

@xk
q ms þ mTð Þ @Ui

@xk

� �
þ @s

p
ki

@xk
ð59Þ

where the polymer stress tensor is calculated by

sp
ij ¼

gp

k
L2 � 3

L2 � Ckk

Cij � dij

" #
ð60Þ

The eddy viscosity is calculated based on the modified k–eN

equations, where

mT ¼ mN
T 1� mP

T

mN
T

� �
¼ Clfl

k2eeN
1� CP

lf P
l fDR

Ciiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � 3

p !
ð61Þ

with coefficients Cl ¼ 0:09;C
P
l ¼ 0:0135� 25

Wes0

h i0:12
, and the damp-

ing functions given in Eq. (42). The turbulent kinetic energy andeeN are determined by Eqs. (62) and (63), respectively

q
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with Pk ¼�quiuk@Ui=@xk;D¼ 2 ms þ msp
� �

d
ffiffiffi
k
p

=dy
	 
2

;msp ¼ sp
12=dU=dy

and E¼ gsmT 1� fl
� �

@2U=@y@y
� �2

. The closure for eV is Eq. (49) and
the function given below it and the closure for QV is Eq. (50) with
the models for Cik FUð Þi and CUð Þiik given by Eqs. (55) and (56),
respectively. The model for the viscoelastic destruction ðEsp Þ is given
in Eq. (57) with the corresponding coefficients and functions.

The time-average conformation tensor is determined by Eq. (64)

DCij

Dt
¼ Cjk

@Ui

@xk
þ Cik

@Uj

@xk
þ NLTij �

sp
ij

gp
ð64Þ

and the required explicit NLTij model is given by Eq. (40), with the
coefficients of Table 1, and the functions of Eq. (65).

fF1 ¼ 1� 0:8 exp � yþ

30

� �� �2

; f F2 ¼ 1� exp � yþ

25

� �� �4

ð65Þ

The remaining coefficients and functions of the k and eeN equa-
tions are described below Eq. (45).

6. Results and discussion

We evaluate the performance of the turbulence model against
the two DNS data sets and also provide results of parametric stud-
ies. The numerical calculations were carried out using a finite-
volume code [9] modified for the FENE-P fluid. Non-uniform
meshes were used with 99 cells covering the channel width. About
8 cells were located inside each of the viscous sublayers in order to
provide mesh independent results to within 0.5% for the mean
velocity and the friction factor.

Fig. 17 compares the predicted velocity profiles with DNS data
and includes predictions at Weissenberg numbers other than those
used for calibration. The agreement with DNS data is good with
improvements in the buffer layer relative to the previous model
of Pinho et al. [9]. This improvement is associated with the inclu-
sion of a polymeric contribution in the eddy viscosity model. The
earlier model [9] also predicted a drag increase at low values of
the Weissenberg number (Wes0 < 20), i.e., a profile below the log-
law, and this deficiency has now been corrected as shown. Some
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Table 2
Comparison between prediction of drag reduction for Res0 ¼ 300; b ¼ 0:9; L2 ¼ 3600
and Wes0 ¼ 36.

Description Present model Iaccarino
et al. model

DNS data (Iaccarino
et al. [45])

Drag reduction (%) 29 31 33
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of the corresponding k+ profiles are plotted in Fig. 18. Even though
there were improvements in the prediction of the turbulent kinetic
energy, this quantity is still underpredicted especially for visco-
elastic fluids. The improvement is a consequence of the capacity
of the new model to capture the negative part of the NLT11 compo-
nent, which did not exist in the previous model [9], however this is
not enough to reach the maximum values as in the DNS data. The
underprediction problem is associated with the base turbulence
model, which also underpredicts the Newtonian profile of k. We
believe this deficiency is associated with the isotropic nature of
this model and that the correct prediction of k needs a second or-
der Reynolds stress model in order to capture the enhanced Rey-
nolds stress anisotropy typical of drag reduction. Predictions at
values of Weissenberg number other that those for which DNS data
were collected have also been included to assess the parametric
trends. For values of DR higher than 50% the model becomes
numerically unstable. Further, the closures developed need to be
tested against DNS data for a broader range in the parameter space
of We, L2 and b. We have carried out some preliminary investiga-
tions onto the effects of L2 and b, and seen that enhancing the
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polymeric contribution by increasing L2 by a significant amount or
decreasing b results in lower predicted values of the turbulent
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Res0 ¼ 395, L2 = 900, b = 0.9 and Wes0 6 153. Based on the good
behaviour of the individual viscoelastic closures developed in this
work, we believe that correcting the excessive underprediction of k
will enable the model to achieve higher values of drag reduction
and behave properly as a function of We, L2 and b.

For DR < 50% the tests demonstrated a good behaviour of the
model and one comparison was against one flow case of Iaccarino
et al. [45], which implied the use of a higher value of L2. This set is
characterised by Res0 ¼ 300, b = 0.9, L2 = 3600 and Wes0 ¼ 36,
Table 2 compares the corresponding prediction of drag reduction
with that of Iaccarino et al. and the DNS data and the correspond-
ing velocity profile is plotted in Fig. 17.

One of the objectives in our development of RANS models is to
derive closures which are as general as possible, so that they can be
used in as many RANS models as possible: as an example, the clo-
sures for NLTij, eV and QV (or eV

ij and QV
ij developed in Pinho et al. [9])

analysed below can in principle be used within the scope of k–e,
k–x or a 2nd Reynolds stress model as is or with minimum
changes, such as a simple recalibration of some parameter values
(we did it for a k–x model just by changing slightly the numerical
values of two parameters). The current contribution, which in-
volves various new closures, is therefore a significant improvement
on Pinho et al. [9], but we were not able to correct completely the
faulty prediction of turbulent kinetic energy that was already pres-
ent in that work, for reasons explained below.

Fig. 19 shows the normalised rate of dissipation of k by the
Newtonian solvent ðeNþ Þ and here an excellent agreement with
DNS data is found except very close to the wall. This difference
at the wall is a known defect of the k–e model and exists also for
Newtonian fluids. Its correction involves the use of better behaved
quantities, such as the specific rate of dissipation (x) in the so-
called k–x models, since x is better behaved near the wall than
e. Elsewhere the predictions of eeN are excellent and this is due to
the inclusion of the viscoelastic destruction term ðEsp Þ in the trans-
port equation of eeN , which decreases eeN as flow viscoelasticity in-
creases. The inclusion of a closure for Esp improves the behaviour
of eeN in the logarithmic region and is also responsible for a smooth-
er variation of the velocity profile with the Weissenberg number,
which now varies monotonically with the Weissenberg number,
and in particular at low Wes, in contrast to the previous model of
[9].

The predictions of the viscoelastic stress work are plotted in
Fig. 20 and show that this closure is capable of capturing the lower
peak in the buffer layer, a feature absent from Pinho et al.’s model
[9]. As already mentioned, the differences between DNS and pre-
dictions in the viscous and buffer layers are not so important, be-
cause here the viscoelastic stress work has a negligible impact on
the balance of k. However, eV is an important contribution to the
balance of k in the inertial sublayer where it acts as a dissipative
term, lowering the value of k. It would be easy to match the predic-
tions of eV with the DNS data, but this would entail a higher dissi-
pation and a concomitant reduction in k, which is already
underpredicted, especially at DR = 37%. The solution of this prob-
lem is most probably the adoption of a second order closure, where
the pressure strain, which must be strongly affected by the pres-
ence of the polymeric additives, is not so capable of isotropizing
the Reynolds stress.

The predictions of NLTij are compared with DNS data in
Fig. 21(a)–(e), including the shear component. There are some dif-
ferences between the predictions and the DNS data, especially at
intermediate DR, with underpredictions of peak values, but the
model captures well all main features, such as the increase in
NLT with DR, the shift of the peak location to higher values of y+

as DR increases and the existence of the negative peaks of NLT11

in the buffer layer. All these features impact on the behaviour of
NLTkk, Fig. 21(e), which is part of the model for eV. The saturation
of NLTkk as DR increases to about 44% is well shown. Note, however,
that the saturation of NLTij takes place in the DNS at higher We
(higher DR) than that shown here, i.e., higher than the range of
validity of this model. This is obvious in Fig. 21(e) where the
DNS data still varies significantly between We = 25 and 100. In this
figure we observe that the model anticipates the saturation of NLTij

to lower We numbers and that the saturation value is lower than
for the DNS data. This contrasts with the absence of saturation in
eVþ shown in the predictions of Fig. 20, which is really a conse-
quence of the lower value of NLTkk predicted in saturation rather
than a deficiency in the closure for eV. As a matter of fact, the clo-
sure for eV is quite good (cf. Fig. 14 for the behaviour of this closure
in the a priori development phase) and shows the correct satura-
tion if NLTkk is correctly predicted. The reason this is not seen in
the predictions of eV within the k–e model is again rooted, we be-
lieve, on the isotropic turbulence assumption. In fact, predicting
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correctly NLTkk (and eV) at We = 100 would result in excessive dis-
sipation of k by the viscoelastic stress work at high We, i.e., k would
be further underpredicted than it actually is. A compromise was
reached to avoid this excessive decrease of k with We and it in-
volved under-predicting NLTij, thus saturating it at lower NLT val-
ues and at a lower value of We, which led to a reduction of eV at
the upper range of We.

The correct predictions of NLTij have a direct impact on the pre-
diction of the conformation tensor, as is obvious from Eq. (11),
especially regarding the two transverse normal components and
the shear component (C22, C33 and C12), whereas it is not so impor-
tant in the prediction of the C11 component, Kim et al. [35]. The
profiles of Cij are plotted in Fig. 22(a)–(e), and they only show
improvements relative to the corresponding predictions of Pinho
et al. [9] for the shear component. The quality of the comparison
in Cij is similar to the quality of the comparison of NLTij whenever
NLTij is a major contribution to the balance of Cij as for the C22 and
C33 components, and is better when the impact of NLTij is smaller
and Cij is also determined by the other terms of the evolution equa-
tion for Cij (Eq. (11)) which are exact. In addition, two terms of the
RACE equation are negligible at low DR, but there are some DNS re-
sults suggesting they may need to be considered at higher and
maximum drag reductions and this may improve predictions,
something to be investigated in the future.

Finally it is worth analysing the distribution of all shear stresses
across the channel and we do that separately for DR = 18% in
Fig. 23(a) and DR = 37% in Fig. 23(b). The solvent stress is always
very well captured as a consequence of the good prediction of
the velocity profile and its exact definition. The Reynolds shear
stress is well predicted but we always see an overprediction of
the peak and an underprediction close to the wall. Since there
are only three stresses, that their sum is by definition well pre-
dicted in this flow calculation and the solvent stress is correct,
the compensation for the deficiencies in the Reynolds shear stress
must come from an opposite deficiency in the polymer shear
stress. Indeed, we observe that sþp

12 is overpredicted very close to
the wall and underpredicted farther away as a consequence of
the predictive behaviour of the shear component of the conforma-
tion tensor (C12), c.f. Fig. 22(d).
7. Conclusions

A new low-Reynolds-number k–e turbulence model is devel-
oped here for flow of dilute polymer solutions represented by the
FENE-P rheological constitutive equation. The new model consti-
tutes a major improvement over the model of Pinho et al. [9] since
several of its components have been modified in light of recent
DNS results. Moreover, the new model has been demonstrated to
be valid for both low and intermediate drag reduction regimes.

Its main features are the new closures for the Reynolds-aver-
aged nonlinear term of the polymer conformation equation (de-
noted NLTij), for the eddy viscosity, the inclusion of a viscoelastic
destruction term in the transport equation of the rate of dissipation
of k by the Newtonian solvent, and an extra contribution to the vis-
coelastic turbulent diffusion, previously neglected. Additionally,
improvements were introduced in existing closures for the visco-
elastic stress work model and the extension to the IDR regime.

Arguably, the most important modification was the develop-
ment of the closure for NLTij, which started from its exact equation
and simplification on the basis of various simplifying physical
arguments, such as homogeneous isotropic turbulence, and an or-
der of magnitude analysis. Two closures were developed for NLTij:
the first closure was developed in the context of second-order tur-
bulence models and the other, designated by ‘‘isotropic’’ model,
considered an isotropic distribution of the Reynolds stresses and
of the rate of dissipation tensor by the Newtonian solvent and is
typically to be used in the context of the k–e and k–x turbulence
models. The two models behave similarly at low drag reduction,
but show differences at IDR, with the simpler model performing
slightly less well. In any case both models captured the main fea-
tures of the individual components of tensor NLTij, and in particular
their variations with drag reduction.

The new eddy viscosity closure incorporates a polymer contri-
bution. It behaves well, but since it is a difference between two
contributions there is cause for concern and may have to be further
modified when the model is tried in more complex flows in order
to eliminate its inherent stability problems. The deficiencies of the
previous model of Pinho et al. [9] in predicting eN were largely
eliminated by developing a closure for the new destruction term
ðEsp Þ appearing in the transport equation of eN, which accounts
for the direct impact of the polymer additives. The goodness of
the viscoelastic stress work (eV) closure developed by Pinho et al.
[9] was confirmed and here this model was extended to deal with
LDR and IDR. Finally, an extra term was included in the closure of
the viscoelastic turbulent diffusion, which had previously been ne-
glected at LDR.

The new turbulence model shows better predictions for all
quantities, and especially for the mean velocity, the distributions
of eN, NLTij, conformation tensor and the polymer and Reynolds
shear stresses. However, the improvements in the prediction of k
were small, which remains underpredicted. We think this is essen-
tially associated to the assumption of turbulence isotropy inherent
to the k–e model. Relative to the model of Pinho et al. [9] the in-
crease in the maximum value of k is due to the improved capacity
of the new model to predict more accurately the evolution of NLTij

in the buffer layer, where it captures the lower peak of NLTkk pro-
file. This impacts on the viscoelastic stress work, where it acts as a
production in part of the buffer layer, thus increasing the turbulent
kinetic energy. In any case, it is still necessary to address this prob-
lem, and also to improve the prediction of eN close to the wall, pos-
sibly on the basis of k–x type of models.

Other discrepancies, such as the saturation of NLTij at lower val-
ues of We are also rooted on the assumption of isotropic turbu-
lence. The link between the eddy viscosity and turbulence via
mT ¼ Cl � fl � k2

=eeN is only through k, i.e., the reduction in
Reynolds stresses accompanying DR requires a decrease in k.
Therefore, there is an incompatibility between the correct variation
of k, which increases, and the requirements of an eddy viscosity
which must decrease with We via a decrease in k (since the varia-
tion in eN is not so large). A remedy within the scope of k–e would
have been to predict correctly k, but to overpredict significantly the
viscous dissipation, i.e., to reduce mT ¼ Cl � fl � k2

=eeN by increas-
ing eeN . An alternative we tested was an eddy viscosity model like
mT ¼ Cl � fl � k2

= eeN þ C2eV
� �

, which physically makes sense, but
requires an extremely large (and unphysical) value of C2. We used
at the end a variation of this last option, in the sense of including a
direct polymer contribution to the eddy viscosity, but as in Eq. (41).
An improved relation between turbulence and the polymeric
stress/conformation is required for improved modelling and there
are various options. One is to make the eddy viscosity proportional
to the transverse turbulence, which really decreases with We as
demonstrated by Iaccarino et al. [45] in the context of the k–e v2-
f philosophy. Another is to directly work with transport equations
for the Reynolds stress or to use anisotropic k–e models.

These options will need to be seriously considered in order to
extend the model to the high and maximum drag reduction re-
gimes and to deal with fluids having a different maximum extensi-
bility and viscosity solvent ratio. Nevertheless it has to be
emphasised that our objective of developing as general as possible
viscoelastic closures for RANS models has been accomplished
although not yet fully demonstrated because of the deficiency of
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the adopted eddy viscosity closure, which is based on turbulence
isotropy. As an example, the closure for NLTij can in principle be
used within the scope of k–e, k–x or a 2nd order Reynolds stress
model as is or with minimum changes, such as a simple recalibra-
tion of some parameter values. We did it for a k–x model just by
changing slightly the numerical values of two parameters[46].
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Appendix I. Exact equation for NLTij
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Appendix II. Components of the NLTij tensor for the second
order turbulence closure in fully developed channel flow

The NLTij model of Eq. (35), developed in Section 3.2.5, is ex-
panded below for fully-developed channel flow for the non-zero
components, which are NLT11, NLT22, NLT33 and NLT12 where indi-
ces 1, 2 and 3 indicate the streamwise, transverse and spanwise
directions, respectively. Note that this specific closure is to be used
in the context of second order turbulence models. The functions
and parameters are those of Section 3.2.5.
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