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Direct numerical simulations (DNS) of spatially evolving turbulent planar jets of vis-
coelastic fluids described by the FENE-P model, such as those consisting of a Newtonian
fluid solvent carrying long chain polymer molecules, are carried out in order to develop
a theory for the far field of turbulent jets of viscoelastic fluids. New evolution relations
for the jet shear layer thickness �(x), centreline velocity Uc(x), and maximum polymer

stresses �[p]
c (x) are derived and validated by the new DNS data, yielding �(x) ⇠ x,

Uc(x) ⇠ x
�1/2, and �

[p]
c (x) ⇠ x

�5/2, respectively, where x is the coordinate in the
streamwise direction. It is shown that compared with a classical (Newtonian) turbulent
jet, the e↵ect of the polymers is to reduce the spreading rate, centreline velocity decay,
Reynolds stresses, and viscous dissipation rate. The self-preserving character of the flow
is analysed and it is shown that profiles of mean velocity, Reynolds stresses, and polymer
stresses are self-similar provided the proper scales are used in the normalization of these
quantities. A fundamental di↵erence from the Newtonian jet in this regard is the necessity
of two, instead of only one, di↵erent velocity and length scales to properly characterize
the evolution of the turbulent flow. These extra velocity and length scales are directly
related to a time scale associated with the characteristic fading memory property of
viscoelastic fluids.

Key words: free shear flows, turbulent planar jets, viscoelasticity.

1. Introduction

A problem of considerable interest in the theory of canonical turbulent free shear
flows is the description of the far-field of turbulent planar jets. For a Newtonian fluid, a
vast amount of knowledge obtained from carefully conducted experiments and numerical
simulations is available and a theory of the turbulent plane jet has been established
(Townsend 1976; Tennekes & Lumley 1972; Pope 2000), even if recently, this classical
theory has been challenged by a number of experimental and numerical works (Sadeghi
et al. 2018; Layek & Sunita 2018; Cafiero & Vassilicos 2019).
The situation is very di↵erent when one considers canonical turbulent free shear

flows of viscoelastic fluids. Specifically, there is presently no theory for the behaviour of
turbulent planar jets of viscoelastic fluids. Since the discovery that the addition of very
small amounts of polymer additives to a Newtonian solvent can result in a substantial

† Email address for correspondence: carlos.silva@ist.utl.pt
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decrease in the friction drag, a lot of e↵ort has been put to understanding and describing
turbulence in viscoelastic fluids, but unfortunately these e↵orts have been mainly focused
on viscoelastic fluid flows in the presence of walls.
Due to the dramatic drag reduction observed in wall turbulence of viscoelastic fluids

the first experimental studies of turbulent viscoelastic jets were aimed at investigating
the origin of the drag reduction, and to understand to what extent this phenomenon is
exclusive to wall turbulence. However, contradictory conclusions were obtained in these
early studies. Visualisations showed a dramatic suppression of small scale disturbances in
viscoelastic jets, compared to Newtonian jets, and a reduction in the jet spreading rate,
combined with a slower transition to turbulence (Gadd 1965, 1966; White 1969, 1972;
Wu 1969; Hoyt et al. 1974; Shul’Man et al. 1973; Filipsson et al. 1977; Usui et al. 1980;
Gyr 1996). On the other hand, quantitative measurements have indicated that in the
far-field the flow is una↵ected by the polymers (Jackley 1967; Goren & Norbury 1967;
Serth & Kiser 1970; Pownall & Kiser 1970; Barker 1973), or that the spreading rate is
actually an increasing function of the polymer concentration (White 1967).
Except for Barker (1973), all these early measurements were made using Pitot tubes

or hot-film anemometers, which are now known to give erroneous results for flows of
viscoelastic fluids. However, Usui et al. (1980) employed tracer particles visualisation
techniques and obtained mean and fluctuating profiles of velocity that show a decrease
in the turbulent shear stresses and turbulence intensities, and an increase in the integral
length scale of the turbulence in the streamwise direction, compared to classical Newto-
nian jets. Usui et al. (1980) also measured the evolution of the centreline mean velocity
with Pitot tubes and observed an increased decay rate, compared with a Newtonian
jet. In contrast, the velocity measurements of Berman & Tan (1985) with a Laser
Doppler Anemometer (LDA) showed the opposite trends regarding the centreline velocity
decay and the turbulent intensity. Slower decaying and spreading rates (compared to
the Newtonian jet) were also observed by Koziol & Glowacki (1989), who employed
an electromechanical technique to measure the velocity field. Vlasov et al. (1973) also
performed LDA measurements of the velocity field in turbulent jets of viscoelastic fluids
and observed that the centreline velocity decay rate is not a↵ected by the polymers, while
the turbulent intensity is slightly increased. Finally, Berman (1986) obtained budgets of
turbulent kinetic energy in turbulent jets of viscoelastic fluids, showing that the viscous
dissipation rate is not a↵ected by the polymers, while the turbulent transport is highly
a↵ected. However, his calculations were performed with expressions valid for turbulent
flows of Newtonian fluids, that are not in general valid for viscoelastic fluids.

From the above description, it is clear that the behaviour of turbulent viscoelastic jets
is still largely an open problem in the turbulence and fluid dynamics community, and
that needs to be addressed. It is frustrating to see that the experimental studies show
contradictory conclusions, and that this problem does not appear to have been addressed
before in any systematic way, either theoretically or numerically. In the present paper,
we carry out new direct numerical simulations (DNS) of turbulent planar jets of dilute
polymer solutions, described by the finitely extensible non-linear elastic constitutive
equation closed with the Peterlin approximation (FENE-P), to investigate these flows,
and to develop a theory for the far-field, fully developed region of turbulent jets of
viscoelastic fluids. For simplicity, we address the case of the planar jet, instead of the
more commonly found circular or round jet configuration.

Thanks to the new DNS the e↵ects of the polymer molecules on the jet statistics can be
easily accessed, and can be used to derive expressions for the spreading rate, centreline
velocity decay rate, and maximum polymer stresses decay rate along the streamwise
direction of the jet. To the authors’ knowledge the expressions derived in this work
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consist in the first systematic attempt towards developing a theory for the turbulent
planar jet of a viscoelastic fluid.
The new theory developed here to describe the far field of viscoelastic turbulent planar

jets is largely based on the arguments put forward by Lumley (1973), and independently
recovered by Seyer & Metzner (1969), and make no use of the FENE-P rheological model
used in the present simulations, and therefore should in principle be valid to describe
turbulent planar jets of any viscoelastic fluid.
This paper is organised as follows. Section 2 introduces the governing equations,

numerical methods and the physical and computational parameters of the simulations
carried out in the present study. Section 3 describes the main features of turbulent
viscoelastic jets, compared with ’classical’ Newtonian jets. In section 4 a new theory for
turbulent viscoelastic jets is proposed and assessed with the existing data. The work ends
in section 5 with an overview of its main results and conclusions.

2. Direct numerical simulations of viscoelastic turbulent planar jets

A total of 12 direct numerical simulations (DNS) of viscoelastic turbulent planar jets
were carried out in the present work, that basically di↵er on the polymer concentration
and the relaxation time of the polymer molecules. Additionally, a reference DNS of a
Newtonian turbulent planar jet was carried out for comparison. The simulations use
the FENE-P rheological model and are carried out with a very accurate numerical code
described below.

2.1. The FENE-P fluid governing equations

The DNS are designed to simulate turbulent planar jets of a Newtonian solvent carrying
a large number of long chain polymer molecules, representing however a very small
fraction of the total fluid i.e. a diluted polymeric solution. To represent the rheological
behaviour of the polymeric solutions, use is made of the Finitely Extensible Non-
Linear Elastic constitutive model closed with Peterlin’s approximation i.e. the FENE-P
rheological model proposed by Bird et al. (1980). The FENE-P model is known to o↵er
a good trade-o↵ between rheological fidelity and computational demand in turbulence
simulation studies. It has a solid theoretical background, based on the kinetic theory of
polymeric liquids (Bird et al. 1987), where the macroscopic behaviour of a large ensemble
of polymer molecules is represented by a simple model of the polymeric chains. In this
model the e↵ect of a large number of polymer molecules is represented by a single spring
connecting two beads (the so-called dumbbell), with a non-linear force law that prevents
over-extension of the chain when large forces are applied. The FENE-P model has three
parameters: the zero-shear-rate kinematic viscosity of the solution ⌫

[p], the maximum
relaxation time of the polymer molecules ⌧p, and the square of the maximum extensibility
of the polymer molecules, normalized by the square of the equilibrium radius of the chain
hR2i0 (the brackets denote an ensemble average over all configurations of the chain), L2.

The e↵ect of the polymer molecules on the equations governing the flow is encapsulated
in the polymer stress tensor �

[p], that appears as an extra stress in the momentum
equation for the solution,

@u

@t
+ u ·ru = �1

⇢
rp+ ⌫

[s]r2
u+

1

⇢
r · �[p]

, (2.1)

where ⌫[s] is the (Newtonian) solvent kinematic viscosity, u is the velocity vector, p is
the pressure field, and ⇢ is the solvent density. The polymer stress tensor �[p] is obtained
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from the following expression,

�
[p] =

⇢⌫
[p]

⌧p
[f(Ckk)C � I], (2.2)

whereC is the conformation tensor, f(Ckk) ⌘ (L2�3)/(L2�Ckk) is the Peterlin function,
and I is the identity matrix. The conformation tensor is defined by C ⌘ hrri/hR2i0,
where r is the end-to-end vector connecting the two beads in the dumbbell, and is
governed by the following transport equation,

@C

@t
+ u ·rC = ru

T ·C +C ·ru� 1

⌧p
[f(Ckk)C � I], (2.3)

where the first two terms on the right-hand side of Eq. (2.3) represent production due to
velocity-polymer interactions (polymer stretching/distortion term), while the last term
is associated with the storage of elastic energy by the polymer molecules (restoring force
term).
The hyperbolic nature of Eq. (2.3) poses a serious challenge for its numerical im-

plementation, as discontinuities may arise in the form of shock waves in the solutions,
a matter discussed further in section 2.2. The conformation tensor is by definition a
symmetric second order positive-definite tensor with six independent components that
should be solved simultaneously (in space and time) together with the three components
of the velocity vector field. Finally, the fluid incompressibility condition, imposed by the
continuity equation,

r · u = 0, (2.4)

closes the set of equations to be solved in the DNS.

2.2. Numerical methods

The DNS were carried out with an highly accurate pseudo-spectral/Compact finite
di↵erence solver that has been used in several previous works (see da Silva et al. (2015)
and references therein). Derivatives along the streamwise (x) direction are calculated with
a 6th-order Compact scheme (Lele 1992), while pseudo-spectral methods are employed
in the normal (y) and spanwise (z) directions (Canuto et al. 1987), with de-aliasing done
with the 2/3rd rule. A 3rd-order low storage explicit Runge-Kutta time-stepping scheme
is used for temporal advancement (Williamson 1980), and the pressure-velocity coupling
is ensured by a fractional step method (Kim & Moin 1985).

Both inflow and outflow boundary conditions are applied in the boundaries facing
the streamwise direction. A hyperbolic-tangent shaped profile is prescribed at the inlet
boundary for the mean streamwise velocity (Stanley et al. 2002), to which a random field
with a prescribed energy spectrum characteristic of isotropic turbulence is superimposed
for fluctuating velocity (da Silva & Métais 2002). At the outlet boundary, use is made of
a non-reflective outflow condition (Orlanski 1976) that produces a minimum distortion
to the flow quantities at the outlet and guarantees that the coherent structures leave the
computational domain without being a↵ected by the outflow condition (Comte et al. 1998;
da Silva 2001). Periodic boundary conditions are imposed at the normal and spanwise
directions. The numerical method is essentially the same used in da Silva & Métais
(2002), although using another code.

As mentioned in section 2.1, the evolution equation for the conformation tensor (Eq.
2.3) has a hyperbolic nature, allowing the presence of discontinuous solutions exhibiting
shocks in the polymer stress and conformation tensor. A faithful simulation of the
polymer e↵ects on the flow turbulence should then be able to correctly predict the
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strength of the jumps and the sharp gradients in the solution. Moreover, the solution
should also have enough numerical accuracy to avoid the propagation of Hadamard
instabilities that could result in the loss of the property of positive definiteness of the
conformation tensor (Vaithianathan et al. 2006). As described in many previous works,
e.g. Cai et al. (2010), pseudo-spectral methods cannot handle these numerical di�culties.
In the present work, we use the algorithm proposed by Vaithianathan et al. (2006),

based on the Kurganov-Tadmor method (Kurganov & Tadmor 2000), which ensures
that the conformation tensor remains symmetric and positive definite (SPD) for suf-
ficiently small Courant numbers and avoids the need of adding artificial di↵usion in
Eq. (2.3). This algorithm was modified here in order to fit the particular (mixed)
pseudo-spectral/Compact schemes used in the computation of the momentum equations.
Specifically, for spatial discretization, the algorithm uses a second-order central finite
di↵erences scheme, except for the convective term, where a hybrid finite-di↵erences/finite-
volume method is adopted. The convective term of Eq. (2.3) at each grid point (with
indexes i, j and k in the x, y and z directions, respectively) can be expressed as,

(u·rC)i,j,k =
H

x
i+1/2,j,k �H

x
i�1/2,j,k

�x
+
H

y
i,j+1/2,k �H

y
i,j�1/2,k

�y
+
H

z
i,j,k+1/2 �H

z
i,j,k�1/2

�z
,

(2.5)
where the convective flux tensor in each direction is given by,

H
x
i+1/2,j,k = 1

2ui+1/2,j,k(C
+
i+1/2,j,k +C

�
i+1/2,j,k)�

1
2 |ui+1/2,j,k|(C+

i+1/2,j,k �C
�
i+1/2,j,k),

H
y
i,j+1/2,k = 1

2vi,j+1/2,k(C
+
i,j+1/2,k +C

�
i,j+1/2,k)�

1
2 |vi,j+1/2,k|(C+

i,j+1/2,k �C
�
i,j+1/2,k),

H
z
i,j,k+1/2 = 1

2wi,j,k+1/2(C
+
i,j,k+1/2 +C

�
i,j,k+1/2)�

1
2 |wi,j,k+1/2|(C+

i,j,k+1/2 �C
�
i,j,k+1/2).

9
>>>>>=

>>>>>;

(2.6)
In Eq. (2.6) the superscripts ± represent the limiting values of the conformation tensor
at a given point when approached from the right (+) or from the left (�), respectively.
The method thus allows these values to be di↵erent, as it would be the case at the
interface of a discontinuity. The quantities ui±1/2,j,k, vi,j±1/2,k and wi,j,k±1/2 are the
area-averaged velocities at the edges of the finite volumes surrounding each grid point,
whose computation is described below. The conformation tensor at the surfaces of each
finite volume can be expressed by using second-order, piecewise, linear approximations,

C
±
i+1/2,j,k = Ci+1/2±1/2,j,k ⌥ �x

2

✓
@C

@x

◆

i+1/2±1/2,j,k

,

C
±
i,j+1/2,k = Ci,j+1/2±1/2,k ⌥ �y

2

✓
@C

@y

◆

i,j+1/2±1/2,k

,

C
±
i,j,k+1/2 = Ci,j,k+1/2±1/2 ⌥

�z

2

✓
@C

@z

◆

i,j,k+1/2±1/2

.

9
>>>>>>>>>=

>>>>>>>>>;

(2.7)

Possible candidates for approximating the gradients are given by,

✓
@C

@x

◆

i,j,k

=

8
>>>>><

>>>>>:

(Ci+1,j,k �Ci,j,k)/�x,

(Ci,j,k �Ci�1,j,k)/�x,

(Ci+1,j,k �Ci�1,j,k)/(2�x).

(2.8)
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where the choice criterion for the appropriate approximation is based on the SPD
property of the conformation tensor. Specifically, we select the derivative approximation
that yields a SPD result for both C

+
i+1/2,j,k and C

�
i+1/2,j,k. When two or more candidates

meet this criterion, the one that maximizes the minimum eigenvalue for the two tensors
is selected. When the criterion cannot be satisfied, the derivative is automatically set to
zero, reducing the accuracy of the approximation to first order in that particular grid
point.

In the present code pseudo-spectral methods are used for the velocity update in
the momentum equations, where the Fourier coe�cients of the velocity components
û(x, ky, kz, t), v̂(x, ky, kz, t) and ŵ(x, ky, kz, t) are known (ky and kz are the wave numbers
along the y and z directions, respectively). Therefore, the analytical expressions for the
cell area-averaged velocities are,

ui±1/2,j,k = F�1
2D

⇢
û(xi ±�x/2, ky, kz, t)

sin(ky�y/2)

ky�y/2

sin(kz�z/2)

kz�z/2

�
, (2.9)

vi,j±1/2,k =
1

�x

Z xi+�x/2

xi��x/2
F�1

2D

⇢
v̂(x, ky, kz, t)

sin(kz�z/2)

kz�z/2
e
±iky�y/2

�
dx, (2.10)

wi,j,k±1/2 =
1

�x

Z xi+�x/2

xi��x/2
F�1

2D

⇢
ŵ(x, ky, kz, t)

sin(ky�y/2)

ky�y/2
e
±ikz�z/2

�
dx, (2.11)

where i =
p
�1 is the imaginary unit and the operator F�1

2D is the two-dimensional
inverse Fourier transform (made in the y and z directions only). The above equations
are equivalent to the ones obtained in Vaithianathan et al. (2006), but are valid for
the present case, where non-periodic boundary conditions (inflow/outflow) are imposed
in the streamwise direction. From Eqs. (2.9) to (2.11) it is possible to show that the
discrete version of the continuity equation integrated over a control volume i.e.,

ui+1/2,j,k � ui�1/2,j,k

�x
+

vi,j+1/2,k � vi,j�1/2,k

�y
+

wi,j,k+1/2 � wi,j,k�1/2

�z
= 0, (2.12)

is satisfied (analytically), provided the continuity equation in the Fourier space is also
satisfied,

@û

@x
+ iky v̂ + ikzŵ = 0, (2.13)

as implied in the momentum equations solved in the algorithm implemented in the present
code.

Notice that in the present simulations, we use a uniform grid (non-staggered), and the
Fourier coe�cients û at positions x = xi ±�x/2 are not available. This implies that Eq.
(2.9) needs to be evaluated with some interpolation scheme, precluding the possibility of
Eq. (2.12) to be satisfied exactly. However, the value of the left-hand-side of Eq. (2.12) is
calculated at every grid point for all times (iterations) and, with the chosen interpolation
procedure (described below), it was verified that the right hand term in Eq. (2.12) is
vanishingly small i.e. below the machine precision, for all the simulations performed in
the present work. The integrals in Eqs. (2.10) and (2.11) were evaluated numerically,
using the 3-point Gauss-Legendre rule, where 5th-order Lagrange polynomials were used
whenever interpolation was needed.

Time marching was performed with a 3rd-order low storage explicit Runge-Kutta
scheme (Williamson 1980)—the same used for the velocity update. With the adopted
time-stepping method, it is not possible to guarantee analytically the SPD property of
the conformation tensor in the limit of vanishingly small Courant numbers as shown in
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Vaithianathan et al. (2006). However, the values of C were monitored throughout the
simulations and it was verified that its normal components were always positive and that
the SPD property of C was maintained at all times, for all points in the computational
domain. The finite extensibility of the polymer, which can be expressed by the condition
tr(C) 6 L

2, and all the six conditions implied by the Cauchy-Schwarz inequality (e.g.

�
q
|C±

11C
±
22| 6 C

±
12 6

q
|C±

11C
±
22|) were also verified for all grid points and iteration

times, in all the simulations carried out in the present work.
At the inlet boundary of the domain, the values of the conformation tensor components

were prescribed with expressions obtained from the analytical solution of a laminar
Couette flow (Pinho et al. 2008), considering the local value of the velocity gradient
at each grid point. The lateral boundaries were treated as periodic boundary conditions.

2.3. Physical and computational parameters of the simulations

To study the e↵ects of the polymers in the classical statistics of the jet at the far-
field, a set of thirteen (13) spatial direct numerical simulations (DNS) were carried out.
The simulations comprise twelve (12) DNS of turbulent viscoelastic jets and a reference
Newtonian simulation. Table 1 summarizes the physical and computational parameters
used in the simulations.
All the simulations use the same grid and the same size of the computational domain,

with a total of Nx = 512, Ny = 512 and Nz = 128 grid points in the streamwise (x),
normal (y), and spanwise (z) directions, respectively, and the computational domain (nor-
malised by the inlet slot-width h) in the three directions extends to Lx/h = Ly/h = 18
and Lz/h = 4.5. For inflow condition, the instantaneous streamwise velocity (u(x, y, z, t))
is prescribed at the inlet for each time step, while the mean normal and spanwise velocities
are set to zero v̄(x = 0, y) = w̄(x = 0, y) = 0, where an over-bar stands for a statistical
mean made along the homogeneous direction z, combined with a temporal average. The
mean inlet velocity ū(x = 0, y) is based on a hyperbolic tangent profile (Stanley et al.
2002; da Silva & Métais 2002; da Silva et al. 2015),

ū(x = 0, y) =
UJ + U

in
1

2
+

UJ � U
in
1

2
tanh


h

4✓

✓
1� 2|y|

h

◆�
(2.14)

where UJ = u(x = 0, y = 0) is the maximum mean streamwise velocity, U in
1 = u(x =

0, y = Ly/2) is a small co-flow velocity, and ✓ is the momentum thickness of the initial
shear layer. Notice that Eq. (2.14) has to be mirrored about the plane (x, z) in order
to obtain the desired jet top-hat profile. In all simulations the ratio between the inlet
slot-width and momentum thickness was set to h/✓ = 30 and random perturbations were
prescribed for all velocity components at the inlet. As detailed in e.g. da Silva et al. (2015)
these inlet velocity fluctuations are only imposed within the shear-layer region through
a proper convolution function, and are prescribed with an energy spectrum providing
an energy input concentrated at the small scales of motion. A relatively high amplitude
noise, with a maximum instantaneous amplitude of the turbulent velocity fluctuations
set to u

0(x, y, z, t)/UJ = 0.1, was prescribed for all velocity fluctuations at the inlet. As
discussed in Stanley et al. (2002), da Silva & Métais (2002), da Silva et al. (2015), and
references therein, this amplitude merely speeds up the transition to turbulence, without
a↵ecting the far field fully developed region of the flow. The value of the inlet Reynolds
number, defined by,

Reh =
(UJ � U

in
1)h

⌫[s]
, (2.15)
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was set to Reh = 3500 for all the simulations (the ratio between the maximum and
co-flow velocities at the jet inlet was set to U

in
1/(UJ � U

in
1) = 0.091).

As shown in da Silva & Métais (2002), Stanley et al. (2002) and references therein, this
small co-flow does not a↵ect the turbulent jet statistics, since the lateral boundaries of the
computational domain are su�ciently far away from the jet centre plane. Here, we adopt
a procedure that allows one to compare the present statistics (jet with co-flow) with data
obtained in experimental free jets (see da Silva & Métais (2002) and references therein).
This procedure is valid provided the co-flow does not a↵ect the jet statistics, which is the
case here since U1/UJ < 0.1 (Youssef 2012), and consists in computing the streamwise
velocity (and related statistics) in a reference frame moving with the co-flow velocity e.g.
the initial jet velocity UJ is actually UJ � U

in
1. Likewise, the centreline mean velocity is

subtracted from the local co-flow velocity, i.e. Uc(x) is actually, Uc(x)� u(x, y = Ly/2).
For clarity, in the subsequent text of the paper (and figures), this change of reference
frame is not explicitly indicated.
A local turbulence Reynolds number based on the Taylor micro-scale �, is defined as,

Re� =

p
u02�

⌫[s]
, (2.16)

where
p

u02 is the root-mean square of the streamwise velocity component, and � is
calculated from the classical isotropic relation,

� =

s
15⌫[s]u02

"[s]
, (2.17)

with the mean viscous dissipation rate of the solvent given by,

"
[s] = 2⌫[s]S0

ijS
0
ij , (2.18)

where S
0
ij =

�
@u

0
i/@xj + @u

0
j/@xi

�
/2 is the fluctuating rate-of-strain tensor.

The values of Re� shown in Table 1 were computed at the jet centreline by averaging the
local Re� in the streamwise direction at the far-field region (x/h > 10). The Kolmogorov
length scale, used in Table 1 to quantify the resolution of the simulations, is defined by

⌘ =

✓
⌫
[s]3

"[s]

◆1/4

. (2.19)

The viscoelastic simulations essentially di↵er in the value of the maximum relaxation
time of the polymer molecules ⌧p, and on the ratio between the solvent and total viscosity
of the solution � = ⌫

[s]
/(⌫[s] + ⌫

[p]), while the maximum extensibility length of the
polymer molecules L

2 = 1002 (normalised by the equilibrium radius of the polymer
molecules) is kept unchanged. The chosen values for L2, ⌧p and � are similar to those used
in simulations of homogeneous isotropic turbulence performed in the literature (Valente
et al. (2014); Ferreira et al. (2016) and references therein) and correspond approximately
to the values used in recent experimental works of homogeneous isotropic turbulence
with polyacrylamide with di↵erent weight concentrations (Ouellette et al. 2009; Xi et al.
2013).

Finally, to characterise the flow we define a global (or inlet) Weissenberg number,

Wi =
⌧p

h/(UJ � U in
1)

, (2.20)
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Table 1: Physical and computational parameters of the DNS: global/inlet Weissenberg
number (Wi = ⌧p(UJ�U

in
1)/h); ratio of zero-shear-rate viscosities (� = ⌫

[s]
/(⌫[p]+⌫[s]));

polymer relaxation time (⌧p); averaged Taylor Reynolds number in the far-field (Re�);
spreading rate constant A�; centreline velocity decay rate AUc ; polymer stresses decay
constant A�c ; mesh resolution (normalized by the Kolmogorov length scale at the jet
centreline) at x/h = 14 (�x/⌘14h).

Wi � ⌧p (s) Re� A� AUc A�c �x/⌘14h

0 1 0 100 0.110 0.210 (NA) 4.0

0.07 0.8 0.025 110 0.114 0.203 (NA) 4.0

0.07 0.6 0.025 120 0.115 0.215 (NA) 3.8

0.07 0.4 0.025 160 0.123 0.226 (NA) 3.3

0.14 0.8 0.05 110 0.105 0.196 (NA) 4.0

0.3 0.8 0.10 110 0.111 0.201 (NA) 3.9

0.6 0.8 0.20 140 0.120 0.218 (NA) 3.4

0.6 0.6 0.20 160 0.118 0.220 (NA) 3.3

0.6 0.4 0.20 180 0.116 0.212 (NA) 3.1

1.1 0.8 0.40 200 0.111 0.208 1.40 2.8

1.7 0.8 0.60 220 0.099 0.181 0.74 2.5

2.2 0.8 0.80 250 0.095 0.176 0.56 2.3

3.3 0.8 1.20 270 0.080 0.141 0.37 2.0

and also a local Weissenberg number,

Wi⌘ =
⌧p

⌧⌘
, (2.21)

by comparing the maximum relaxation time of the polymer molecules and the charac-
teristic time scale of the small dissipative scales, given by the Kolmogorov time scale
⌧⌘ = (⌫[s]/"[s])1/2. The Deborah number De can be seen as the counterpart of the
Weissenberg number, where the characteristic time scale of the flow is associated to the
large scales. This Deborah number is defined here as,

De =
⌧p

tc
, (2.22)

where tc = �(x)/Uc(x) is a convective time scale characteristic of the large energy-
carrying eddies.

2.4. Validation

As described in section 2.2 the present code is based on the algorithm described in
da Silva & Métais (2002) and da Silva et al. (2015), to which the FENE-P model equations
have been added.
For the Newtonian case the present code was extensively validated in da Silva et al.

(2015) throughout comparisons of flow statistics with experimental and numerical data
available in the literature. It is based on a version of the code previously described in
da Silva & Métais (2002) that had also been extensively validated in that paper (and
references therein). The new reference Newtonian DNS carried out here was validated by
comparing its statistical results with data from these two previous works.
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For the viscoelastic cases, however, it is not possible to perform statistical comparisons
with experimental data since experimental results for the present flow conditions are not
available, and in addition, for other flow conditions the rheology of the fluids used is not
adequately characterized. Indeed, the few experimental works of turbulent viscoelastic
jets were carried out for circular jets, and even in these cases the corresponding FENE-P
model parameters cannot be estimated from the information described in the literature.
Nevertheless, the implementation of the numerical algorithm for the FENE-P model
equations in the present code has been verified and validated following the same procedure
used previously by the authors for other similar codes e.g. Valente et al. (2014); Ferreira
et al. (2016), for isotropic turbulence, by making detailed comparisons with several
solutions, such as the laminar Couette flow (Pimentel 2019), and the laminar planar
jet flow (Parvar et al. 2019), for which the FENE-P model has analytical solutions.
Due to the accuracy and robustness of the present numerical methods and code, and

the extensive validations carried out, the present DNS of turbulent viscoelastic planar
jets can be seen as the first reference data for this particular flow configuration.

3. Turbulence characteristics of viscoelastic planar jets

This section describes the characteristics of viscoelastic planar jets by comparing these
with the statistics obtained in the Newtonian reference simulation.

3.1. Contours of instantaneous vorticity magnitude and trace of the conformation
tensor

Figure 1 shows two-dimensional contours of instantaneous vorticity magnitude nor-
malized by the mean shear rate at the inlet (|!+| = |!|h/(UJ � U

in
1)) for three flows

with di↵erent values of the (global) Weissenberg number, Wi, in particular for Wi = 0
(Newtonian), Wi = 1.1 and Wi = 2.2. The reference Newtonian case (1 a) shows the
typical features of the vorticity structures observed in turbulent (Newtonian) jets, with
the emergence of initial Kelvin-Helmholtz vortices and their merging into secondary
structures (1.8 . x/h . 3.6), the strong interaction between the upper and lower shear
layers (4.0 . x/h . 7.8), and the intense small scale eddies characteristic of the fully
developed turbulent region (9 . x/h . 18). As the value of Wi increases we observe
three main di↵erences, compared with the Newtonian reference case: i) a considerable
depletion of small-scale vorticity throughout the flow field, observed by a decrease in the
values of |!+|, ii) a tendency for the eddy structures to become much more elongated, and
iii) a smaller jet spreading. These observations agree with the experimental visualisation
studies performed by several authors (see Sec. 1).

The e↵ect of viscoelasticity on the eddy structure of turbulent viscoelastic flows has
been described and studied in numerous studies and in a variety of turbulent flows e.g.
Sureshkumar et al. (1997); Perlekar et al. (2006, 2010); Horiuti et al. (2013); Graham
(2014). In particular, the reduction on the values of vorticity, as observed in the decrease
of |!+|, can be explained from the transport equation of vorticity where the contribution
from the polymer appears as a counter torque which results in the suppression of the
generation of vortices (Kim et al. 2007; Horiuti et al. 2013). Furthermore, the drastic
increase in elongational viscosity increases the resistance of the vortices, and the vortex-
stretching is diminished (although the fluid is shear-thinning, the decrease in shear
viscosity is negligible compared to the increase in elongational viscosity).

The smaller jet spreading can be linked to the decrease of the small scale vorticity,
and thus to the decrease of the viscous dissipation rate (discussed below). Since the
entrainment in a jet is mainly caused by small scale ’nibbling ’ associated to the small
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scale vortices, rather than large-scale ’engulfment ’ (da Silva et al. 2014), when small
vortices are ’suppressed’ it is expected that the jet will spread at a slower rate.
Figures 2 (a,b) show contours of trace of the conformation tensor tr(C), which by

definition is the root-mean-squared elongation of the polymer chains, for the cases Wi =
1.1 and Wi = 2.2, for the same instants, and in the same (x, y) planes, depicted in figures
1 (b) and (c), respectively. Notice that we use a colormap range with a maximum which
is considerably lower than the actual value of max(tr(C)), in order to properly visualize
the field at the far-field region of the flow, because tr(C) rapidly decays in the streamwise
direction.

The values of tr(C) at the far field region can get as large as O(350), for the case with
Wi = 1.1, and O(1000), for the case withWi = 2.2, and are even larger at the transitional
region of the flow. By visual inspection it is clear that tr(C) is not strongly correlated
with the vorticity magnitude in the flow. Whereas the vorticity magnitude tends to be
concentrated in the large scale vortex tubes that emerge during the transition, the most
intense values of tr(C) are mostly concentrated in the regions between the vortices, where
typically the most intense values of strain are located. This is consistent with the fact that
the FENE-P model assumes a complete a�nity of the motion of the dumbbells to the
macroscopic deformation imposed by the flow field. Thus, it is expected that tr(C) will
be larger at regions with both intense deformation and weak rotation. One such region
is the initial shear layer (x/h < 2) where both strain and vorticity have a maximum but
where no vortices have yet formed.

The maximum value of tr(C) obtained for these instantaneous fields corresponds to
the simulation with Wi = 2.2 where we have tr(C)max ⇡ 1000 in the fully developed
turbulence region (x/h > 14). This corresponds to tr(C)max/L

2 ⇡ 0.1, however a detailed
inspection of the instantaneous fields shows that these values are extremely rare, and
that only a very small fraction of flow points displays these values of tr(C)max/L

2. For
the large majority of flow points tr(C)max/L

2
<< 1. The same result was observed in

Valente et al. (2014), where a similar numerical scheme has been used, and where much
higher values of the Weissenberg number have been simulated. Thus, we conclude that,
as in Valente et al. (2014), the condition tr(C)/L2

<< 1 is also observed here, which
validates the use of the FENE-P rheological model in the present simulations, since the
polymer molecules are not too stretched, and their lengths remain small compared to
their maximum extensibility length.

3.2. Classical statistics

This section analyses the influence of the Weissenberg number on the classical one-
point statistics of the velocity and conformation tensor fields. For clarity, only four cases
are considered Wi = 0 (Newtonian), and Wi = 1.1, 2.2 and 3.3.

We start with the evolution of the turbulent statistics along the centreline. Figures
3 (a) and (b) show the streamwise evolution of the shear layer thickness �(x) and the
centreline velocity Uc(x), respectively (Appendix A discusses the particular definition of
�(x) used in the present work). In all cases, provided the streamwise coordinate x is above
a given threshold of roughly x/h & 7� 10, consistent with the existence of a self-similar,
fully developed regime, the shear layer thickness is a linear function of x i.e.

�(x)

h
= A�

✓
x� x0

h

◆
, (3.1)

where A� is a constant and x0 is the virtual origin of the jet (see Fig. 3 a). This power
law is well known for the case of the Newtonian turbulent planar jet but has rarely been
observed in a systematic way for turbulent planar jets of viscoelastic fluids.
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Figure 1: Contours of vorticity magnitude normalized by (UJ �U
in
1)/h in the mid-plane

(z = 0) of the computational domain for turbulent jets with di↵erent Weissenberg
numbers. Notice that the figures do not show the total extent of the computational
domain used in the lateral (y) dimension.
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Figure 2: Contours of the trace of the conformation tensor field, tr(C), for the cases with
Wi = 1.1 and Wi = 2.2, at the same instants shown in figures 1(b) and 1(c), respectively.

The value of A� ⇡ 0.110 obtained here for the Newtonian jet is well within the range
of values of 0.092 6 A� 6 0.118 observed in many previous experimental (Gutmark
& Wygnansky (1976); Ramaprian & Chandrasekhara (1985); Thomas & Chu (1989);
Browne et al. (1982); Thomas & Prakash (1991); Deo et al. (2008, 2013)) and numerical
(da Silva & Métais (2002); Stanley et al. (2002); da Silva et al. (2015)) works. Table 1
shows the values of A� for all the simulations used in the present work, computed between
8.5 6 x/h 6 17.

Clearly the Weissenberg number has an e↵ect on the jet spreading. When the Wi

number increases initially to Wi = 1.1 the transition from the potential core to the fully-
developed state seems to take longer, but otherwise a similar spreading rate (as in the
Newtonian case) is recovered (compare �(x) for Wi = 0 and Wi = 1.1). However, when
the Weissenberg number increases further to Wi = 1.7, 2.2 and 3.3, even though a linear
scaling law is still recovered (�(x) ⇠ x) the spreading rate, assessed through the constant
A�, is greatly reduced compared with a Newtonian jet i.e. A� = 0.099, 0.095, and 0.080
for Wi = 1.7, 2.2 and 3.3, respectively, compared to A� = 0.110 for the Newtonian jet.
This also confirms the visual picture formed when analysing the vorticity magnitude
fields in Figs. 1.
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Figure 3: Streamwise evolution of the shear layer thickness �(x) normalised by the inlet
slot-width of the jet h (a), and of the centreline velocity Uc(x) normalised by the initial
mean velocity UJ (b), for di↵erent Weissenberg numbers Wi = 1.1, 2.2 and 3.3 (Wi = 0
is the reference Newtonian simulation). The dotted lines are straight lines fit to the cases
Wi = 0 (Newtonian) and Wi = 3.3.

Similarly, for all the simulations the centreline velocity variation exhibits the same
decay law as in the Newtonian planar jet

✓
Uc(x)

UJ

◆�2

= AUc

✓
x� x0

h

◆
, (3.2)

where AUc is a constant, and UJ is the initial jet velocity. Table 1 shows the values of
AUc for all the simulations used in the present work, computed between 8.5 6 x/h 6 17.
Again, the value of AUc ⇡ 0.210 obtained here for the Newtonian jet is well within
the range of values of 0.093 6 AUc 6 0.220 observed in many previous experimental
(Gutmark & Wygnansky (1976); Ramaprian & Chandrasekhara (1985); Thomas & Chu
(1989); Browne et al. (1982); Thomas & Prakash (1991); Deo et al. (2008, 2013)) and
numerical (da Silva & Métais (2002); Stanley et al. (2002); da Silva et al. (2015)) works.
As for the jet width, two situations can be observed when comparing the centreline

velocity decay for Newtonian and viscoelastic jets (see Fig. 3 b and Table 1). Whereas for
Wi . 1.1 the e↵ect of the polymer molecules is to slow down the transition to turbulence
while keeping the spreading rate approximately equal to the case of the Newtonian jet,
for higher values of Wi (1.7, 2.2 and 3.3) the velocity decay rate is also strongly decreased
compared to the Newtonian reference case. This is attested by the values of the decay
constant AUc , which for Wi = 1.7, 2.2 and 3.3 is equal to AUc = 0.181, 0.176 and 0.141,
respectively, compared to AUc ⇡ 0.21 in the Newtonian and Wi = 1.1 cases. It is well
known that the shear layer spreading is associated with the centreline velocity decay and
it is therefore not surprising to observe the existence of a consistent behaviour between
the two quantities in the two figures.

The slower spreading rate described above for viscoelastic planar jets is in qualitative
agreement with the experimental data of Usui et al. (1980), Berman & Tan (1985)
and Koziol & Glowacki (1989) and the visualization studies of Gadd (1965, 1966),
White (1969), White (1972), Wu (1969), Hoyt et al. (1974), Shul’Man et al. (1973),
Filipsson et al. (1977), Usui et al. (1980) and Gyr (1996), even if these report data from
circular viscoelastic jets. The slower rate of centreline velocity decay agrees also with the
measurements of Berman & Tan (1985) and Koziol & Glowacki (1989).

We now turn to the streamwise evolution of the root-mean square of the velocity
fluctuations of the jet flow at the centreline as depicted in figures 4 (a-c) for the streamwise
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Figure 4: Streamwise evolution of the root-mean square of velocity components
normalised by the centreline mean velocity Uc(x) for di↵erent Weissenberg numbers.

p
u02, normal

p
v02, and spanwise

p
w02 components, respectively, normalised by the

centreline mean velocity Uc(x). The normal turbulent stresses for the Newtonian case
(Wi = 0) show the typical increase associated with the transition to turbulence with
saturation located at about x/h ⇡ 9, followed by a subsequent decay at a constant rate,
a sign of the flow having attained the fully-developed turbulent regime. The normal
stresses pertaining to the viscoelastic simulation at Wi = 1.1 show basically the same
features, although the stresses are slightly smaller compared to the Newtonian case and
the peak values are attained slightly latter, by x/h ⇡ 10. The transition to turbulence
for the higher Weissenberg number flows at Wi = 2.2 and 3.3 seems to take place
even later, and to be associated with slightly smaller normal stresses. In particular,

at x/h = 12, the maximum value of
p
w02/Uc for Wi = 2.2 is reduced by a factor

of approximately 50%. For the corresponding transverse and streamwise quantities the
reduction is progressively less intense. Consistently with the visualisations of the vorticity
magnitude and the spreading rate of the jet, these results show that the e↵ect of the
polymers is to decrease the turbulent velocity fluctuations in the far field region, and to
delay the transition to turbulence. These results are also in qualitative agreement with
the experimental data of Usui et al. (1980).
The transverse mean profiles of several other turbulence quantities provide more insight

into the e↵ects of the polymers on the dynamics of the turbulence. These are displayed
in figure 5 for the simulations with Wi = 0 (Newtonian), Wi = 1.1, 1.7, 2.2, and 3.3, at
the same location (x/h = 12), where the flow has attained a fully-developed turbulent
state.

Figures 5 (a) and (b) show the transverse profiles of ū(x, y)/Uc(x) and v̄(x, y)/Uc(x)
at x/h = 12, for the simulations with Wi = 0 (Newtonian), Wi = 1.1, 1.7, 2.2, and
3.3. Interestingly, whereas the normalised profiles of ū are invariant to the Weissenberg
number, the scaled profiles of v̄(x, y) slightly decreases with Wi (in absolute value).
However, a completely di↵erent scenario emerges from the observation of the transverse
profiles of normal and shear Reynolds stresses, shown in figures 5 (c) to (f). There is a
considerable decrease of the peak values of these (normalised) turbulent stresses as the

Weissenberg number increases. For instance, the peak values of
p
w02/Uc and u0v0/U2

c are
reduced by approximately 50% for Wi = 2.2, compared to the Newtonian reference case
(Wi = 0). Thus, again one observes that the polymers strongly decrease the turbulence
level in the flow, but surprisingly keep the shape of the mean velocity ū(x, y)/Uc(x).
To complete the characterisation of the turbulent jet figure 6 shows the streamwise evo-

lution of the normalised viscous dissipation rate of the solvent "[s] for all the simulations
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Figure 5: Transverse mean profiles of several turbulent statistics at x/h = 12 for the
simulations with Wi = 0 (Newtonian), Wi = 1.1, 1.7, 2.2, and 3.3, normalised with the
centreline mean velocity Uc(x) and the thickness of the jet �(x): (a) Streamwise mean
velocity; (b) Normal mean velocity; (c) Normal Reynolds stresses in the streamwise
direction; (d) Normal Reynolds stresses in the normal direction; (e) Normal Reynolds
stresses in the spanwise direction; (f) Reynolds shear stresses.

carried out in the present work. For all the viscoelastic cases, the dissipation exhibits
a similar evolution to the Newtonian reference case, starting with an increase in the
transition region followed by a smooth transition downstream the maximum. The region
of slow dissipation decay roughly coincides with the fully developed turbulent region.
The fact that the peak dissipation is attained later in the viscoelastic (x/h & 10) than
in the Newtonian case (at x/h ⇡ 9) also attests to the slower transition to turbulence
in those cases. In addition, in all the viscoelastic cases, the dissipation is smaller than in
the Newtonian case, and in some cases the di↵erence is quite dramatic.

The smaller solvent dissipation rate in the viscoelastic jets can be explained by the
di↵erent energy cascade mechanism that is known to exist in viscoelastic turbulence e.g.
Valente et al. (2014). Specifically, since part of the kinetic energy transferred through the
classical non-linear energy cascade is transferred and stored into the polymer molecules,
less is present at the small scales, which then leads to a decrease of the small scale vorticity
and viscous dissipation in the solvent. However, for some simulations (Wi = 0.07,� = 0.8;
Wi = 0.14,� = 0.8; Wi = 0.3,� = 0.8) the dissipation ends by recovering the Newtonian
profile for x/h & 15. Thus, for these cases one expects that the polymer molecules do not
influence the jet dynamics anymore, since the energy cascade mechanism is apparently
not a↵ected. This is confirmed by the values of the spreading rates A� and centreline
velocity decay rates AUc measured for these simulations as shown in table 1, that show no
significant di↵erence compared to the Newtonian values. The simulations withWi = 0.07,
� = 0.6 and Wi = 0.07, � = 0.4 are also interesting because here the dissipation value
although smaller than in the Newtonian case, seems to preserve the same Newtonian
evolution (local slope) as in the Newtonian case. This is probably because in these cases
the polymer e↵ect consists of an additional viscous dissipation, without a↵ecting the
energy cascade mechanism. A similar observation was made in isotropic turbulence for
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Figure 6: Streamwise evolution of the viscous dissipation rate of turbulent kinetic energy
of the solvent "[s], on the centreline, normalised by the initial inlet slot-width of the jet
h and inlet mean velocity UJ .

lowWi numbers, as discussed in Valente et al. (2016). Indeed, for the cases with the lowest
Weissenberg numbers (Wi = 0.07 and Wi = 0.14) the ratio between the maximum "

[s]

observed in the viscoelastic ("[s]visc.) and Newtonian ("[s]Newt.) cases, is approximately equal

to the numerical value of the parameter � i.e. "[s]visc./"
[s]
Newt. ⇡ �. This is explained by the

weak role played by the elasticity of the fluid at low Weissenberg numbers, whereby a
Newtonian behaviour is recovered with total viscosity equal to ⌫[s] + ⌫

[p] = ⌫
[s]
/� (Bird

et al. 1987; Valente et al. 2014). This also explains why "[s] is approximately equal for
the cases with Wi = 0.07, � = 0.8 and Wi = 0.14, � = 0.8.

In the remaining cases (including the already discussed simulations with Wi = 2.2
and 3.3) not only the solvent dissipation rate is much smaller than in the Newtonian
case, as the local slope is much di↵erent to the Newtonian case. One expects that in
these cases the energy cascade mechanism is strongly a↵ected by the polymers and so
is the jet dynamics, which is consistent with the results just discussed. Indeed, for flows
at these high Weissenberg numbers the reduction of "[s] cannot be simply explained by
the viscous e↵ects. In those cases, part of the energy that is not being dissipated by the
solvent is transferred to the polymer molecules to be stored as potential elastic energy,
or to be dissipated by interactions between the molecules and the strain field of the flow
(Valente et al. 2014).

The interplay between the polymer molecules and the small dissipative scales of the
flow can be appreciated by analysing the streamwise evolution of the local Weissenberg
number, Wi⌘ defined in Eq. (2.21), as shown in figure 7a. The curves of Wi⌘ are similar
in shape to the curves of "[s] discussed above, with an increase in the transition region
followed by a slow decrease in the fully developed region, and, for flows with the same
�, exhibiting a perfect correspondence between the two quantities with the higher local
Weissenberg number Wi⌘ corresponding to smaller solvent viscous dissipation rate "[s].
Three di↵erent simulation cases are observed. For Wi = 0.07 and Wi = 0.14 flows
the local Weissenberg number is always smaller than Wi⌘ < 1. In these cases the
energy cascade mechanism taking place in the solvent is not significantly a↵ected by
the polymers. For another set of simulations (Wi = 0.3,� = 0.8; Wi = 0.6,� = 0.4) the
local Weissenberg number stays momentarily above Wi⌘ = 1, for 9 . x/h . 12 before
decreasing to Wi⌘ < 1 further downstream at x/h & 15. In these cases, the polymer
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Figure 7: Streamwise evolution of (a) the local Weissenberg number Wi⌘ = ⌧p/⌧⌘ on the
centreline , and (b) the local Deborah number De = ⌧pUc/� for all the viscoelastic jet
simulations carried in the present work.

molecules are expected to a↵ect the flow only momentarily. Finally, in another set of
simulations e.g. Wi = 1.1, Wi = 1.7 and Wi = 2.2, and also Wi = 0.6,� = 0.8,
Wi = 0.6,� = 0.6, the local Weissenberg number is always Wi⌘ > 1 after some
station, typically even before the fully developed region is attained (for x/h > 12 for the
simulation with Wi = 2.2). Consistently with the previous results, these are the cases
where one expects the polymers to have the maximum e↵ect on the solvent dynamics.
In particular for the simulation with Wi = 3.3 the local Weissenberg number is close
to Wi⌘ ⇡ 3.5 at some locations, and the polymer molecules are supposedly close to the
coil-stretch transition, typically associated with a sharp increase (by a factor of the order
of ten thousand) in elongational viscosity (Metzner & Metzner 1970; Tirtaatmadja &
Sridhar 1993; Horiuti et al. 2013). Recall that the local Weissenberg number for this
simulation is already within the range of Wi⌘ ⇡ 3 � 4 where the coil-stretch transition
occurs, as strongly suggested in the DNS of isotropic turbulence performed by Watanabe
& Gotoh (2010).
An interesting possibility arises in relation to these figures. Since in all cases the local

Weissenberg number exhibits a clear decreasing trend with the increase of the streamwise
coordinate, it is likely that the polymer e↵ects on the spatial development of the jets
described above, e.g. the decreased spreading rate compared with the Newtonian jet,
will cease to be observed very far from the jet origin i.e. when the local streamwise
coordinate is x/h >> 1, even for the most interesting cases described here, such as
the simulations with Wi = 2.2 and 3.3. This could explain some of the contradictory
observations reported in the literature of viscoelastic jets. The investigation of this
issue, however interesting, would demand much larger computational domains than are
presently possible to simulate, due to the extremely high computational cost of the FENE-
P fluid model, and need to be postponed to a future study. Some preliminary results are
discussed in Appendix B.
This idea is corroborated in Fig. 7 (b) showing the evolution of the Deborah numberDe

along the streamwise direction of the jet for all the simulations carried out in this work. At
the inlet �(x = 0) = h/2 by definition (for a top-hat inlet profile), and Uc(x = 0) = UJ , so
that De(x = 0) = 2Wi. The Deborah number decreases as the jet streamwise coordinate
x increases, for all the simulations, but it is above De = 1.0 for at least part of the flow
development for many of the simulations, excluding the cases with Wi = 0.07, 0.14, and
0.3. The Deborah number is above De > 1.0 until the end of the domain only for the
simulations with Wi = 2.2 and 3.3, and for most of the simulation with Wi = 1.7. This
shows that the large scales of the flow are strongly a↵ected by the viscoelastic e↵ects
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Figure 8: Streamwise evolution of the (mean) diagonal terms of the conformation tensor
in the jet centreline, for the simulations with Wi = 1.1, 2.2, and 3.3.

for most of the present simulations, either only during the transition to turbulence and
part of the turbulent region (simulations with Wi = 0.6 and 1.1) or during the entire
flow development (simulations with Wi > 1.7). Arguably, very far downstream, even in
these cases the Deborah number will eventually become much smaller, and the flow will
possibly revert to the classical Newtonian dynamics (see Appendix B).

To further assess the behaviour of the polymer molecules in the far-field of the jet figure
8 shows the evolution of the (mean) normal components of the conformation tensor Cii

(i = 1, 2, 3, no summation) on the jet centreline, for the simulations with Wi = 1.1,
2.2 and 3.3. Recall that the conformation tensor is normalised by the mean square of
the equilibrium radius of the chain hR2i0, so that C11 = C22 = C33 = 1.0 represents
the equilibrium (coiled) configuration. Obviously the polymer molecules are strongly
elongated in the three simulation cases (C11 >> 1), and attain their maximum (highest
mean elongation) between 8 . x/h . 13, depending on the simulation. The mean values
of Cii are higher for the Wi = 3.3 than for the other simulations, as expected, but
the most interesting aspect here is related to the anisotropy of the conformation tensor.
Whereas in the simulation with Wi = 1.1 the conformation tensor is nearly isotropic
C11 = C22 = C33, except during the transition to turbulence (2 . x/h . 8), in the other
cases the conformation tensor is not isotropic (C11 >> C22 > C33), although a tendency
to isotropy can be observed for Wi = 2.2 (x/h & 17). Figure 8 shows additionally that
as the Weissenberg number Wi increases, C11 increases at a faster pace than C22 and
C33, showing that the polymer chains are more severely stretched and oriented in the
streamwise direction of the flow for higher values of Wi, as expected by the present flow
configuration.
This result is confirmed by looking into the transverse profiles of mean and rms

conformation tensor components, for a fixed station (x/h = 12) for Weissenberg numbers
Wi = 1.1, 2.2, and 3.3 as shown in figures 9 (a-c) and 9 (d-f), respectively (c0ij is

the fluctuation of Cij with respect to its mean value i.e. Cij = Cij + c
0
ij). Because

of the condition of statistical invariance under a reflection of the z axis with respect
to the (x, y) plane, the components C13 and C23 are identically zero everywhere, and
thus are not shown in the figures. Again, as the Weissenberg number Wi increases, the
magnitudes of the mean and rms values of the conformation tensor components tend
to increase, however, interestingly the components C11 and C12 increase with Wi (in
absolute values) faster than C22 and C33, thus confirming the enhancement of polymer
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Figure 9: Transverse profiles of mean (a-c) and root mean squared (rms) (d-f) components
of the conformation tensor for flows with di↵erent Weissenberg numbers.

stretching anisotropy as Wi increases and the existence of a preferred stretching of
polymers in the streamwise direction of the flow.
Although the rms values of the fluctuations of the conformation tensor increase with

the global/inlet Weissenberg number, the turbulent intensities of C i.e. the fluctuations
normalized by the mean values, seem to be independent of Wi. This is shown in figure

10 for streamwise profiles of
q
c02ij/

q
Cii Cjj (no summation) along the jet centreline

(y = 0). The evolution of these quantities is characterized by one bump at the transition

region followed by a constant plateau of
q
c0211/C11 ⇡

q
c0222/C22 ⇡

q
c0233/C33 ⇡ 1 (normal

components) and
q
c0212/

p
C11 C22 ⇡

q
c0213/

p
C11 C33 ⇡

q
c0223/

p
C22 C33 ⇡ 0.7 (shear

components), suggesting that the conformation tensor has also attained a fully-developed
self-similar regime. Notice that these turbulence intensities for the conformation tensor
are about one order of magnitude higher than the fluctuations of turbulent velocities,

which are
p
u02/Uc ⇡

p
v02/Uc ⇡

p
w02/Uc ⇡ 0.1 (see figure 4).

4. Towards a theory for viscoelastic turbulent planar jets

The previous section discussed several features of turbulent viscoelastic planar jets.
However, as described in the introduction, no theory of turbulent viscoelastic planar
jets presently exists. This section draws from the previous observations, and from the
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Figure 10: Streamwise evolution (along the centreline) of the root-mean-squared
fluctuations of the conformation tensor normal (a-c) and shear (d-f) components
normalised by the mean value Cijc(x) = Cij(x, y = 0) for di↵erent Weissenberg numbers.

classical analysis methods used to describe Newtonian planar jets, in an attempt to
develop a theory for turbulent viscoelastic planar jets. As in the classical theory of the
planar jet, we focus on the evolution of the flow field in the fully developed turbulent
region, and in this process we adopt the classical assumption that the jet ’forgets’ the
details of its initial (inlet) generation. The fact that viscoelastic jets tend to attain a fully
developed regime later than the Newtonian reference simulation (particularly for higher
Weissenberg numbers Wi), as discussed above and in agreement with several authors
(Berman & Tan 1985), has no relevance to the analysis of the laws governing the far
field, fully developed flow region (even when the fluid has a fading memory, this e↵ect is
vanishingly small for su�ciently long time intervals such as those taken by volumes of
fluid traveling from the jet inlet up to the far-field region).

We are well aware (and well familiar) with the present ongoing discussion on the validity
of the classical theory of jets (and of other flows) as described in several recent references
e.g. Sadeghi et al. (2018); Layek & Sunita (2018); Cafiero & Vassilicos (2019). However,
it seems that in the present case the Newtonian jet recovers the classical scaling laws i.e.
�(x) ⇠ x and Uc(x) ⇠ x

�1/2 (see figs. 3 a and b), compatible with a classical Kolmogorov
scaling, and therefore this will be the starting point of the analysis developed here.

4.1. Thin shear layer approximation for viscoelastic turbulent planar jets

The starting point for the similarity analysis of the mean flow for viscoelastic turbulent
planar jets are the thin shear layer equations, which are given by the momentum equation
in the streamwise direction,

ū
@ū

@x
+ v̄

@ū

@y
= �@u

0v0

@y
+

1

⇢

@�xy
[p]

@y
, (4.1)

together with the continuity equation,

@ū

@x
+
@v̄

@y
= 0. (4.2)
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Figure 11: Transverse profiles of the terms from the mean streamwise momentum
equation, with the thin shear layer approximation (Eq. 4.1), at x/h = 12, for the reference
Newtonian simulation (a) and for the viscoelastic simulation with Wi = 2.2 (b). The
terms are normalised by the centreline mean velocity Uc(x) and by the thickness of
the shear layer �(x), and the dotted lines represent the sum of all the terms shown in
the figures except the term �⇢�1

@�xx
[p]
/@x, which is neglected in the thin shear layer

approximation.

The momentum equation in the normal (y) direction is treated in the usual way, and
explains the absence of the pressure gradient term in Eq. (4.1). Implicit on the equations
above is the classical assumption that gradients on the normal (y) direction are much
larger than gradients on the streamwise (x) direction. It is noteworthy that the FENE-P
rheological model is not used in the derivation of the present theory.

Solving Eqs. 4.1 and 4.2 for ū(x, y) and v̄(x, y) would require closures for the turbulent
and polymer stresses terms. Usual approximations are the mixing length turbulence
model and the FENE-P rheological model. However, a lot of information concerning
the evolution of the turbulent flow can still be gained without resorting to those models,
as demonstrated in the next sections.

The accuracy of the approximation given by Eq. (4.1) can be assessed by comparing
the relative order of magnitude of each term in the equation. If the thin shear layer
approximation is exactly verified all the terms in Eq. (4.1) will add up to zero (provided
the results are fully converged). These terms are displayed in figure 11 for the Newtonian
(Wi = 0) and the viscoelastic simulation with Wi = 2.2 at x/h = 12 (the neglected term
⇢
�1
@�xx

[p]
/@x is also shown for comparison). The comparison of the relative magnitude

of each term in figure 11 shows that the thin shear layer approximation, consisting in Eqs.
(4.1) to (4.2), is indeed a very good approximation, considering that, for the Newtonian
case, where the turbulent boundary layer approximations are well-established, errors can
be on the order of 10% of the dominant term in the equation (Pope 2000).

4.2. Self-similarity analysis for viscoelastic turbulent planar jets

The classical analysis of the thin shear layer equations for the turbulent planar jet starts
with Eq. (4.1) written in conservative form. Integrating this equation in the transverse
(or normal y) direction yields,

d

dx

Z 1

�1
ū
2(x, y)dy = 0, (4.3)
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Figure 12: Transverse profiles of streamwise mean velocity ū(x, y) at several x/h stations,
normalised by the jet centreline velocity Uc(x), and jet shear layer thickness �(x) for the
Newtonian and viscoelastic simulations with Weissenberg numbers Wi = 1.1, 2.2, and
3.3.

where the assumptions of i) zero free-stream turbulence, ii) zero mean polymer shear
stress and, iii) zero mean co-flow velocity in the irrotational region have been used.
In the classical (Newtonian) turbulent jet theory, the hypothesis of self-similarity is

introduced at this point, and implies the existence of a reference velocity ū0(x), and a
length scale l̄0(x), with which the normalised profiles of e.g. the mean streamwise velocity
ū(x, y), taken from several flow stations x, all collapse into the same single curve.
Following the usual practice, for velocity and length scales of the flow we chose the

centreline velocity Uc(x) and the jet shear layer thickness �(x), ū0(x) = Uc(x), and
l̄0(x) = �(x), respectively (the Appendix discusses the particular definition of �(x) used in
the present work). Therefore, the normalised streamwise velocity and normal coordinate
are,

 =
ū(x, y)

Uc(x)
, (4.4)

and

⇠ =
y

�(x)
, (4.5)

respectively, so that the self-similarity of the streamwise velocity corresponds to suppos-
ing that the function  =  (⇠) is the same for all the streamwise coordinates x/h in a
given jet.
Figures 12 (a-d) and 13 (a-d) show that self-similarity is indeed recovered for the

mean streamwise velocity ū(x, y), and also for the normal velocity v̄(x, y). These figures
show transverse profiles of mean velocities ū(x, y) and v̄(x, y) at di↵erent stations x/h,
normalised by the jet centreline velocity Uc(x), and by the jet shear layer thickness
�(x) for the simulations with Newtonian and viscoelastic fluids at Weissenberg numbers
Wi = 1.1, 2.2, and 3.3. The collapse of the normalized mean velocities ū(x, y)/Uc(x)
and v̄(x, y)/Uc(x) show that self-similarity is attained at least from x/h = 12 onwards.
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Figure 13: Transverse profiles of normal mean velocity v̄(x, y) at several x/h stations,
normalised by the jet centreline velocity Uc(x), and jet shear layer thickness �(x) for the
Newtonian and viscoelastic simulations with Weissenberg numbers Wi = 1.1, 2.2, and
3.3.

This is of course no surprise for the Newtonian (Wi = 0) simulation (Figs. 12 a and
13 a), but is observed here for the first time for viscoelastic turbulent planar jets. The
collapse is apparently less clear for the v̄(x, y) velocity due to the very small values of
this component which imply slightly less well converged mean profiles.
Inserting the hypothesis of self-similarity for the streamwise mean velocity,

ū(x, y) =  

h
y

�(x)

i
Uc(x) (4.6)

into Eq. (4.3), yields,

d

dx


U

2
c (x)�(x)

�
= 0, (4.7)

which is of course equal to the classical momentum integral constraint observed for a
turbulent planar jet of a Newtonian fluid. Self-similarity of the mean streamwise velocity,
clearly observed above for the viscoelastic jet (Figs. 12 a-d), naturally implies that the
constraint expressed in Eq. (4.7) is also valid for turbulent planar jets of viscoelastic
fluids.
The classical theory for a Newtonian jet would then continue by assuming self-similarity

of the turbulent shear stress profiles u0v0(x, y), in the sense that, when scaled by Uc(x)2

and �(x) the profiles at several x/h stations of the jet will all collapse into the same
curve (Townsend 1976). In the present analysis we do not use this assumption since the
presence of the extra polymeric term in Eq. (4.1) may preclude this possibility, as there
are other (additional) velocity and length scales needed to describe this extra polymeric
term, which are not the same ones used for the streamwise ū(x, y) and normal v̄(x, y)
mean velocity profiles (see section 4.3).
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Instead, we simply assume that the same (single) velocity and length scales, namely
Uc(x) and �(x), are the relevant quantities needed to characterise the mean profiles of
both the streamwise ū(x, y), and the normal v̄(x, y) velocity components. Mathematically,
this hypothesis assumes that if  (⇠) = ū(x, y)/Uc(x) is a function of ⇠ = y/�(x) only, so
is also �(⇠) = v̄(x, y)/Uc(x). This hypothesis agrees with the present data as discussed
above in relation to figures 12 and 13.
From this hypothesis and by using the mean continuity equation we can write,

�(⇠) =
v̄(x, y)

Uc(x)
=

d�(x)

dx

⇢
 (⇠)⇠ � 1

2

Z ⇠

0
 (⇠̃)d⇠̃

�
. (4.8)

Since the term inside brackets on the right-hand side of Eq. (4.8) is a function of ⇠
only, the self-similarity hypothesis for v̄(x, y) can only be satisfied if d�/dx is constant,

�(x) ⇠ x, (4.9)

and by inserting this result into Eq. (4.7) results in the centreline velocity decay law for
viscoelastic turbulent jets,

Uc(x) ⇠ x
�1/2

. (4.10)

These are exactly the spreading and decay laws described in section 3.2 while discussing
the present simulation results for viscoelastic turbulent jets. The fact that these evolution
laws are the same as in the Newtonian jet, can therefore be simply explained in the
same manner for either Newtonian and viscoelastic jets, and stems directly from similar
arguments as used in the classical theory of the Newtonian planar jet. Despite this, the
scaling constants associated with these laws i.e. A� and AUc defined in Eqs. (3.1) and
(3.2), are of course very di↵erent to the Newtonian values, and are strongly a↵ected by
the global Weissenberg number Wi as documented above, and as summarised in Table
1.

4.3. Similarity laws for the polymer stresses in viscoelastic turbulent planar jets

We now turn to the analysis of the self-similarity and evolution laws of the polymer
stresses in turbulent viscoelastic jets.
A question of particular interest for the new theory of the far field of viscoelastic jets

developed here is whether there is a region where the transverse profiles of mean polymer
shear stress �xy

[p](x, y) become self-preserving, and how does the characteristic scale of
these stresses evolve in the streamwise direction x? If this self-similar region does indeed

exist, what is the scaling factor �[p]
c (x) which will make the profiles of �xy

[p](x, y)/�[p]
c (x)

invariant with respect to the distance x from the jet orifice? It turns out that these
questions can be addressed by using simple phenomenological arguments, as discussed
below.

The key problem here is the determination of the speed at which the polymer
stresses, at one given location e.g. at the location of maximum shear stress,

�
[p]
c (x) = max|�xy [p](x, y)|, decay as the flow evolves in the streamwise x direction.
The answer to this question can be obtained by analysing the transport equation for

the turbulent kinetic energy  = u0 · u0/2, which is given by,

ū ·r = �1

⇢
r · p0u0 � 1

2
r · u0u0 · u0 + ⌫r2

� u0u0 : ru� ⌫ru0 : ru0

+
1

⇢
r · �0[p]u0 � 1

⇢
�0[p] : ru0. (4.11)

This equation has two terms that explicitly account for the influence of viscoelasticity
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on the turbulent kinetic energy: the viscoelastic turbulent transport r · �0[p]u0/⇢ and

the viscoelastic stress power �0[p] : ru0/⇢, where �
0[p] represents fluctuations of the

instantaneous polymer stress about its mean value. In the particular case of a flow with a
su�ciently high Weissenberg number, it is expected that at least one of these two terms
will be of primary importance in the dynamics of the turbulent energy and thus must
be balanced by remaining leading order terms in the equation. An order of magnitude
analysis of Eq. (4.11) shows that the term of leading order is given by the turbulence
production term (Tennekes & Lumley (1972)),

�u0u0 : ru ⇠ U
3
c (x)

�(x)

d�(x)

dx
, (4.12)

while the orders of magnitude of the viscoelastic stress power and viscoelastic turbulent
transport are given by,

�1

⇢
�0[p] : ru0 ⇠ �

[p]
c (x)

⇢

✓
u
⇤

r⇤

◆
, (4.13)

and,

1

⇢
r · �0[p]u0 ⇠ �
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respectively, where u⇤ and r
⇤ are the (Lumley) velocity and length scales described below,

associated with a correlation between the fluctuating polymer stresses and velocity-
gradients. Because r

⇤
/�(x) is a small quantity, it is the viscoelastic stress power that

must, to first order, balance the production term. Comparing Eq.s (4.12) and (4.13) it

follows that this is possible only if the order of �[p]
c (x) is given by,

�
[p]
c ⇠ ⇢

U
3
c (x)

�(x)

r
⇤

u⇤
d�(x)

dx
. (4.15)

The result given by Eq. (4.15) is just a re-statement of Townsend’s (1976) hypothesis
of self-preservation applied to the viscoelastic turbulent jet, in the sense that in a self-
preserving flow the relative importance of the production and viscoelastic stress power
to the turbulent kinetic energy budget is preserved as the flow evolves. It is similar to
the equation used to analyse the problem of forced isotropic turbulence of viscoelastic
fluids, P = "

[s] + "
[p] (Valente et al. 2014; Ferreira et al. 2016), but here the production

term assumes the role of the input forcing P .
The fluctuating polymer stresses and velocity gradients are only strongly correlated,

and contribute significantly to the viscoelastic stress power, for a particular scale of
motion r

⇤, where the dynamics of the solvent and of the polymer molecules are ’coupled’.
This is known as Lumley’s scale (Lumley 1973). At this scale r

⇤, the time-scale of the
flow ⌧(l) (associated with a given eddy size l within the energy cascade) is imposed by the
polymer relaxation time scale ⌧(l) ⇠ ⌧p. Using the inertial range scaling for the velocity
associated with a given eddy size u(l) ⇠ ("[s]l)1/3, and since ⌧(l) ⇠ l/u(l), one obtains
Lumley’s length and velocity scales,

r
⇤ =

q
⌧3p "

[s], (4.16)

u
⇤ =

q
⌧p"

[s]. (4.17)

Figures 14 (a), (c) and (e) show transverse profiles of mean polymer shear stresses
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Figure 14: Transverse profiles of mean polymer shear stress shown in natural (a, c) and
similarity coordinates (b, d). Similar results were obtained for Wi = 1.1; data for other
Weissenberg numbers are not available. For clarity, only one in every 8 points available
in the DNS grid, in the y direction, are shown for each profile.

normalised by ⇢U2
J for the viscoelastic simulations with Wi = 1.7, 2.2 and 3.3, respec-

tively, for several stations in the range x/h = 12 � 16. The figures essentially show
an attenuation of the polymer stresses as the flow evolves downstream, consistent with
some of the previous observations reported above. When these profiles are normalised by
the reference scale for polymer stresses, ⇢U3

c (x)r
⇤(x)(d�(x)/dx)/(u⇤(x)�(x)), as shown

in Figs. 14 (b), (d) and (f), we observe a good collapse of all the profiles into the same
curve. This confirms that self-similarity is obtained when this polymer reference scale is
considered, and that it can be considered as a measure of the maximum (absolute) value
of the mean polymer shear stress, apart from a multiplicative constant.
To assess the possibility of these profiles being Universal, figure 15 shows the profiles

of '(⇠) = ��[p]
xy(x, y)/�

[p]
c (x) for a fixed station (x/h = 12) for several Wi numbers.

Interestingly, the profiles collapse for su�ciently high Wi numbers (Wi > 2.2 in the
present simulations), and suggests that '(⇠) may reach a state of invariance with respect
not only to the distance from the jet inlet (x/h), but also to the global (inlet) Weissenberg
number Wi, provided that this number is made su�ciently large. Thus, even though
the only parameter that was varied between these simulations is the inlet (or global)
Weissenberg number Wi, it can be argued that the present scaling theory provides both
similarity and Universality of the scaled polymer stress profiles, with the latter requiring
a large value of Wi. The non-collapse of the profiles of '(⇠) observed for Wi = 1.1 and
1.7 can be explained as a low Weissenberg number e↵ect, similar to the ’low Reynolds
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Figure 15: Similarity curves of mean polymer shear stress for flows with di↵erent values
of the global Weissenberg number Wi.

number e↵ects’ arising in self-similar Newtonian turbulent flows with small Reynolds
numbers.
From the definitions of the Weissenberg number and Lumley’s velocity and length

scales, together with the scaling laws for �(x) and Uc(x), it follows from Eq. (4.15) that,

�
[p]
c (x)

⇢U2
J

⇠ Wi
d�(x)

dx

✓
x� x0

h

◆�5/2

, (4.18)

which is the new scaling law for the decaying rate of polymer stresses. This relation can
be re-written in a more convenient form after the introduction of a scaling factor A�c

and simple algebraic manipulations,
✓

�
[p]
c (x)

Wi⇢U2
Jd�(x)/dx

◆�2/5

= A�c

✓
x� x0

h

◆
. (4.19)

Figure 16 shows the streamwise evolution of the maximum value of polymer shear
stress plotted with coordinates suggested by Eq. (4.19). The results display very good
agreement with theoretical predictions, thus confirming the validity of the �5/2 scaling
law. Table 1 displays the values for the constant A�c for the higher Wi number cases
(where it is available), and shows that A�c decays as the Weissenberg number increases,
consistently with Eq. (4.19).

A straightforward extension of the present theory for flows with low Weissenberg
numbers can be obtained considering the balance between the viscoelastic stress power
with the remaining lower order terms in the equation for the turbulent energy (Eq. 4.11).
Since for the planar jet the spreading rate reaches a constant value in the far-field, the

same �[p]
c (x) ⇠ x

�5/2 power law would be obtained even when terms as low as third order
are considered. However, as discussed in Section 3, flows with low Weissenberg number
are not of interest since in those cases elasticity plays a weak role in the turbulence
dynamics, and the solution in the far-field region behaves as the classical Newtonian
case.

4.4. Similarity laws for the Reynolds stresses in viscoelastic turbulent planar jets

The new theory for the evolution of a viscoelastic turbulent jet cannot be complete
without an assessment of the self-similarity conditions for the Reynolds stresses. This is
addressed in this section.

Figure 17 (a) shows profiles of turbulent shear stress u0v0(x, y) normalised with the
centreline mean velocity Uc(x) (as in the classical turbulent Newtonian jet theory) for
the simulations with Wi = 1.1, 1.7, and 2.2, at the same station x/h = 12. It is
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Figure 16: Streamwise evolution of the maximum value of the (normalized) mean polymer
shear stress compared to the proposed theory. For clarity, the curves for Wi = 2.2 and
Wi = 3.3 are shifted downwards by 2 and 4 units, respectively, and only one point out of
eight (available in the DNS grid in the streamwise x direction) is shown for each curve.

clear that the profiles exhibit significant di↵erences compared to the Newtonian jet,
and that this normalization does not collapse the data as it does for Newtonian jets.
There is a decrease in the maximum values of u0v0(x, y)/U2

c (x), as the global Weisenberg
numberWi increases, and the profiles are not self-similar. This behaviour of the turbulent
stresses in viscoelastic jets can be simply explained, considering the momentum equation
in the streamwise direction (Eq. 4.1), which, after integration and further algebraic
manipulations can be written as,

u0v0(x, y)

U2
c (x)

=
d�(x)

dx
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, (4.20)

where '(⇠) = ��[p]
xy(x, y)/�

[p]
c (x). In Eq. (4.20) the terms inside brackets (’{}’) are

positive-valued functions of ⇠ = y/�(x) only, and the coe�cient d�(x)/dx is constant

in x, while �
[p]
c (x)/(⇢U2

c (x)) varies with x
�3/2. However, as shown above, we know

that at a given station x/h, d�(x)/dx decreases and �[p]
c (x)/(⇢U2

c )(x) increases with the
global (inlet) Weissenberg number Wi, respectively. When Wi attains higher values it
is expected that u0v0(x, y)/U2

c (x) will become significantly di↵erent to the Newtonian
profiles, because in those cases d�/dx is considerably smaller in comparison to the

Newtonian case, and furthermore, the quantity �
[p]
c (x)/(⇢U2

c )(x) will be large, so that
the second term on the r.h.s of Eq (4.20) cannot be neglected in comparison to first term.
Consistently with the previous discussion (section 4.3) it makes sense to normalise the

Reynolds stresses profiles u0v0(x, y) with the same scaling variable associated with the
turbulent kinetic energy (on the centreline) i.e. to investigate the similarity of the profiles
of u0v0(x, y)/

⇥
Uc(x)2d�(x)/dx

⇤
. Before assessing the profiles it is instructive to write the

equation governing this quantity, derived as before, from the momentum equation in the
streamwise direction,
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where De(x) is the Deborah number defined in Eq. 2.22, and as before '(⇠) =

��[p]
xy(x, y)/�

[p]
c (x), where �

[p]
c (x) was approximated by Eq. (4.15). Equation (4.21)
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Figure 17: Transverse profiles of turbulent shear stress u0v0 from the simulations with
Wi = 1.1, 1.7, and 2.2 for: (a) same station x/h = 12 and di↵erent local De; (b)
(approximately) same De ⇡ 1.0�1.2 and di↵erent stations x/h. In figure (a) the stresses
are normalised with the centreline mean velocity Uc(x), and in figure (b) the stresses are
normalised with Uc(x)2d�(x)/dx.

suggests that the profiles of the Reynolds stresses will be self-similar, when normalised
by the appropriate variable - Uc(x)2d�(x)/dx - for similar Deborah numbers.

Figure 17 (b) shows these profiles for several simulations (Wi = 1.1, 1.7, and 2.2) at
di↵erent stations x/h but with approximately the same Deborah number (De ⇡ 1.0�1.2).
Remarkably, all the Reynolds shear stress profiles collapse onto the same curve confirming
once again the robustness of the present theory for the far field of turbulent viscoelastic
jets.

It is noteworthy that the theory developed in the present work makes no use of any
specific rheological model for the polymer solutions. The FENE-P model is used only to
compute the values of the polymer stresses from the DNS data, but no use is made of
the FENE-P model in the derivation of the present theory. The e↵ect of the rheology
of the solution is introduced only through simple scaling arguments as described in Sec.
4.3. Therefore, the theoretical results described in the present work should also be valid
in flows where the FENE-P model is known to give a poor representation of the polymer
physics e.g. flows in the absence of solid walls with Wi⌘ & 7 (Watanabe & Gotoh 2010;
Vincenzi et al. 2015).

5. Conclusions

In the present work several (12) new DNS of spatially evolving turbulent planar jets
of viscoelastic fluids described by the FENE-P rheological model were carried out. The
simulations are based on a very accurate Navier-Stokes solver, that employs combined
6th order Compact/pseudo-spectral methods, and that has been extensively validated by
the authors in several previous works. The FENE-P model equations were implemented
using the algorithm proposed by Vaithianathan et al. (2006), based on the Kurganov-
Tadmor method (Kurganov & Tadmor 2000), and were extensively validated, following
the same procedure used in several previous works from the authors.

To the authors knowledge the new simulations are the first existing DNS of turbulent
viscoelastic jets In these simulations we studied the influence of the Weissenberg number
Wi and of the polymer concentration � on the classical statistics of the jet. The
results show that, compared to a (reference) Newtonian jet under the same conditions
i.e. Reynolds number and inlet velocity conditions, the viscoelastic jets present slower
spreading and decay rates. Moreover, the Reynolds stresses normalized by the square of
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the centreline velocity are smaller compared to those of the reference Newtonian jet. The
discrepancies are not important for very small values of the inlet Weissenberg number
(Wi . 0.3), but are dramatic for higher values (Wi & 1.1).
The explanation for this particular behaviour of viscoelastic jets at high Wi lies in the

strong attenuation of the solvent viscous dissipation rate "[s], because a significant part
of the turbulent energy flux in the classical energy cascade mechanism is transferred into
elastic energy of the polymers.
A number of scaling laws have been observed and documented with the present

simulations. The jet shear layer thickness �(x), centreline velocity Uc(x), and reference

(maximum) polymer shear stress �[p]
c (x) scale with the streamwise direction x as, �(x) ⇠

x, Uc(x) ⇠ x
�1/2, and �[p]

c (x) ⇠ x
�5/2, respectively.

A new theory is developed here to describe turbulent planar jets of viscoelastic fluids,
based on the classical thin shear layer approximation. The new theory is able to describe
the observed scaling laws and to derive normalisation relations with which the profiles of
the Reynolds shear stresses and the polymer shear stresses exhibit self-similarity at the
far-field region of the flow.

The new theory presented here for turbulent viscoelastic jets can in principle be
adapted to other free turbulent flows such as wakes and mixing layers, and will be the
focus of future works.
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Appendix A: the definition of the jet shear layer thickness

The standard definition of the jet thickness is the so-called half-width of the jet,
defined as the distance from the jet centreline to where the mean velocity profile is
equal to half the value of the centreline mean velocity (ū(x, y = �(x)) = 0.5Uc(x)). Other
definitions are based on an integral of a Gaussian profile (Tennekes & Lumley 1972), or
on the gradient of the mean velocity (Townsend 1976). While the former definition is an
implicit definition, with the factor 0.5 chosen arbitrarily, the two latter were designed
simply for mathematical convenience. Here, and without loss of generality, we use a new
expression to define the jet shear layer thickness �(x), that while not leading to di↵erent
conclusions from the other definitions, allows for a closer examination and comparison
between di↵erent mean profiles.

The jet half-thickness is defined here as the half-width that the mean velocity profile
would have in order to have the same volumetric flow rate V̇ (x) as the inviscid shear-
less flow based on the local centreline velocity. In this case, the mean streamwise velocity
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would have a top-hat profile so that V̇ (x) = 2Lz�(x)Uc(x), where Lz is the computational
domain length in the spanwise direction (defined above). In the corresponding real jet
flow, with a non-zero mean shear, the volumetric flow rate is V̇ (x) = 2Lz

R1
0 ū(x, y)dy,

therefore, equating both expressions and isolating �(x) gives the definition of the jet shear
layer thickness used here,

�(x) =

Z 1

0

ū(x, y)

Uc(x)
dy. (5.1)

This unambiguous definition of �(x), derived to allow a more clear physical picture of
the flow, has also some interesting implications regarding the self-similar behaviour of
the mean velocity field, as discussed below.
By using the continuity equation, written in similarity variables (see Eq. (4.8)), the

formal scaling relation for the normal velocity v̄(x, y) can be written as,

v̄(x, y)

Uc(x)d�(x)/dx
= �


y

�(x)

�
, (5.2)

where �(⇠) is some function of its argument ⇠ = y/�(x). This relation is universal because
the influence of the initial conditions in the jet, and of the detailed fluid rheology, is
always felt through d�(x)/dx, but not by  (⇠) = ū(x, y)/Uc(x). Therefore, profiles of
v̄(x, y)/Uc(x) may not always collapse, but profiles of v̄(x, y)/(Uc(x)d�(x)/dx) always
collapse, even in conditions where the classical Kolmogorov’s scaling might not apply
and the spreading rate may vary in the x direction, or when the far field of the jet is still
a↵ected by the initial conditions at the jet inlet (Cafiero & Vassilicos 2019).
Notice that from a physical viewpoint it is not clear why the scaling variable for the

normal velocity v̄(x, y) should be given by the value of the streamwise velocity ū(x, y),
evaluated at some position in the flow, multiplied by the derivative of a length scale, i.e.,
it is not clear why v̄(x, y) should scale with ū(x, y = 0)d�(x)/dx. It is more natural to
consider instead that v̄(x, y) should scale with the value of v̄(x, y = yc) at some distance
yc from the jet centreline. When the definition of �(x) given by Eq. (5.1) is used, it follows
from the continuity equation (4.2) and the integral momentum constraint (4.7) that,

Uc(x)
d�(x)

dx
= �2v1(x), (5.3)

where v1(x) = v̄(x, y ! 1) < 0 is the entrainment velocity. From Eq. (5.3) it then
follows that the formal scaling relation for the normal velocity can be written in the
following equivalent form,

v̄(x, y)

v1(x)
= �̂


y

�(x)

�
, (5.4)

where �̂(⇠) = �2�(⇠).
The interesting aspect of the definition of �(x) given by Eq. (5.1) is that it shows a

link between the self-similarity of the scaling of the normal mean velocity: the velocity
scale that allows the observation of self-similarity for the normal velocity is given by its
value at infinity.

Further algebraic manipulations and integration in the x direction yields another
interesting result,

�(x) =
1

Uc(x)/2

Z x

0
|v1(x̂)|dx̂, (5.5)

where x̂ is an auxiliary variable. This equation shows that �(x) is a measure of the fluid
volume that is entrained into the jet from the inlet (x = 0) until a given streamwise
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coordinate x. From a purely geometrical point of view, the definition of �(x) in Eq. (5.1)
makes the area under the profiles of ū(x, y)/Uc(x) versus y/�(x) from di↵erent x stations
equal unity. Since ū(x, y = 0)/Uc(x) = 1 (for all stations x), an excellent collapse of these
profiles is expected to be observed, provided they are geometrically similar. In addition,
Eq. (5.5) shows through mass conservation and the new definition of the jet half-width,
the link between the centreline velocity and the entrainment velocity.

Appendix B: decay of viscoelastic e↵ects at the very far field of a
viscoelastic jet

In order to assess if a turbulent viscoelastic jet can recover a Newtonian behaviour
further downstream, because of the observed decrease of the Deborah number and the
implied decay of the viscoelastic e↵ects, we have carried out a new simulation, similar
to the simulation using a global Weissenberg number equal to Wi = 2.2, but using a
much bigger computational domain. The new simulation uses a grid with 768⇥ 768⇥ 96
collocation points, in the streamwise, normal, and spanwise directions, and a domain size
of 27h⇥ 27h⇥ 3.375h, while the FENE-P model parameters are ⌧p = 0.53, � = 0.8 and
L = 100, for a global (inlet) Weissenberg number equal to Wi = 2.2.
The streamwise evolution of the Deborah number for this new simulation is displayed

on Fig. 18, where the case with Lx = 18h is also shown for comparison, confirming the
tendency of decreasing De(x) for distances x/h > 18. In particular, we have De < 1
for x/h > 20 which suggests that for those stations the large scale quantities will be
less a↵ected by viscoelasticity e↵ects, and raising the possibility of a reversal to the
Newtonian behaviour at the very far field region of the jet (x/h ! 1).
Figures 19 (a) and (b) show the evolution of the shear layer thickness �(x) and cen-

treline mean velocity Uc(x) for the new simulation, again compared with the simulation
with Lx = 18h and with the same global Weissenberg number of Wi = 2.2. From these
figures it is di�cult to observe the beginning of a transition into a di↵erent evolution law
for x/h > 20, also because the degree of convergence of Fig. 19 (b) for x/h > 20 is not
perfect due to the very high cost of these simulations. Nevertheless, as De(x) continues
to decrease at x/h = 27 it is possible that it will reach values much smaller than unity
for x/h � 27 and that at these locations the viscoelasticity will have a smaller influence
in the flow dynamics.
The e↵ect of the De(x) in the spatial evolution of the turbulent viscoelastic jet at the

very far field region (x/h ! 1) should be investigated in future works.
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Figure 18: Streamwise evolution of the local Deborah number for the two simulations
with Wi = 2.2, using the original (Lx/h = 18) and the large (Lx/h = 27) domain sizes.
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