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a b s t r a c t
The thermal boundary layer ﬂow is a canonical ﬂow with characteristics that are present in most natural
and industrial convection ﬂows. An approximate self-similar solution is proposed for the ﬁrst time for the
thermal boundary layer of steady laminar ﬂow of viscoelastic ﬂuids, described by the ﬁnitely extensible
nonlinear elastic constitutive equation with Peterlin’s closure (FENE-P model). This semi-analytical thermal solution is obtained by performing an order of magnitude analysis and ensuing simpliﬁcations of the
governing equations by assuming that the ﬂuid properties are independent of temperature therefore decoupling the ﬂow governing equations from the energy equation. The effects of viscoelasticity quantiﬁed
with the Weissenberg number based on the streamwise coordinate (x) (W ix ) up to W ix = 1 and viscous
dissipation (results are presented for Brinkman numbers between -40 and +40) on thermal boundary
layer characteristics are investigated comprehensively for both constant wall temperature and constant
wall heat ﬂux. At low elasticity levels (W ix < 0.01) the solution exhibits a global self-similar behavior in
which ﬂow and thermal quantities collapse on the corresponding Newtonian curves, and the polymer
characteristics show a unique behavior if adequately normalized. However, by increasing ﬂow elasticity
the unique self-similar behavior of the approximate solution is lost, with the elasticity dependent results
exhibiting local variations. In addition, the effects of elasticity are intensiﬁed by viscous dissipation. For
the present study cases, it is observed that elasticity may change Nusselt numbers by more than 8%, and
the thermal boundary layer thickens by up to 10%.
© 2021 Elsevier Ltd. All rights reserved.

1. Introduction
Heat transfer in viscoelastic ﬂows is relevant for applications in
thermal science. Under turbulent ﬂow conditions, where polymer
solutions exhibit intense drag reduction [1], the concomitant heat
transfer reduction can reduce the effectiveness of heat transfer, and
this has both disadvantages as well as advantages depending on
the application [2–7]. Turbulent ﬂows, by the typical range of their
Reynolds numbers, lead to the formation of boundary layers. However, of concern to this work are high Reynolds number boundary
layer ﬂows in the laminar regime, which are easily found because
the addition of polymers, or other additives like surfactants, that
impart viscoelastic behavior to the otherwise Newtonian solvent,
raises the viscosity of the solutions. Of interest are dilute or semidilute polymer or surfactant solutions that are not excessively viscous to allow suﬃciently high Reynolds number ﬂows, but since
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they are more viscous than the solvent there might still be some
effects of viscous dissipation [8]. However, if the range of temperatures in the ﬂow is not too large the assumption of temperature independent ﬂuid properties provides suﬃciently accurate solutions while signiﬁcantly simplifying the solution from a mathematical perspective, as discussed in [9–11]. The available literature
concerning the thermal behavior of boundary layer ﬂows of viscoelastic ﬂuids is rather limited as reviewed next, hence the current contribution.
Early studies on thermal boundary layer ﬂows with nonNewtonian ﬂuids involve inelastic ﬂuids as in Massoudi [12], who
studied the heat transfer of a power law ﬂuid in the laminar
boundary layer ﬂow over a wedge. Power law ﬂuids were also considered by Khan et al. [13] who utilized the integral von KármánPohlhausen approach to study the heat transfer in ﬂows over circular cylinders, but restricted their analysis to suﬃciently low
Reynolds numbers to allow laminar ﬂow in the whole domain:
they reported drag reduction and heat transfer enhancement due
to shear-thinning. Shokouhmand and Soleimani [14] investigated
the heat transfer over a moving ﬂat plate of power-law ﬂuids
while considering arbitrary injection/suction and viscous dissipation. They showed the large impact of viscous dissipation in heat
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fer in the presence of viscous dissipation, and showing its strong
impact in various different canonical ﬂows, such as pipe [15], ﬁxed
parallel plates [16], and Couette–Poiseuille ﬂows [17] involve again
the power law ﬂuid, i.e., a ﬂuid model devoid of elastic effects. Regarding the thermal boundary layer ﬂows of viscoelastic ﬂuids over
ﬂat surfaces, Olagunju [18] investigated the speciﬁc case of FalknerSkan ﬂows with constant wall temperature and viscous dissipation
for the ﬁnitely extensible nonlinear elastic constitutive equation
with Peterlin’s closure (henceforth called FENE-P model). In his investigation, although he only used the ﬂuid shear stress in the approximate momentum equation, the corresponding polymer contribution was affected by his neglect of the full advection terms in
the simpliﬁed constitutive equation calculating the conformation
tensor. An increase in the elasticity level reduced the skin friction
and enhanced heat transfer.
More recently, Benzi et al. [19,20] studied the thermal laminar
boundary layer ﬂow of Oldroyd-B and FENE-P ﬂuids, respectively,
again for a constant wall temperature but without considering viscous dissipation effects, and for other forms of Peterlin’s functions
[21,22]. Their solution was also an approximate similarity solution
[23–28] that depended on local Reynolds and Weissenberg numbers. Benzi et al. [20] used the shear component of the conformation tensor to compute a position-dependent effective viscosity, but the advection term of the conformation tensor considered
by Benzi et al. [20] lead to some unphysical results of their effective viscosity near the free stream region. To ﬁx that, they used an
elaborate mathematical simpliﬁcation to obtain the physical solution. Although they could obtain the peak values of polymer stress,
they used different polymer characteristics in their simulations and
could not precisely calculate the polymer stresses near the wall,
which effectively prevents the use of their solution for validation
purposes. It is worth mentioning that neither Olagunju [18] nor
Benzi et al. [20] investigated in a complete form the effect of elasticity on thermal layer thickness and in addition they did not investigate the thermal case with imposed wall heat ﬂux. It is also
noteworthy that there are also some other analytical studies about
the effect of viscoelasticity and viscous dissipation on heat transfer
of viscoelastic ﬂuid described, for instance by the simpliﬁed form
of the Phan-Thien–Tanner constitutive equation (PTT) as in fullydeveloped pipe [29] or channel ﬂow [30] for which a complete analytical solution can be obtained without the need for simpliﬁcations on account of the simpler geometries. Such fully-developed
solutions can actually be adapted for some forms of the FENE-P
model following the idea of Oliveira [31], but their fully-developed
nature and ensuing simplicity makes them somehow out of scope
for the present study.
Since we are dealing with ﬂuid ﬂows in the liquid phase,
the momentum equation is uncoupled from the energy equation
through the assumption of temperature independent ﬂuid properties, the main issue in the investigation of heat transfer of viscoelastic ﬂuids is essentially the accurate solution of the ﬂow
governing equations. To obtain the appropriate solution a large
Reynolds number (Re) is required and Re/W i  1 is also veriﬁed,
where Wi is the Weissenberg number deﬁned as the ratio of elastic
over viscous forces. These conditions were reported by Rajagopal
et al. [32] in their investigation of Falkner-Skan ﬂows of second order ﬂuids. In addition, Olagunju [18,33] found that the approximate
similarity solution of laminar boundary layer ﬂow of FENE-P ﬂuid
remains dependent on local coordinates, in contrast to the corresponding approximate similarity solution for Newtonian ﬂuids, except in the limit of low elasticity behavior [34].
While studying boundary layer-type ﬂows of viscoelastic ﬂuids,
Parvar et al. [35–37] observed that Olagunju [18,33] had neglected
some non-negligible terms in his ﬁnal simpliﬁed constitutive equation that distorted the prediction of some polymer stress components and could affect velocity proﬁles at large elasticity, while

Nomenclature
Latin letter
Br
Brinkman number (-)
Ci
dimensionless coeﬃcients (-)
Ci j
conformation tensor (-)
cp
speciﬁc heat (Jkg−1 K−1 )
f(Ckk )
Peterlin function (-)
f e (L )
second scalar function of L (-)
fx , fy
expansion/contraction factors of the mesh (-)
G
similarity function of momentum (-)
hx
local convection coeﬃcient (W.m−2 .K−1 )
K
similarity function of Peterlin function (-)
L
dumbbell maximum extensibility (-)
L
length of the ﬂat plate (m), cf. Figure 1
nx ,ny , nz number of grid points in the x, y, z directions (-)
Nu
Nusselt number (-)
P
pressure (Pa)
Pr
Prandtl number (-)
qw
constant wall heat ﬂux (W.m−2 )
Re
Reynolds number (-)
|S |
norm of the strain rate tensor (s−1 )
Si j
strain rate tensor (s−1 )
T
temperature (K)
Tw
constant wall temperature (K)
T∞
temperature of free stream ﬂow (K)
u,v,w
velocity in streamwise, normal, and spanwise directions (m.s−1 )
ui
velocity vector (m.s−1 )
U∞
free stream ﬂow velocity (m.s−1 )
Wi
Weissenberg number (-)
xi
the ith space coordinate (m)
x, y
streamwise and transverse/cross-stream coordinates (m)
Greek letter

α
ﬂuid thermal diffusivity (m2 .s-1 )
∗
α
energy partitioning coeﬃcient (-)
βp
ratio of kinematic viscosities (-)
δi j
Kronecker delta
δu
dynamic boundary-layer thickness (m)
δT
thermal boundary-layer thickness (m)
x,y, z grid spacing in the x, y, z directions (m)
η
dimensionless cross-stream coordinate (-)
θ
dimensionless temperature (-)
λ
relaxation time of polymer (s)
ρ
ﬂuid density (kg.m−3 )
τi j
total stress tensor (Pa)
τiPj
polymer stress tensor (Pa)
S
τi j
solvent stress tensor (Pa)
ν0
the zero-shear rate kinematic viscosity (m2 .s−1 )
υp
polymer kinematic viscosity (m2 .s−1 )
υs
solvent kinematic viscosity (m2 .s−1 )
ψ
the stream function (m2 .s−1 )
Subscripts and superscripts
[s]
refers to solvent
[ p]
refers to polymer
x
refers to local value
L
refers to whole plate
∞
refers to free stream
transfer, especially when velocity gradients are large, which can
cause a reversal of the wall heat ﬂux and substantial variations in
Nusselt number. Other additional analytical works on heat trans2
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Fig. 1. Schematics of the ﬂat plate ﬂow with deﬁnitions of dynamic and thermal boundary layer thicknesses and coordinate system.

reducing the range of validity of his solution. The more precise
simpliﬁcations of the constitutive equation by Parvar et al. [35–
37] for the planar jet and boundary layer ﬂows allowed for improved and more complete solutions that remained valid up to
larger Weissenberg numbers than in Olagunju [18] and form the
basis of the current contribution. In the present study, similar to
Olagunju [18,33] and Benzi et al. [19,20], again only the total ﬂuid
shear stress is considered in the ﬁnal simpliﬁed approximate momentum equation, but the more relevant advection terms of the
conformation tensor evolution equations are considered and the
equations derived are for general Peterlin functions. Nevertheless,
the numerical results presented pertain to a speciﬁc set of Peterlin functions for better understanding and to facilitate comparison with Olagunju’s solution [18,33]. In addition to a more accurate thermal solution for the constant wall temperature condition,
the case for a constant wall heat ﬂux is included here and in both
cases due account is taken of stress work effects on the thermal
energy equation. These are necessary because polymers solutions
are typically more viscous than the (single) Newtonian solvent solutions.
The main aim of the present work is to obtain a semi-analytical
solution to study and improve our understanding of the thermal boundary layer characteristics of viscoelastic polymer solution ﬂows. In particular, this result will assist us to investigate the
combined effects of viscoelasticity and viscous dissipation on heat
transfer characteristics as for Newtonian ﬂuids [40,41]. The semianalytical solution is also a useful tool for validation purposes and
to benchmark results when developing computational codes for
viscoelastic ﬂuid ﬂow and heat transfer.
This work starts with the planar laminar boundary layer ﬂow
solution of Parvar et al. [37] for FENE-P ﬂuids, which was also veriﬁed against predictions by the RheoFoam toolbox of the freeware
OpenFoam code [38,39] and proceeds to the corresponding thermal boundary layer ﬂow problem through the solution of the energy equation.
After presenting the ﬂow setup and coordinate system in
Section 2, the full set of governing equations are presented in
Section 3, then the assumptions and corresponding simpliﬁcations
for each ﬂow case are discussed in Section 4, leading to the ﬁnal
set of simpliﬁed equations. The numerical methods used to solve
them are given in Section 5 and their results and discussion are
the subject of Section 6.

and temperature (T∞ ) ﬂows over a thin motionless semi-inﬁnite
ﬂat plate of length L, which is either at a constant temperature
(Tw ) or subject to a constant wall heat ﬂux (qw ). The dynamic and
thermal boundary-layer thicknesses are δu and δT , respectively. The
origin of the coordinate system is located at the plate leading edge,
with x, y denoting the streamwise and transverse/cross-stream coordinates, respectively. No-slip and no temperature jump boundary conditions are imposed at the wall. The ﬂuid velocity increases
with wall distance across the boundary layer and the temperature varies according to thermal conditions with both approaching asymptotically the free-stream velocity and temperature values
[38,39].
The dynamic boundary-layer thickness (δu ) is deﬁned as the
transverse distance from the wall to a location where the local
streamwise velocity equals 99% of the free stream velocity. To deﬁne the thermal boundary layer thickness, it is necessary to introduce ﬁrst a dimensionless temperature θ which depends on the
wall thermal boundary conditions as explained in Section 3.2. In
any case, the thermal boundary layer thickness (δT ) is deﬁned as
the transverse distance from the wall to the location of |θ (η )| =
0.01 (negative and positive values of θ may exist for some cases
with viscous dissipation), where η is an adequate dimensionless
cross-stream coordinate yet to be deﬁned.
3. Governing equations
To describe the rheology of the viscoelastic ﬂuids the ﬁnitely
extensible nonlinear elastic model with Peterlin’s closure (FENEP) [9,42] was adopted. This kinetic theory based constitutive equation is used for dilute polymer solutions and provides the main ingredients of viscoelasticity such as memory effects, shear-thinning
behavior, shear-dependent normal stresses and bounded elastic
stresses. Although the original FENE-P model depends on temperature, it is assumed that temperature variations are small enough to
consider a simpler temperature independent version of the FENE-P
model [9–11].
The governing equations are presented next in Einstein’s notation. The conservation of mass for incompressible ﬂuids is

∂ uk
= 0,
∂ xk

(1)

and the Cauchy equation is written as



∂ ui
∂ ui
ρ
+ uk
∂t
∂ xk

2. Flow setup



=−

∂ P ∂ τik
+
,
∂ xi ∂ xk

(2)

where ui is the velocity vector, P is the pressure and ρ is the ﬂuid
density. The ﬂuid total extra stress τi j is given by

Fig. 1 shows the schematics of the two-dimensional laminar
thermal boundary layer ﬂow over a ﬂat plate under conditions
of zero pressure gradient. A free stream of uniform velocity (U∞ )

τi j = τisj + τipj ,
3

(3)
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the sum of the Newtonian solvent stress (τisj ) with the polymer
stress

p
(τi j ).

the polymer stress contribution multiplied by the energy partitioning coeﬃcient α ∗ , and an additional term on the right-hand-side,
one could also consider the effects of the energy stored elastically
as internal energy. This elastically stored energy would not contribute to temperature changes but could be released in other ﬂow
locations, i.e., different from the locations where energy is stored.
Sarti and Esposito [53] have experimentally shown that for
some polymer melts (and naturally less so for dilute polymer solutions), only the viscous dissipative term matters when we are well
above the glass temperature and therefore α ∗ = 1. Peters and Baaijens’ [52] calculations showed the negligible impact of the need to
account for both elasticity effects unless the Weissenberg number
becomes very high and even then those effects are not very intense. However, under very high Weissenberg number ﬂow conditions the approximate dynamic boundary layer ﬂow solution, upon
which this thermal solution is based, breaks down. In conclusion,
the thermal energy Eq. (9) used here is adequate for the range of
validity of this work, to be discussed in the results section, which
does not extend to very high Weissenberg number ﬂows. Nevertheless, note that this form of the energy equation was also utilized by Wachs and Clermont [54] to study heat transfer in ﬂows
at large Weissenberg numbers and Pimenta and Alves [11] in developing the RheoFoam toolbox of OpenFoam [40,41].

The Newtonian solvent stress tensor is written as

τ = 2ρυs Si j ,
s
ij

(4)

where υs is its kinematic viscosity and Si j is the rate-of-strain tensor deﬁned by

1
Si j =
2




∂ ui ∂ u j
+
.
∂ x j ∂ xi

(5)

The polymer stress tensor is given by the FENE-P model, here
written as

τipj =


ρυp 
f (Ckk )Ci j − fe (L )δi j ,
λ

(6)

where υp is the zero shear rate polymer kinematic viscosity coeﬃcient, λ is the relaxation time, δi j is the identity tensor, Ci j is
the dimensionless conformation tensor, f (Ckk ) is a scalar function
known as Peterlin’s function, that depends on the trace of the conformation tensor and on the square of the maximum normalized
dumbbell extensibility (L2 ) and fe (L ) is a second scalar function of
L. Several variants of the FENE-P model are presented in the literature, however, by considering L2  3 they essentially provide identical results. Three of those models are given by

f (Ckk ) =

L2

L2
and fe (L ) = 1,
− Ckk

(7-a)

f (Ckk ) =

L2

L2
L2
and fe (L ) = 2
,
− Ckk
L −3

(7-b)

f (Ckk ) =

L2 − 3
and fe (L ) = 1.
L2 − Ckk

3.1. The simpliﬁed governing equations
The procedure of simplifying the governing equations for
isothermal boundary layer type ﬂows of FENE-P ﬂuids was carried out in detail by Parvar et al. [35–37]. Therefore, in the following, those steps are brieﬂy summarized and adapted to include
the simpliﬁcation of the thermal energy equation.
The momentum equation in the streamwise direction (x) and
the energy equation are simpliﬁed considering that the streamwise gradients of stress and heat ﬂux are negligible in comparison
s /∂ x << ∂ τ s /∂ y, ∂ τ p /∂ x <<
to the transverse gradients, i.e., ∂ τxx
xx
xy
p
∂ τxy
/∂ y, and ∂ 2 T /∂ x2 << ∂ 2 T /∂ y2 . Furthermore, the analysis of
the y-momentum equation leads to negligible ∂ p/∂ y, and since the
ﬂow of interest to this work has a free stream with d p∞ /dx = 0,
there is no need to consider further the pressure gradients and to
solve the y-momentum equation.
The zero-shear rate kinematic viscosity (ν0 ) of the solution is
the sum of the solvent and polymer kinematic viscosities deﬁning
the following ratio of viscosities (βp ) as

(7-c)

The ﬁrst set of functions is considered as the original form, but
was modiﬁed by Bird et al. [42] who used Eq. (7-b) as discussed
in Beris and Edwards [8]. The third variant has also been used in
particular to study turbulent ﬂows of polymer solutions such as in
direct numerical simulations [43–46], and in turbulence modeling
for large eddy simulations [47,48] and Reynolds-averaged Navier–
Stokes simulations [49–51]. In the present investigation the mathematical formulations are general and independent of the set of
functions, but the presented numerical results are for the third
variant (Eq. (7-c)).
In kinetic theory based constitutive equations the connector
force within the dumbbells depends on ﬂuid temperature, but its
inﬂuence is null for isothermal ﬂows and negligible if the temperature variation is not too large. Also the relaxation time and viscosity coeﬃcients of the polymer may depend on temperature, especially for temperatures that are within 100 K of the glass temperature, but all these are excluded from our analysis.
To close the polymer model, the conformation tensor is described by the following evolution equation


∂ Ci j
∂ Ci j
∂uj 1 
∂ ui
+ uk
= C jk
+ Cik
−
f (Ckk )Ci j − fe (L )δi j
∂t
∂ xk
∂ xk
∂ xk λ

βp =



∂T
∂T
+ uk
∂t
∂ xk



=



∂
∂T
∂ ui
k
+ τik
,
∂ xk ∂ xk
∂ xk

(10)

At this stage it is beneﬁcial to introduce the Reynolds number
(ReL ) of the plate,

ReL =

U∞ L

ν0

,

(11)

and the Weissenberg number (W iL ),

(8)

W iL =

Finally, the general form energy equation, is

ρ cp

νp
νp
=
.
νs + νp ν0

λU∞
L

,

(12)

where U∞ is the free stream velocity and L is the length of the ﬂat
plate. The local coordinate x will also be used later as a characteristic length scale.
In the 2D planar boundary layer ﬂow continuity is immediately
enforced by the introduction of the stream function ψ

(9)

in which T is the temperature, k is the thermal conductivity, c p
is the speciﬁc heat and ρ is density. The second term on the
right-hand side of Eq. (9) is the viscous dissipation term that partially accounts for entropic elastic effects of the polymer and therefore contributes to temperature changes (Peters and Baaijens [52]).
Through the split of the total ﬂuid stress into solvent and polymer contributions on the last term on the right-hand-side, with

u=

∂ψ
∂ψ
, v=−
,
∂y
∂x

(13)

which, upon substitution into the x-momentum balance and considering steady state ﬂow conditions, leads to the following simpli4
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∂ψ
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Summing the three normal components gives the trace of conformation tensor Ckk



∂ 2ψ
∂ψ
∂ 2ψ
−
∂ x∂ y
∂x
∂ y2
 3 
βp υ0 ∂ ( f (Ckk )Cxy )
∂ ψ
= (1 − βp )υ0
+
,
λ
∂y
∂ y3



Ckk = fe (L )

(14)

where the solvent and polymer shear stresses have been substituted by their deﬁnitions in Eqs. (4) and (6). The variations of Cxy
and f (Ckk ) from the conformation tensor equation are required to
get a closed form solution.
The validity of the boundary layer approximation in the momentum equation requires large Reynolds number ﬂows. Additionally, since both shear stresses were kept in the equation, there is
no restriction on the Weissenberg number, as discussed in Parvar
et al. [37].
An order of magnitude analysis of the evolution equation for
the conformation tensor was also carried out by Parvar et al.
[37] for this ﬂow. As discussed there in detail, by considering the
velocities through the stream function, and assuming ∂ ψ /∂ x <<
∂ ψ /∂ y and further assuming the Weissenberg number to be suﬃciently low that the normal components of the conformation tensor are much larger than the shear components (at rest Cxx = Cyy =
Czz ∼
= 1 and Ci j (i= j ) =0 (to ensure null deviatoric stress)), the simpliﬁed evolution equations for the components of the conformation
tensor for steady-state ﬂow become

∂ 2ψ
∂ 2ψ
−2λCxx
− 2λCxy
+ f (Ckk )Cxx = fe (L ),
∂ x∂ y
∂ y2
2λCyy

−λCyy

∂T
∂T
u
+v
∂x
∂y

= f e (L )

(23)



k
=
ρ cp



∂ 2T
∂ y2



1
+
ρ cp




∂u
.
τxy
∂y

(24)

(25)

where α is the ﬂuid thermal diffusivity (α = k/(ρ c p )).
3.2. Transformed governing equations

(18)

Inspired by the self-similarity of the corresponding approximate
solution for Newtonian ﬂuids [38,39], which only depends on the
similarity variable (η ), the above governing equations can be further manipulated to facilitate their numerical solution as originally
done by Olangunju [18,33]. However, as discussed in detail there
and in Parvar et al. [35–37], the FENE-P solution depends not only
on η but also on x. Hence the similarity variables to be used are η
and function G(η, x ) deﬁned as

η=






2
2
f (Ckk ) 2λ ∂∂x∂ψy + f (Ckk ) + 2λ2 ∂∂ yψ2



2 
2
f (Ckk ) f (Ckk )2 − 2λ ∂∂x∂ψy

f e (L )



 ,
2
2λ ∂∂x∂ψy + f (Ckk )

Czz =

f e (L )
,
f (Ckk )

Cxy =

λCyy ∂∂ yψ2
λ fe (L ) ∂∂ yψ2

 .
=
2
f (Ckk )
f (Ckk ) f (Ckk ) + 2λ ∂∂x∂ψy

U∞ y
, G (η , x ) =
2ν0 1/
2
x

ψ
1
2U∞ ν0 x /2

.

(26)

The ﬂow streamwise and normal velocities are obtained from
their deﬁnitions, as

2
,

u = U∞ G (η, x ),

(19)

v=

Cyy =

2

.



2
 2 
υ0 ∂ 2 ψ
∂ψ ∂ T ∂ψ ∂ T
∂ T
−
=α
+
∂y ∂x
∂x ∂y
c p ∂ y2
∂ y2
⎛
⎞
2
(1 − β p ) f (Ckk ) + 2λ(1 − β p ) ∂∂x∂ψy + β p fe (L )
⎠


×⎝
2
f (Ckk ) + 2λ ∂∂x∂ψy

2



2 



fe (L ) + 2λCxy ∂∂ yψ2
2

2

In reality ﬂuid properties may depend on temperature, however the temperature variation is postulated to be small in the
present study, therefore thermodynamic and transport ﬂuid properties such as k and c p are assumed to be constant. Here it is also
assumed that the effect of the viscous dissipation term is nonnegligible since polymer-based ﬂuids are often reasonably viscous.
Expressing the total shear stress on the basis of solvent and
polymer quantities, and introducing the stream function and the
expression for Cxy , we arrive at the following form of the energy
equation

So, a restriction on the Weissenberg number is imposed by the
constitutive equation through the quality of its predictions of Ci j ,
as discussed later. Further manipulation provides the following algebraic equations for the components of Ci j which depends on the
ﬂow characteristics via the stream function, other Ci j components
and the trace of the conformation tensor (Ckk ) via the Peterlin function, which is obtained from Eq. (7-c).

f (Ckk ) − 2λ ∂∂x∂ψy



2
f (Ckk ) f (Ckk )2 − 4λ2 ∂∂x∂ψy



(17)

∂ 2ψ
+ f (Ckk )Cxy = 0.
∂ y2

Cxx = 





2
− 4λ2 ∂∂x∂ψy

tivity ﬂuid, the boundary layer approximations applied to the energy Eq. (9) reduce it to

(16)

f (Ckk )Czz = fe (L ),

2

For a steady state thermal boundary layer ﬂow ∂ 2 T /∂ x2 <<
∂ 2 T /∂ y2 as in a Newtonian boundary layer ﬂow. In addition, since
τxx ∂∂ ux << τxy ∂∂ uy and further assuming a constant thermal conduc-

(15)

∂ 2ψ
+ f (Ckk )Cyy = fe (L ),
∂ x∂ y

2
3 f (Ckk )2 + 2λ2 ∂∂ yψ2

(20)

ν0U∞ 
2x


η G ( η , x ) − G ( η , x ) ,

(27)

(28)

where the derivatives of G(η, x ) with respect to η are shown with
primes. Even though G(η, x ) depends on both η and x, to avoid an
excessively complicated solution and since its streamwise derivative is smaller than its cross-stream derivative, the former is here
assumed negligible ( ∂ G∂(ηx,x) ≈ 0 ), to allow a simpler differential
equation that is more easily solved numerically, as previously done
by Olagunju [18,33] and Parvar et al. [35–37,55].
Regarding the constitutive equation, the transformed Peterlin
function becomes also dependent on both η and x when using the

(21)
2

(22)
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similarity variables, as explained by Olagunju [18,33] and Parvar
et al. [35–37,55], and is here redeﬁned as

K (η, x ) = f (Ckk )

and by substituting Eqs. (26)–(29) and Eq. (37) into Eq. (25) the
ﬁnal transformed energy equation becomes



θ  − Pr θ G − Gθ 


(1 − β p )K − (1 − β p )W ix ηG + β p fe (L ) 2
+Brx
G =0
(K − W ix ηG )

(29)

in order to emphasize the local nature of the solution. Using any
of the Peterlin functions in Eq. (7-c) leads to the following third
order algebraic equation for K (η, x )
3

2

K + C0 K − W ix

2



2

2
ηG K + C1 G2 + C2 ηG = 0

which also depends on a local Brinkman number based on the local temperature difference (T (x )) and here deﬁned as

(30)

√
P rU∞ 2
P rU∞ 2
P rU∞ 2 k Rex
Brx =
= √
=
√
c p T ( x )
c p 2qw x
c p k√2qRwe x

with dimensionless coeﬃcients



C0 =



3I − 3 f e ( L ) − L2
,
L2

fe (L )RexW ix 2
λ2 fe (L )U∞ 3 −1
x =−
,
2
ν0 L
L2




λ2 L2 + fe (L ) − 3I U∞ 2 −2
L2 + f e ( L ) − 3 I W ix 2
x

L2

To summarize, for the same ﬂow condition (steady boundary
layer ﬂow over a ﬂat plate with zero pressure gradient of viscoelastic FENE-P ﬂuids) we are solving two different and independent
thermal cases, the constant wall temperature case Eqs. (34)–(36)
and the constant wall heat ﬂux case Eqs. (37)–(39), for both problems always considering constant thermal ﬂuid properties. Each
thermal case has its own deﬁnition of the dimensionless temperature and Brinkman number leading to a speciﬁc form of the simpliﬁed thermal energy equation, which are more complex than
for the corresponding Newtonian ﬂuid cases (cf. [38,39,56]) on account of the ﬂuid viscoelasticity. As mentioned in the introduction,
a more accurate version of the simpliﬁed constitutive equation is
used in this work than originally by Olagunju [18,33] leading to
improved predictions of the stress tensor and this has implications
both on the velocity proﬁle, but especially upon the stress work
term in the thermal energy equation, which differs from that in
Olagunju [18].

=

L2

.

(31)

where I = 1 for the Peterlin function of Eq. (7-c), and I = 0 for (7a) and (7-b).
With further mathematical manipulation (see [37] for details),
the following ﬁnal form of the momentum equation is obtained

G = − 

GG + β p fe (L )G

(W ixC4 G +2C3 (C2 −W i2x K ))

(K−W ix ηG )2C4

C K+2G 2 (C1 +η2 (C2 −W i2x K ) ) )
(1 − β p ) + β p f e (L ) ( 4
2
(K−W ix ηG ) C4

with



C3 = ηG2 , C4 = 3K 2 + 2C0 K − W i2x



ηG

2 

(32)

(33)

4. Numerical solution of the governing equations

The numerical solution of Eqs. (30) and (32) is explained in the
next Section.
Regarding the heat transfer equation, its normalization depends
on the imposed wall thermal boundary condition. Here we study
two popular boundary conditions in heat transfer, the constant
wall temperature (Tw ) and constant wall heat ﬂux (qw ), leading to
different deﬁnitions for the dimensionless temperature. For the former case, the constant wall temperature case, the dimensionless
temperature is deﬁned as

θ (η ) =

T (x, y ) − T∞
,
Tw − T∞

The simpliﬁed governing equations for the dynamic problem
are a third-order differential equation on G(η, x ) and an algebraic cubic equation for K (η, x ), the same equations as in Parvar et al. [37]. Consequently, they are solved numerically following the same procedure namely, the third-order differential equation is converted to a system of ﬁrst-order differential equations by
2
considering the following transformations, G1 = ∂∂ ηG2 , G2 = ∂∂ηG and
G3 = G(x, η ), alternatively written as

(34)

where T∞ is the temperature of the free stream ﬂow over the thin
motionless semi-inﬁnite ﬂat plate kept at a constant temperature
(Tw ). Substituting Eqs. (26)–(29) and Eq. (34) into Eq. (25) the ﬁnal
transformed energy equation becomes


θ  + PrGθ  + Br



(1 − β p )K − (1 − β p )W ix ηG + β p fe (L ) 2
G =0
(K − W ix ηG )

where P r is the Prandtl number (P r = υ0 /α ) and Br is the global
Brinkman number deﬁned as

P rU∞ 2
c p (Tw − T∞ )

(36)

For the latter case of the thermal ﬂow problem with a constant
wall heat ﬂux (qw ) the dimensionless temperature is deﬁned differently as

T (x, y ) − T∞
T (x, y ) − T∞
T (x, y ) − T∞
√
θ (η ) =
=
=

qw x 2
T ( x )
qw
2 υ0 x
√
k

U∞

d G1
= G ,
dη

(40)

d G2
= G1 ,
dη

(41)

d G3
= G2
dη

(42)

since ∂ G/∂ x = 0. First, the Cardan-Tartaglia formula [57,58] provides the real solution of the cubic algebraic equation. This solution must be physically correct, i.e., the normal components of the
conformation tensor must be positive, and its trace should lie between 3 (the value at rest) and the square of the maximum dumbbell extensibility (L2 ). Then, the system of differential equations
is numerically solved with a fourth-order Runge–Kutta procedure
coupled with a shooting method to apply the boundary conditions
[59,60].
The boundary conditions for the momentum equation of laminar ﬂat plate boundary layer ﬂow are [38,39]:

(35)

Br =

(39)

x

C1 = −
C2 =

(38)

G (x, ∞ ) → 1, G(x, 0 ) = G (x, 0 ) = 0.

(37)

(43)

For the thermal problem, the second-order differential equations on θ (x,η) (each thermal problem has its own equation) are
also solved with the fourth order Runge-Kutta method and the

k Rex
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same shooting method is used to apply the following two sets of
thermal boundary conditions:
(i) for the constant wall temperature

θ (x, 0 ) = 1, θ (x, ∞ ) = 0;

(44)

(ii) for the constant wall heat ﬂux

θ  (x, 0 ) = −1, θ (x, ∞ ) = 0.

(45)

5. Results and discussion
5.1. Veriﬁcation: Newtonian ﬂuids
The governing equations for the boundary layer ﬂow of the
viscoelastic ﬂuid reduce to those for a Newtonian ﬂat plate ﬂow
[38,39] for βp = 0 and this was used to verify the dynamic solution
in Parvar et al. [37], therefore only the energy equation is veriﬁed
next. In this work, similar to Parvar et al. [37] in terms of dynamics, the length of the computational domain was set to η = 10 following White [38], who showed that at η = 10 the ﬂow characteristics approach the boundary conditions at inﬁnity in his asymptotic analysis. The number of grid points used in our simulations
was 20 0 0 leading to a cell size η = 0.005, and the corresponding
numerical uncertainty is estimated to be below 0.001%. This was
assessed in a comparison of G and θ obtained in our mesh with
the corresponding values in a simulation with 40 0 0 grids points
and cell size η = 0.0025, where the relative difference was of
about 1 × 10−6 .
Fig. 2 (a) shows excellent agreement in the comparisons between the numerical values of dimensionless temperature from the
current solution and the literature for the constant wall temperature case and for Prandtl numbers (Pr) of interest in the context of
viscoelastic liquids [38].
The corresponding Nusselt number (Nu) variation, is deﬁned as


N ux =



hx x
,
k

(46)

where hx is the local convection coeﬃcient plotted in Fig. 2 (b).
The local convection coeﬃcient is deﬁned by Newton’s cooling law,
w
hx = ( Twq−T
), and the wall heat ﬂux is given by Fourier’s law at the
∞
wall, qw = −k( ∂∂Ty )y=0 . Further manipulation provides the following
expression for the local Nusselt number of the constant wall temperature case



 Rex

N ux = −θ  (0 )

2

.

Fig. 2. Characteristics of the thermal laminar boundary layer ﬂow of Newtonian
ﬂuid for a constant wall temperature: a) Variation of θ with Pr; b) Variation of
N ux
√
with Pr. Lines represent data from the present work and symbols represent
Rex
data from the literature [38,39].

(47)

The comparisons in Fig. 2 (b) include the effect of Prandtl number P r and show excellent agreement with the literature [39].
For the constant wall heat ﬂux (qw ) the wall temperature varies
with x and is part of the solution. Manipulation involving Newton’s
law of cooling and Fourier’s law at the wall leads to the local Nusselt number of

N ux =

1

θ (0 )

Rex
2

5.2.1. Validation: FENE-P ﬂuids
We start with a comparison between the approximate local solution and the results of a numerical solution of the full set of
governing equations using the RheoFoam toolbox of OpenFoam
[40,41], which is based on a ﬁnite volume method. The full numerical solution relies on the high-order resolution scheme CUBISTA
[61] for the advective terms of the momentum, energy and conformation equations and central differences for the diffusive terms.
The computational domain had a length 1.2L, divided into two
blocks: block I upstream the plate leading edge was 0.2L long,
block II along the plate had a length of L and the width of both
blocks was larger and set at 2.0L. In each block the non-uniform
computational grid had Nx × Ny × Nz cells in the x, y, z directions, respectively as given in Table 1 together with the expansion/contraction factors fx = ix+1 /ix and fy = iy+1 /iy and ratios
of mesh size over boundary layer thickness at some locations. As
reported by Parvar [37] the mesh with Nx × Ny =20 0×60 0 cells in

(48)

The comparison with the literature is again excellent, but is not
shown for conciseness. As expected, for the Newtonian ﬂuid case,
the ﬁnal solution is independent of the location (x).
5.2. FENE-P ﬂuids
In this section, we present results for the thermal solutions for
the FENE-P ﬂuid deﬁned with the third set of Peterlin functions,
Eq. (7-c).
7
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Table 1
Characteristics of the meshes used in the RheoFoam calculations for veriﬁcation.
The values of x and y listed pertain to the cells nearest the wall.
yx=0
,
δu

Block

Nx

Ny

Nz

fx

fy

xx=0
δu x = L

I
II

20
200

600
600

1
1

0.886
1.0116

1.0088
1.0088

0.0443,0.0051

x=L

x x = L
δu x = L

0.443

Fig. 4. Streamwise variation of the normalized thermal boundary layer thickness
(δT /x ) for βp = 0.1, L2 = 900, ReL =10×104 and W iL = 0.2. Comparison between the
present work (circles), Olagunju (squares), and RheoFoam (triangles) for the constant wall temperature problem with Pr=1 and Br=0 (closed symbols), Br=4 (open
symbols). The inset plots proﬁles for 5 × 104 ≤ Rex ≤ 7 × 104 .

present work with RheoFoam are good for these cases in which the
wall temperature is higher than the free stream temperature. As
shown, the present semi-analytical results can predict the normalized thermal boundary layer thickness more accurately than Olagunju’s, but this difference is small in terms of this physical quantity, maximum 1% relative error for the presented results, tending
to increase with viscous dissipation and ﬂow elasticity. For the case
with Br=4 viscous dissipation is suﬃciently strong to make the
ﬂuid near the wall warmer than the wall itself, therefore this thin
near wall layer of ﬂuid is cooled simultaneously by the wall and
by the free stream. Hence, and in relation to the negligible viscous
dissipation ﬂow, there is an inversion in the direction of the wall
heat ﬂux from positive to negative (cf. coordinate system in Fig. 1)
and consequently the Nusselt number deﬁnition leads to negative
values of N ux (Fig. 5 (b)). In the absence of viscous dissipation (cf.
Fig. 5 (a)), the disagreement in N ux between Olagunju’s work on
one side and RheoFoam and the present semi-analytical solution
on the other, is slight but it signiﬁcantly increases with the magnitude of the Brinkman number, leading to maximum 10% relative
error for Br = 4, as shown in Fig. 5 (b).
Before proceeding, it is important to discuss the characteristic
length scale used to deﬁne the Reynolds and Weissenberg numbers. As explained by Parvar et al. [37] the boundary layer thickness (δu ) is a more adequate characteristic length scale than x, but
δu is part of the solution making it more diﬃcult to quantify apriori, hence the use of Rex and W ix instead of Reδu and W iδu . Since
the numerical values of W ix are lower than the corresponding local values of W iδu one may be misled into thinking that the limit
of validity of the approximate solution corresponds to conditions
of low elasticity ﬂow, which is not the case. Indeed, for an appropriate assessment of the magnitudes of W ix and W iδu Fig. 6 plots
the variations of both quantities for the present ﬂows showing that
W iδu is at least one order of magnitude higher than W ix : for the
cases in Fig. 6 where 0.2 < W ix <1.0, one gets 13< W iδu <29 hence
corresponding to signiﬁcant elastic effects.
The previous work [37] observed that above W ix =0.2 to 0.3
the semi-analytical solution starts to be unable to describe the
complex variations of the conformation tensor components within
the boundary layer, but nevertheless it is still possible to predict
the dynamic boundary layer thickness, the velocity proﬁles and

Fig. 3. Normalized transverse temperature proﬁles at Lx = 0.2 for βp = 0.1, L2 =
900, Rex =2×104 and Wix =1.0. Comparison between the present work (circles), Olagunju (squares), and RheoFoam (triangles) for the constant wall temperature problem with Pr=1 and Br=0 (closed symbols), Br=4 (open symbols).

the second block was selected after an assessment of mesh independence using four grids 50 × 100, 100 × 300, 200 × 600,
and 400 × 1200. The discrepancy between the results of the normalized transverse u/U∞ velocity proﬁles of grids 200 × 600 and
400 × 1200 is below 0.05% (the number of cells in block I and
the expansion/contraction factors were consistently changed when
reﬁning/ coarsening grids).
A uniform velocity was imposed at the inlet boundary and a
zero gradient condition was set for all quantities at the outlet
boundary, while no slip conditions were considered at the ﬂat wall.
At the boundary immediately upstream the wall, within block I,
symmetry conditions were set. Finally, for the far-ﬁeld boundary
condition, i.e. the boundary opposite the wall, free stream velocity
conditions were imposed, both in blocks I and II.
The simulations were carried out for the Peterlin function of
Eq. (7-c) with βp = 0.1 and L2 = 900 and the results shown pertain
to x/L = 0.2, where the local Reynolds and Weissenberg numbers
(Rex and W ix ) deﬁned as per Eqs. (11) and (12), are Rex = 2 × 104
and Wix = 1.0, respectively. Fig. 3 compares the normalized transverse temperature proﬁles of the constant wall temperature problem with P r=1 and shows the excellent agreement between the
current solution and RheoFoam simulations in the absence (Br=0)
and with viscous dissipation effects (Br=4). The comparison with
Olagunju’s work shows some discrepancy which tends to increase
with viscous dissipation (Br=4) especially in regions where such
effects are stronger, as near the wall, leading to 3% relative error
compared with Rheofoam results. For higher elasticity (not shown
for conciseness), these differences will tend to increase.
Figs. 4 and 5 compare the streamwise variations of the normalized thermal boundary layer thickness (δT /x ) and of the Nusselt
number (N ux ), respectively obtained from the present study and
from RheoFoam for the same cases (βp = 0.1, L2 = 900, ReL =105
and W iL = 0.2, P r=1 for Br=0 and 4). The comparisons of the
8
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Fig. 5. Comparison between streamwise variation of the Nusselt number (N ux ) for βp = 0.1, L2 = 900, ReL =105 and W iL = 0.2 from the present work (circles), Olagunju
(squares), and RheoFoam (triangles) for the constant wall temperature problem with: (a) Pr=1 and Br=0 (closed symbols), (b) Pr=1 and Br=4 (open symbols). The inset in
(a) plots proﬁles for 5 × 104 ≤ Rex ≤ 7 × 104 .

tion). In both cases results are compared with data without viscous
dissipation (Br = 0).

(a ) Tw > T∞ (wall heating)
Transverse proﬁles of normalized temperature (θ ) at two different locations are shown in Fig. 7 (a),(b). By using the dimensionless transverse coordinate η, quasi-unique proﬁles are obtained at
low elasticity levels for each value of Br, which coincide with the
corresponding Newtonian proﬁles. However, by enhancing the elasticity level, small deviations from the low elasticity asymptote are
observed, associated with the simultaneous dependence of the solution on x which is proportional to ﬂow elasticity.
Since the wall is warmer than the free stream ﬂuid, viscous
dissipation corresponds to a positive Brinkman number (Br > 0 )
which increases the dimensionless temperature. For weak viscous
dissipation the maximum temperature is still at the ﬂat plate, but
the ﬂuid near the wall becomes warmer than for Br = 0. At a sufﬁciently high value of Br a local peak temperature within the ﬂuid
exceeds the wall temperature leading to an inversion of the wall
heat ﬂux and a thin layer of near wall warm ﬂuid is now simultaneously cooled by the wall and by the free stream. The critical
value of Br marking this transition (Brc ) corresponds to a zero-wall
heat ﬂux and, as shown in Fig. 7-(a) for a Newtonian ﬂuid at Pr = 1
we have Brc = 2. Brc increases with Pr, so that at Pr = 10 Brc = 6.79.
Increasing elasticity levels slightly increase the value of Brc , so that
at the maximum elasticity level in Fig. 7 (a) and (b) (W iL =0.1,
β p = 0.5, L=30) the values of the critical Br number are 2.1 and
7.05 for Pr = 1 and 10, representing increases of 4.5% and 3.5%
relative to the corresponding Newtonian values, respectively. As Br
further increases beyond Brc the peak temperature progressively
rises and its location moves away from the wall as the amount
of internally heated ﬂuid grows. The deviation of the dimensionless temperature for the highest elasticity condition from the corresponding Newtonian curve is 6% pertaining to BrL = 40. In addition, as elasticity is increased in the presence of viscous dissipation
the location of maximum θ slightly moves toward the wall.
Fig. 8 shows the streamwise variation of the compensated local Nusselt number (N ux / Rex ) displayed as a function of ﬂow
and ﬂuid characteristics. As expected, this quantity is constant for
ﬂows with vanishing elasticity, but as W iL and β p increase and L

Fig. 6. Streamwise variation of W ix (triangles and solid lines) and local W iδ (circles
and dashed line) for βp = 0.1, L2 = 900. and ReL =105 . Lines are a guide to the eye.

the friction coeﬃcient to within 5% for W ix of up to 5. Similarly,
for the thermal boundary layer, the semi-analytical solution is in
good agreement with the RheoFoam simulations in terms of dimensionless temperature proﬁle, thermal boundary layer thickness
and Nusselt number for W ix ≤5.
Finally, it is noteworthy to compare the computational cost of
the present approximate thermal solutions and of the corresponding RheoFoam simulations. The latter were carried out by a computer equipped with an Intel Xeon E5 processor with 12 MB L3
cache and Turbo Boost up to 3.9 GHz, with parallel processing using its 6 computer cores, which took approximately 5.0 hours to
complete. In contrast, the computational cost of the semi-analytical
solutions was about one second using a single core in the same
machine.
5.2.2. Thermal boundary layer ﬂow of FENE-P ﬂuids with constant
wall temperature
Without the presence of viscous dissipation the normalized
thermal behavior is the same regardless the ﬂuid is heating or
cooling, but since the current solution includes the stress work
contribution this section deals ﬁrst with wall heating followed by
wall cooling (designation based on the case with viscous dissipa-

decreases, the ratio N ux / Rex increases and varies quasi-linearly
along the plate (the ordinate is zoomed), but always tending to
the Newtonian value as Rex increases because simultaneously W ix
decreases on going downstream. It is also observed that as viscous
9
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Fig. 7. Normalized transverse temperature proﬁles at Rex = 2 × 104 and 8 × 104 as a function of local Reynolds and Weissenberg numbers, viscosity ratio and dumbbell
extensibility for constant wall temperature with (a) Pr=1, (b) Pr = 10. The inset plots proﬁles for 1≤ η ≤ 1.5.

ture minimum develops inside the thermal boundary layer (θ < 0)
and progressively moves towards the plate as Br becomes increasingly negative. This corresponds to a dimensional temperature inside the thermal boundary layer exceeding the free-stream temperature, therefore there is an inversion in the heat ﬂux far from the
wall, i.e. this near wall ﬂuid layer is simultaneously cooled by the
wall and by the free stream ﬂow. This critical Brinkman number
decreases signiﬁcantly in magnitude with P r so that, for example,
for Newtonian ﬂuids with P r = 10, Brc ∼
= −0.1. Regarding the effect of ﬂow elasticity, i.e., increasing W iL , βp , or decreasing L, a
slight weakening of the effects of viscous dissipation is seen, and
moves the location of the minimum temperature slightly towards
the wall. We also notice that for the highest viscous dissipation
tested (BrL = 40 ), the elasticity reduces by 10% the magnitude of
dimensionless temperature.
Fig. 11 (a),(b) show the corresponding effects of Pr, elasticity
and viscous dissipation on the Nusselt number, bearing in mind
that for Br = 0 the behavior is independent of whether the wall is
cooling or heating. As displayed, increasing elasticity levels and the
magnitude of the negative Br enhance heat transfer, regardless of
Pr and of whether Br is below or above Brc , which contrasts with
ﬁndings for the ﬂuid heating case. Here, the maximum deviation
from the Newtonian curves is 2%
Fig. 12 (a),(b) shows the effect of elasticity and viscous dissipation on thermal boundary layer thickness. As deﬁned in
Section 2 the threshold for the end of the thermal boundary layer
is the location where |θ (η )| = 0.01. When viscous dissipation is
weak θ varies monotonically and there is a single location which
satisﬁes the criterion. In contrast, for Br > Brc the temperature
θ changes sign and consequently there are now three locations
which match the threshold value as shown in Fig. 10 (a) and (b). In
this circumstance the location which is consistent with the physical concept of thermal boundary layer thickness is the one closest
to the free stream thermal condition.
Therefore, in this set-up and according to the strength of viscous dissipation we observed two different behaviors for variation
of thermal boundary layer thickness. At subcritical Brinkman numbers (−2 < Br < 0 ) and for P r = 1 enhancing elasticity increases
the thermal boundary layer thickness. For P r ≥ 1 there is synergy

dissipation increases, the dependence of the ratio N ux / Rex on Rex
weakens. For these cases, the compensated Nusselt number can be
increased by elasticity by up to 6%.
The interaction between viscous dissipation and elasticity depends on whether Br is below or above Brc , as shown in Fig. 8: for
Br ≤ Brc enhancing elastic effects increases N ux whereas for Br >
Brc increasing ﬂow elasticity reduces the absolute value of N ux , i.e,
not only there is a reversal in the heat ﬂux direction but its magnitude also decreases. We also see that these variations increase with
Pr but in inverse proportion to Br, meaning that by increasing Br
beyond its critical number Brc , increasing elasticity decreases the
magnitude of N ux .
The streamwise variation of the thermal boundary layer thickness (δT /x ) is plotted in Fig. 9 as a function of W iL , βp and L, respectively. At low Weissenberg numbers δT /x collapse to the Newtonian ﬂow curve, but by increasing W iL , βp , or decreasing L, at
the same value of Br, the boundary layer thickness decreases (under the conditions of this analysis δu does not depend on Br). Nevertheless, by increasing Br more heat is generated inside the thermal boundary layer, hence thickening it. Here, the maximum reduction of the thermal boundary layer thickness by elasticity is 4%.

(b ) Tw < T∞ (wall cooling)
In this section, the effects of elasticity and viscous dissipation
are studied for a ﬂow over a cold ﬂat plate surface. In all cases the
ﬂuid will be warmer than the wall and there will be cooling at the
surface.
Considering the temperature normalization of Eq. (34), the dimensionless temperature will vary from 1 at the wall to 0 outside the thermal boundary layer, as shown in the plots of Fig. 10.
For this thermal condition, viscous dissipation means a negative
Brinkman number and as Br progressively increases in magnitude
the proﬁles of dimensionless temperature shift downward (become
more negative) as shown in Fig. 10 (a) and (b). For P r = 1 in
the range of −2 < Br < 0 for Newtonian ﬂuids, the loci of maximum and minimum dimensionless temperatures do not change,
but when the magnitude of Br exceeds a critical value, Brc = −2
for Newtonian ﬂuids with Pr = 1, viscous dissipation becomes so
intense near the wall region that a local dimensionless tempera10
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√
Fig. 8. Streamwise variation of the compensated Nusselt number (N ux / Rex ) under various ﬂow conditions for constant wall temperature with (a)-(c) Pr=1, and (d)-(f)
Pr = 10.
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Fig. 9. Streamwise variation of the normalized thermal boundary layer thickness (δT /x ) under various ﬂow conditions for constant wall temperature with (a) Pr=1, (b)
Pr = 10. The inset plots proﬁles for 4×104 ≤ Rex ≤ 5 × 104 .

Fig. 10. Normalized transverse temperature proﬁles at Rex = 2 × 104 and 8 × 104 as a function of Reynolds number, Weissenberg number, viscosity ratio and dumbbell
extensibility for constant wall temperature with (a) Pr=1, (b) Pr = 10.

As shown in Fig. 13(a) and (b), when setting Brx = 0 and elastic effects are weak, all solutions collapse onto the classical Newtonian solution. As viscous dissipation is increased, the dimensionless temperature proﬁles shift upward, because the ﬂuid is warmer
across the boundary layer. For this case of ﬂuid heating at the
wall the maximum dimensionless (and dimensional) temperature
is always at the ﬂat plate surface and the minimum temperature
is in the free stream ﬂow, regardless of the value of Brx and all
the heat has to be removed from the boundary layer by the freestream. Increasing Brx , with all other quantities ﬁxed, increases the
maximum value of the dimensionless temperature (at the wall).
The temperature proﬁles at different levels of elasticity (but constant BrL ) exhibit more separation from each other, i.e., the effect
of elasticity is enhanced by viscous dissipation, but with elasticity reducing the values of θ . Viscous effects are always attenuated
along the plate because of the way Brx varies with x for a constant wall heat ﬂux, according to Eq. (39), meaning that on going

between elasticity and viscous dissipation, so that increasing both
enhances heat transfer (the shear-thinning nature of viscosity leads
to sharper velocity variations near the wall). At larger Prandtl numbers, say P r = 10, elasticity reduces the thickness of the thermal
boundary layer in comparison with the corresponding Newtonian
variation, both below and above Brc . As discussed earlier the value
of Brc for P r = 10 is rather low (Brc ∼
= −0.1 ). The variation of the
normalized thermal boundary layer thickness due to elasticity is of
up to 10%.
5.2.3. Thermal boundary layer ﬂow of FENE-P ﬂuids with constant
wall heat ﬂux
(a ) qw > 0 (Fluid heating at the wall)
In this section the ﬂow is heated by a constant wall heat ﬂux.
For constant wall heat ﬂux cases the Brinkman number becomes
a local quantity (Brx ) rather than global as for the constant wall
temperature cases.
12
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√
Fig. 11. Streamwise variation of the compensated Nusselt number (N ux / Rex ) under various ﬂow conditions for constant wall temperature with (a),(b) Pr = 1 and (c),(d)
Pr = 10.

Fig. 12. Streamwise variation of the normalized thermal boundary layer thickness (δT /x ) under various ﬂow conditions for constant wall temperature with (a) Pr=1, (b)
Pr = 10.
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Fig. 13. Normalized transverse temperature proﬁles at Rex = 2 × 104 and 8 × 104 as a function of Reynolds number, Weissenberg number, viscosity ratio and dumbbell
extensibility for constant wall heat ﬂux with (a) Pr=1, (b) Pr = 10. The inset plots proﬁles for 1≤ η ≤ 1.3.

√
Fig. 14. Streamwise variation of the compensated Nusselt number (N ux / Rex ) under various ﬂow conditions for constant wall heat ﬂux with (a)-(c) Pr=1 and (b)-(d) Pr = 10.
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Fig. 15. Streamwise variation of the normalized thermal boundary layer thickness (δT /x ) under various ﬂow conditions for constant wall heat ﬂux with (a) Pr=1, (b) Pr = 10.

Fig. 16. Normalized transverse temperature proﬁles at Rex = 2 × 104 and 8 × 104 as a function of Reynolds number, Weissenberg number, viscosity ratio and dumbbell
extensibility for constant wall heat ﬂux with (a) Pr=1, and (b) Pr = 10.

stream. In the presence of viscous dissipation (BrL > 0 ) the Nusselt
number is reduced in comparison with BrL = 0, because the wall
heat ﬂux and by implication the wall temperature gradient, remain
ﬁxed therefore the temperature difference between the wall and
the free stream has to increase. Since there is an intense variation of the wall temperature along the plate, essentially due to the
varying Brx , the streamwise variation of N ux / Rex becomes quite
different and changes in slope relative to the case with negligible dissipation. As seen, elasticity increased the compensated Nusselt number by up to 5% and this deviation is further enhanced for
larger Wi numbers.
The variations of the dimensionless thermal boundary layer
thickness with ﬂow elasticity, Brinkman and Reynolds numbers are
shown in Fig. 15 (a),(b). As for the constant wall temperature cases,
the thermal boundary layer thickens with Br and thins with elasticity regardless of the Prandtl number. Here, elasticity effect reduces δT /x by up to 5%.

downstream the viscous dissipation generates less heat, and consequently the maximum dimensionless temperature θ (x, 0 ), happening on the ﬂat plate surface, is gradually reduced. To study the
interplay of both elasticity and viscous dissipation, it is more enlightening to compare the normalized temperature curves at two
different locations. For BrL = 2 and 20, the local Brinkman numbers are Brx = 4.5 and 45 at Lx = 0.2 with W ix = 0.5, and also
Brx = 2.24 and 22.4 at Lx = 0.8 with W ix = 0.125, as shown in the
upper and lower set curves in Fig. 13 (a),(b), respectively. As seen,
by weakening both the viscous dissipation and elasticity effects in
the streamwise direction the maximum deviation of θ between the
largest elasticity level and the Newtonian curves is reduced from
5% to 2%, and from 3% to 1.5% for BrL = 2 and 20 respectively.
Fig. 14 (a),(b) show the effects of elasticity and viscous dissipation on the Nusselt number. In the absence of viscous dissipation, elasticity enhances heat transfer, with the effect decreasing
along the plate because elastic effects decrease on going down-
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√
Fig. 17. Streamwise variation of the compensated Nusselt number (N ux / Rex ) under various ﬂow conditions for constant wall heat ﬂux with (a) Pr = 1, (b) Pr = 10. The
4
4
inset plots proﬁles for 4×10 ≤ Rex ≤ 5 × 10 .

Fig. 18. Streamwise variation of the normalized thermal boundary layer thickness (δT /x ) under various ﬂow conditions for constant wall heat ﬂux with (a) Pr=1, and (b)
Pr = 10. The inset plots proﬁles for 4×104 ≤ Rex ≤ 5 × 104 .

(b ) qw < 0 (Fluid cooling at the wall)

i.e., no viscous dissipation, the maximum non-dimensional temperature is at the wall, and its minimum is outside the thermal
boundary layer. However, by increasing the magnitude of the negative Brinkman number in the range of −2 < Brx < 0 and generating more heat by viscous dissipation, the ﬂuid warms and the
maximum dimensionless temperature gradually reduces. For more
negative Brinkman numbers the location of the maximum dimensionless temperature changes and takes place at the free stream
region. In this situation, the minimum dimensionless temperature
happens close to wall and its value decreases by decreasing BrL , indicating that the ﬂuid is simultaneously being cooled by the wall
and by the free stream ﬂow. It is also observed that the elasticity
causes the location of minimum dimensionless temperature shift
slightly toward the wall. As shown, viscous dissipation increases
the impact of elasticity upon the temperature proﬁles, i.e., for the
same value of BrL the curves of θ show a wider spread than at
larger values of |Brx |. The interaction of elasticity and viscous dissipation effects on normalized temperature is shown at two dif-

Cooling the thermal boundary layer at the wall with a constant heat ﬂux is discussed here considering viscous dissipation
and elastic effects. As for wall heating under constant wall temperature conditions, in the absence of viscous dissipation there is no
difference between ﬂuid cooling and heating at the wall in terms
of dimensionless quantities. Similarly, viscous dissipation leads to
a local deﬁnition of the Brinkman number (Brx ) as per Eq. (39).
However, and in contrast with the ﬂuid wall heating case, as
viscous dissipation becomes stronger than a critical value, a layer
of ﬂuid half way between the wall and the free stream becomes
warmer than the free stream ﬂuid so that such region starts to
be cooled both by the wall and by the free stream ﬂow. This is
seen in the dimensionless temperature proﬁles of Fig. 16 (a) and
(b) through the development of negative values of θ with the
corresponding lower peak approaching the wall as Br increases
in magnitude (Br < 0 for wall cooling, cf. Eq. (39)). At BrL = 0,
16
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ferent locations. For BrL = −2 and − 20 cases, the local Brinkman
numbers are Brx = −4.5 and -45 at Lx = 0.2 with W ix = 0.5, and
also Brx = −2.24 and -22.4 at Lx = 0.8 with W ix = 0.125, as shown
by upper and lower set curves, respectively in Fig. 16 (a),(b). As
shown, the effects of elasticity and of viscous dissipation are attenuated by increasing the distance from the leading edge of the ﬂat
plate, therefore the maximum variation of θ for the largest elasticity level and relative to the Newtonian curves decrease from 10%
to 3%, and from 20% to 7% for BrL = −2 and − 20, respectively.
Fig. 17 (a),(b) conﬁrm that the effect of elasticity on Nusselt
number depends also on the viscous dissipation magnitude. As
displayed for P r=1 and BrL = −2 in Fig. 17 (a), the Nusselt number decreases in the streamwise direction and increases with ﬂow
elasticity in this range. However, by enhancing viscous dissipation,
as measured by BrL = −20, the Nusselt number changes sign (cf.
its deﬁnition in Eq. (48)) and its absolute value now increases in
the streamwise direction. Increasing ﬂow elasticity also slightly increases the absolute value of Nu, as shown in Fig. 17 (b) for P r=10.
Looking at the variation of the absolute value of the compensated
Nusselt number, it is observed that increasing elasticity always enhances heat transfer: this is seen as an increment in |N ux / Rex | of
up to 8% and 3% for BrL = −2 and − 20, respectively.
Fig. 18 (a),(b) displays the corresponding effects on the thermal
boundary layer thickness variation. As shown, the thermal boundary layer thickens with viscous dissipation, whereas ﬂow elasticity
has the opposite effect. Here, the elasticity effect leads up to 10 %
decrement of (δT /x ).

and decreases non-linearly along the plate towards the Newtonian
constant value. In any case it is worth noting that for all cases
studied, larger viscous dissipation strengthens the elasticity effect.
The effects of viscous dissipation and elasticity on the variations
of the thermal boundary layer thickness (δT /x ) are also presented.
At low elasticity δT /x follows the corresponding Newtonian behavior, but on increasing elasticity levels the thermal boundary layer
thins by up to 10% for the cases studied. In contrast, the enhancement of viscous dissipation thickens the thermal boundary layer,
especially for Brinkman numbers above the critical value at which
the temperature inside the boundary layer exceeds the wall temperature or the free-stream temperature.
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