
Numerical and Analytical Studies of

Two-Dimensional Electro-Osmotic �ows of

Viscoelastic �uids

A.M. Afonso1, F.T. Pinho2 and M.A. Alves1

1 Departamento de Engenharia Química, CEFT, Faculdade de Engenharia da
Universidade do Porto, Portugal, {aafonso, mmalves}@fe.up.pt

2 Departamento de Engenharia Mecânica e Gestão Industrial, CEFT, Faculdade
de Engenharia da Universidade do Porto, Portugal, fpinho@fe.up.pt

A.M. Afonso, F.T. Pinho and M.A. Alves AERC 2009, Cardi�, UK 1 / 21



Outline

1 Introduction

Electro-Osmotic Flow (EOF): Theory

2 Governing Equations

EOF of Viscoelastic Fluid

3 Analytical Solutions for Channel �ows

Newtonian �uids

Viscoelastic �uids

4 Numerical Solutions

Channel �ows

Complex geometries

5 Conclusions

A.M. Afonso, F.T. Pinho and M.A. Alves AERC 2009, Cardi�, UK 2 / 21



Outline

1 Introduction

Electro-Osmotic Flow (EOF): Theory

2 Governing Equations

EOF of Viscoelastic Fluid

3 Analytical Solutions for Channel �ows

Newtonian �uids

Viscoelastic �uids

4 Numerical Solutions

Channel �ows

Complex geometries

5 Conclusions

A.M. Afonso, F.T. Pinho and M.A. Alves AERC 2009, Cardi�, UK 2 / 21



Outline

1 Introduction

Electro-Osmotic Flow (EOF): Theory

2 Governing Equations

EOF of Viscoelastic Fluid

3 Analytical Solutions for Channel �ows

Newtonian �uids

Viscoelastic �uids

4 Numerical Solutions

Channel �ows

Complex geometries

5 Conclusions

A.M. Afonso, F.T. Pinho and M.A. Alves AERC 2009, Cardi�, UK 2 / 21



Outline

1 Introduction

Electro-Osmotic Flow (EOF): Theory

2 Governing Equations

EOF of Viscoelastic Fluid

3 Analytical Solutions for Channel �ows

Newtonian �uids

Viscoelastic �uids

4 Numerical Solutions

Channel �ows

Complex geometries

5 Conclusions

A.M. Afonso, F.T. Pinho and M.A. Alves AERC 2009, Cardi�, UK 2 / 21



Outline

1 Introduction

Electro-Osmotic Flow (EOF): Theory

2 Governing Equations

EOF of Viscoelastic Fluid

3 Analytical Solutions for Channel �ows

Newtonian �uids

Viscoelastic �uids

4 Numerical Solutions

Channel �ows

Complex geometries

5 Conclusions

A.M. Afonso, F.T. Pinho and M.A. Alves AERC 2009, Cardi�, UK 2 / 21



Electro-Osmotic Flow (EOF)
a classical electrokinetic phenomena

Electro-Osmotic Flow (EOF)[1]

is the motion of the liquid adjacent to a charged surface due to an

externally imposed electric �eld.

[1]A.V. Delgado, Interfacial Electrokinetics and Electrophoresis, (New York: Marcel Dekker, 2002), pp 8.
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Electro-Osmotic Flow (EOF)
Surface charge

Surface charge:
Solution of ions

Overall charge neutrality

Electric Double Layer (EDL):

Mobile di�usive layer

Immobile layer (Stern Model)

Debye layer: λD = 1
κ =

√
εkBT

2noe2z2

Electro-Osmotic Velocity:

Apply an external potential
Electric force F = ρeE

Viscous forces drag the solution.

 

 

Negatively charged suface

Negatively charged surface

Neutral fluid
Positively 
charged  
layers 
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Electro-Osmotic Flow (EOF)
Electro-Osmotic Velocity

Surface charge:
Solution of ions

Overall charge neutrality
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Governing Equations
Mass & Momentum Conservation

Mass Conservation:

∇ · u = 0

Momentum Conservation:

ρDu
Dt = −∇p+∇ · τ−ρe∇Φ

Constitutive Equation:

f(τkk)τ + λ
∇
τ = 2ηD

Electrokinetics:

∇2Φ = −ρe
ε

Phan-Thien & Tanner Model (PTT)

∇
τ = Dτ

Dt − τ .5 u−5uT .τ

f(τkk) = 1 + ελ
η τkk

Electric Body Force:

Φ = φ+ ψ

ρe = −2noez sinh
(

ez
kBT

ψ
)

Poisson-Boltzmann Equations:

∇2φ = 0

∇2ψ = 2noezε sinh
(

ez
kBT

ψ
)
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Analytical Solutions - Channel Flow
Linearization for Small Potentials (ψ � 1)

Debye-Hückel approximation:

∇2ψ = 2noezε sinh
(

ez
kBT

ψ
)
≈ κ2ψ︷ ︸︸ ︷

sinhx ≈ x

Symmetric case:

B.C. ψ|y=H = ζ1 and dψ
dy |y=0

= 0:

ψ (y) = ζ1

(
eκy+e−κy

eκH+e−κH

)
κ is the screening length
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Analytical Solutions - Channel Flow
Potential pro�les for symmetric B.C.

Debye-Hückel approximation:

∇2ψ = 2noezε sinh
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ψ
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- charged suface

D

H

x

y

- charged suface

(y)
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Analytical Solutions - Channel Flow
Potential pro�les for asymmetric B.C.

Debye-Hückel approximation:

∇2ψ = 2noezε sinh
(

ez
kBT

ψ
)
≈ κ2ψ︷ ︸︸ ︷

sinhx ≈ x

Asymmetric Case (e.g. PDMS/Glass)

B.C. ψ|y=H = ζ2 and ψ|y=−H = ζ1:

ψ(y) = ζ1

( (
Rζe

κH−e−κH
)

2 sinh(2κH) eκy −

(
Rζe

−κH−eκH
)

2 sinh(2κH) e−κy
)

Ratio of zeta potentials: Rζ = ζ2
ζ1

+ charged suface

D

H

x

y

- charged suface

(y)
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Analytical Solutions - Channel Flow
Pure EOF Velocity

Momentum Conservation:
du
dy = εκ2Exψ (y)

Symmetric case:

B.C. u|y=H = 0, dudy |y=0
= 0:

u (y) = εExζ1
η

(
ψ(y)
ζ1
− ζ1

)
Helmholtz-Smoluchowski Velocity:

When λD → 0 (κ→∞):

ush = − εExζ1
η
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Analytical Solutions - Channel Flow
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Analytical Solutions - Channel Flow
Pure EOF Velocity pro�les for asymmetric B.C.

Momentum Conservation:
du
dy = εκ2Exψ (y)

Asymmetric Case:

B.C. u|y=±H = 0:

u(y)
ush

= 1
2 (Rζ − 1) (y + 1) + 1− ψ(y)

ζ1

Helmholtz-Smoluchowski Velocity:

When λD → 0 (κ→∞):

ush = − εExζ1
η
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Analytical Solutions - Channel Flow
Pressure e�ects

Superposition principle:

u = uE + uP

u(y)
ush

= 1− ψ (y) + 1
2Γ
(
y2 − 1

)
Ratio of Pressure to EO gradient forces:

Γ = −H2

εζ1

p,x
Ex

Favourable Pressure gradient Γ < 0;

Adverse Pressure gradient Γ > 0.
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Analytical Solutions - Channel Flow
Velocity pro�les for mixed driving forces

Superposition principle:

u = uE + uP

u(y)
ush

= 1− ψ (y) + 1
2Γ
(
y2 − 1

)
Ratio of Pressure to EO gradient forces:

Γ = −H2

εζ1

p,x
Ex

Favourable Pressure gradient Γ < 0;

Adverse Pressure gradient Γ > 0.
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Analytical Solutions - Channel Flow
Viscoelastic �uid (PTT model):

Superposition principle is not valid[1]!

u =uP+uE+uEP

uP = 1
2

[
p,x
η

] (
y2 −H2

) [
1 + ελ2

[
p,x
η

]2 (
y2 +H2

)]
uE = εζ1Ex

η

[
(1− 2Cελ2κ2

[
εζ1Ex
η

]2
)(A− 1) + 2

3
ελ2κ2

[
εζ1Ex
η

]2
(A

3 − 1)

]
uEP = 3

2
ελ2

[
εζ1Ex
η

]2 [
p,x
η

] [
1−A

2
+ (κ2H2 − κ2y2)C + 2κD

(
yAB −H

)]
+12 ελ

2

κ2

[
εζ1Ex
η

] [
p,x
η

]2 [
κD

(
H − yB

)
+ (1 + 1

2
κ2y2)A− (1 + 1

2
κ2H2)

]

A =
cosh(κy)
cosh(κH)

, B =
sinh(κy)
sinh(κH)

, C = 1
cosh2(κH)

and

D = tanh (κH).

Deborah number

Deκ = λush
λD

= λκush

[1]Afonso, Alves and Pinho, JNNFM (2009); Oliveira and Pinho, JFM (1999).
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[1]Afonso, Alves and Pinho, JNNFM (2009); Oliveira and Pinho, JFM (1999).
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Numerical Solutions
Numerical Method

Finite Volume Method[1]

Structured, collocated and non-orthogonal meshes.

Discretization (formally 2nd order)

Di�usive terms: central di�erences (CDS)
Advective terms, high resolution scheme: CUBISTA[2]

Dependent variables evaluated at cell centers;

Special formulations for cell-face velocities and stresses;

Log-conformation for the extra-stress tensor[3].

sinh linearization[4]: sinh(X)=sinh(X)n+(Xn−1-Xn)cosh(X)n

[1]Oliveira, Pinho and Pinto, JNNFM (1998); [2]Alves, Pinho and Oliveira, IJNMF (2003)

[3]Afonso, Pinho and Alves, JNNFM (2009); [4]Chun, Lee and Lee, KARJ (2005)
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Numerical Solutions
Channel Flow - Computational Domain
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Numerical Solutions
Channel Flow - Mesh convergence
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Numerical Solutions
Cross Slot: geometry

Computational mesh (same re�nement of M1)

nº cells 4xminx10−4 4yminx10−4

MCS 12801 4 4
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Numerical Solutions
Pure newtonian EOF: (Γ ' 0)
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Numerical Solutions
Adverse pressure gradient: (Γ ' 2)
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Numerical Solutions
Adverse pressure gradient: (Γ ' 2.5)
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Numerical Solutions
Creeping �ow of pure Viscoelastic EOF (Γ ' 0) using UCM (ε = 0)

Deborah numbers (κ=40 and
h=H/2)

Deκ = λushκ Deκ =
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Numerical Solutions
Mixing in a T-channel
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ηκ � 1, and low di�usivity Peκ = ush

Dκ = 104,
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Numerical Solutions
The electric �eld
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Numerical Solutions
ψ pattern in the walls
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Numerical Solutions
ψ pattern in the walls (detail view)
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Numerical Solutions
Increasing external electric potential (decreasing Γ)
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Numerical Solutions
Increasing external electric potential (decreasing Γ)
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Numerical Solutions
Increasing external electric potential (decreasing Γ)
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Numerical Solutions
Increasing Deκ (ε = 0.25)
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Numerical Solutions
Increasing Deκ (ε = 0.25)
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Conclusions

Analytical solutions

Superposition principle is not valid for viscoelastic �uids;

Velocity increases with elasticity (
√
εDeκ).

Numerical solutions

Excellent agreement with analitical solutions;

Sharp re�nement near the EDL (Alternative: Viscoelastic

Helmholtz-Smoluchowski Velocity at the wall (Slip velocity)[1]);

EOF of viscoelastic �uids

is an open �eld to explore;

Electrokinetic instabilities (EKI) even for Newtonian �uids[2]

EKI+ elastic instabilities!!

[1]Park and Lee, JCIS (2009)[1]Oddy, PhD Thesys (2005)
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