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ABSTRACT: An excitation force that is not influenced by the system’s states is said to be an ideal energy source. In real 
situations, a direct and feedback coupling between the excitation source and the system must always exist. This manifestation of 
the law of conversation of energy is known as Sommerfeld Effect. In the case of obtaining a mathematical model for such 
system, additional equations are usually necessary to describe the vibration sources and their coupling with the mechanical 
system. In this work, a cantilever beam and a non-ideal electric DC motor that is fixed to the beam free end is analyzed. The 
motor has an unbalanced mass that provides excitation to the system proportional to the current applied to the motor. During the 
motor's coast up operation, as the excitation frequency gets closer to the beam first natural frequency and if the drive power 
increases further, the DC motor speed remains constant until it suddenly jumps to a much higher value (simultaneously the 
vibration amplitude jumps to a much lower value) upon exceeding a critical input power. It was found that the Sommerfeld 
effect depends on some system parameters and the motor operational procedures. These parameters are explored to avoid the 
resonance capture in Sommerfeld effect. Numerical simulations and experimental tests are used to help insight this dynamic 
behavior. 
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1 INTRODUCTION 
Rotating machines suffer from unbalance and alignment 
problems that can lead to excessive levels of vibration, 
causing various undesirable problems and failures. All 
rotating machines are never perfectly balanced and therefore 
critical speeds must always exist. In summary, critical speed 
occurs when the shaft angular speed matches the shaft 
bending natural frequency. 
According to reference [1], Laval was the first to perform an 
experiment with a steam turbine to observe that quick passage 
though critical speed would reduce significantly the levels of 
vibration when compared to steady state excitation. 
This procedure would require a motor with enough power to 
be accelerated quickly in the range of resonance frequency. In 
some cases motors may have limited power to perform such 
operation and the angular velocity increases slowly such that 
the passage through resonance may be a problem.  
Another class of problem related to unbalanced motors with 
limited power was discussed by Arnold Sommerfeld in 1902 
[2]. He proposed an experiment of a motor mounted on a 
flexible wood table and observed that the power supplied to 
the motor was wasted in the form of table vibration, instead of 
been converted to angular velocity of the motor. This 
observation was used to explain a class of motors called non-
ideal energy sources.  
The interaction of non-ideal motors and flexible structures has 
been studied by many authors. A review of non-ideal Energy 
source is presented by references [1] and [3]. Eckert [4] 
presents a brief review of the problem investigate by 
Sommerfeld.  

Ref [5] discusses the motion of an unbalanced rotor when 
passing through a resonance zone solved by the iteration 
method combined with the method of the direct separation of 
motions. 

Dimentberg [6] presents a method to avoid resonance 
capture by switching on and off a mechanism to change the 
stiffness of an engine mount. 

In this work, a motor mounted on a cantilever beam is 
studied. The system is modeled as motor mounted on a single 
degree of freedom spring-mass-damper oscillator.  
Experimental setup is used to validate the model. Results of 
the experimental test show agreement with the results 
obtained with numerical simulations. 

2 SYSTEM MODELING 
In the following sections, the equations of motion of an 
electrical motor attached to a structure are developed based on 
Hamilton's principle. The model is related to a physical 
system presented in the experimental section described 
hereafter. 

2.1 Model Definition 
Figure 1 shows the system considered in this work, which is a 
cantilever beam and a concentrated mass positioned at its free 
end. Represented by , the concentrated mass can take into 
account the mass of an electric motor, for instance. The motor 
has moment of inertia  and is considered to be unbalanced, 
with unbalanced mass  that rotates at a distance   from the 
motor shaft center. 
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Two different numerical integration algorithms were used. 
The first is the well-known explicit Runge-Kutta method of 
order (4,5) used for non-stiff ordinary differential equations. 
The second is the 5-th order algorithm for stiff ordinary 
differential equations described in reference [8].  The 
parameters which are of interest in the simulations are the cart 
displacement (or velocity) and the motor angular velocity. The 
motor angular position is a parameter that is confined in the 
range 0-2π. 

4.2 Stationary Conditions 
This numerical example considers the case of setting the 
motor angular velocity to a fixed value. The motor is 
accelerated from rest to a fixed velocity by changing the 
parameter Ω  The simulations where performed for 
frequencies around the cart resonance frequency ( Ω  and are 
presented in figures 7 and 8. 

Figure 7 shows that when  Ω  is slightly bigger than  Ω  the 
angular velocity does not increase.  

For instance, when setting  Ω 1.1 the motor does not 
reach the angular velocity  1.1Ω , instead it will oscillate with 
angular velocity  Ω . The consequence is that this energy is 
transferred to cart displacement amplitude. 

 
Figure 7. Angular Velocity as a function of Ω0 

The cart RMS (root mean square) magnitude of the 
acceleration was plotted in figure 8 as a function of the 
oscillation frequency as the parameter Ω increases. 

 
Figure 8. Root Mean Square Acceleration as a function of the 

Oscillation Frequency 

It is possible to note in 7 and 8 a region between C and D 
with no data points. This region corresponds to a jump 
phenomenon described previously by Sommerfeld. 

 

4.3 Non Stationary Conditions 
The acceleration profile for the motor operation of coast up 
can be obtained by setting the variable Ω  time dependent as 
follows 

 
 Ω

Ω Ω
 (15) 

 
where, Ω  is the desired final angular velocity, Ω  is the initial 
angular velocity,  is the amount of time to accelerate from  
Ω  to  Ω  and  is the instant time. The torque applied to the 
motor is then defined as 

 
 

1 Ω  (16) 

 
The typical results obtained in these simulations are 

illustrated in figures 9 and 10. The vertical axis of figure 9 
shows the angular velocity of the motor normalized by the 
cart resonance frequency Ω . The two curves in this figure 
show two situations when passing through the cart resonance 
frequency. The ticker line indicates the case of resonance 
capture and the thin line is the case of no resonance capture.  
The correspondent cart displacements curves are shown in 
figure 10. In the case of resonance capture (Sommerfeld 
effect) the cart displacement amplitude increases and the 
motor angular velocity varies around the cart resonance 
frequency Ω .  

 
Figure 9. Angular velocity for the cases with Resonance 

Capture and No Resonance Capture 
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