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Abstract—is article presents a novel mixed-integer nonlin-
ear linear programming (MINLP) model to increase the photo-
voltaic (PV) hosting capacity in unbalanced three-phase electri-
cal distribution systems. e problem considers the optimal op-
eration of capacitor banks and network reconfiguration with ra-
dial and closed-loop operation. e objective function maxim-
izes the PV hosting capacity of the system. A set of linearization 
strategies are employed to convert the presented MINLP model 
into a mixed-integer linear programming (MILP) problem. By 
considering the MILP formulation, optimality is guaranteed by 
using off-the-shelf optimization solvers. Several tests are carried 
out using a 25-node unbalanced three-phase distribution system. 
When examining network reconfiguration with radial and 
closed-loop operation, the results demonstrate that the proposed 
formulation is effective in increasing the penetration of PV 
sources. 

Keywords—Closed-loop operation, hosting capacity, mixed-in-
teger linear programming, network reconfiguration, unbalanced 
three-phase electrical distribution networks. 

NOMENCLATURE 
Functions: 𝒱 Objective function of the problem 𝑔 Real part of the load current ℎ Imaginary part of the load current 
Indices and sets: 𝜑 Index for linearization blocks 𝑖, 𝑗 Indices for nodes 𝑖𝑗, 𝑗𝑖 Indices for circuits 𝑓 , 𝒻 Indices for phases 𝑘 Index for capacitor banks’ (CBs) modules 𝑠 Index for stochastic scenarios Λգ Set of circuits Λդգ Set of nodes with CBs Λէ  Set of phases {𝑎, 𝑏, 𝑐} Λկ  Set of nodes Λձշ  Set of candidate nodes to install PV generation Λմ  Set of stochastic scenarios Λմմ  Set of substations (SSs) nodes 
Parameters: ℬքդգ Susceptance of a CB module at a node 𝑒քӴ֎մմ  CO2 emissions intensity for SSs 𝜄քօӴց  Current capacity of a phase of a circuit 

𝒩խձ  Number of basic loops allowed to be formed 𝒫քӴցӴ֎ե , 𝒬քӴցӴ֎ե  Active/reactive power demands Υ քձշ , Υ࣓࣒࣒࣒࣑քձշ  Power factor limits of a PV unit 𝑅քօӴցӴ𝒻, 𝑋քօӴցӴ𝒻 Resistance/reactance between phases 𝑓  and 𝒻 𝒮քձշ  Maximum capacity of PV generation that can be 
installed at a node 𝜄քմմ  Current capacity of a SS 𝜐, 𝜐 Maximum/minimum voltage magnitude limits 𝒩քդգ Number of CB modules installed at each phase of 
a node ∆֎յ  Duration of a stochastic scenario 𝒢քӴ֎ձշ  Generation factor of a PV generation unit 𝜉 Total CO2 emissions from the system 𝒞ք Power curtailment limit for a PV unit 𝜑ց  Phase angle at phase 𝑓  of a SS node 𝜑+, 𝜑− Maximum positive/negative variations of the 
phase angle around the reference 𝑔∗, ℎ∗ Values for 𝑔 / ℎ calculated at ि𝜐քӴցӴ֎ճ∗ , 𝜐քӴցӴ֎ժ∗ ी 𝜐քӴցӴ֎ճ∗ , 𝜐քӴցӴ֎ժ∗  Real/imaginary parts of the voltage magnitude es-
timated at a phase of a node Φ Number of blocks for the linearization 

Continuous variables: 𝜄քօӴցӴ֎մղ  Square of the current magnitude on a circuit 𝜄քօӴցӴ֎ճ , 𝜄քօӴցӴ֎ժ  Real/imaginary components of the currents 
through each phase of a circuit 𝜄քӴցӴ֎ճԾԾ , 𝜄քӴցӴ֎ժԾԾ  Real/imaginary components of the currents in-
jected by a SS 𝜄քӴցӴ֎ճԻՁ , 𝜄քӴցӴ֎ժԻՁ  Real/imaginary components of the currents in-
jected by a PV unit 𝜄քӴցӴֆӴ֎ճԮԭ , 𝜄քӴցӴֆӴ֎ժԮԭ  Real/imaginary components of the currents in-
jected by a CB module 𝜄ք̂ӴցӴ֎ճԮԭ , 𝜄ք̂ӴցӴ֎ժԮԭ  Real/imaginary components of the currents in-
jected by a CB 𝜄քӴցӴ֎ճԯ , 𝜄քӴցӴ֎ժԯ  Real/imaginary components of the demanded 
current at a node 𝒮քձշ  Installed capacity of PV generation at a node 𝜐քӴցӴ֎ճ , 𝜐քӴցӴ֎ժ  Real/imaginary components of the nodal voltages 𝜏քօӴցӴ֎ճ , 𝜏քօӴցӴ֎ժ  Slack variables for the calculation of the voltage 
drop on a circuit 𝓅քօ Artificial flow on a circuit ℊք Artificial generation at SS nodes 𝒫քӴ֎ձշ , 𝒬քӴ֎ձշ  Active/reactive power generations of PV units 𝒫քӴ֎դ  Power curtailment for a PV generation unit 𝛾քօӴցӴᇜӴ֎ճ , 𝛾քօӴցӴᇜӴ֎ժ  Values of the blocks of the linearization 𝜄քօӴցӴ֎ճ+ , 𝜄քօӴցӴ֎ճ−  Positive component of the real current through a 
phase of a circuit 𝜄քօӴցӴ֎ժ+ , 𝜄քօӴցӴ֎ժ−  Negative component of the real current through a 
phase of a circuit 

Binary variables: 𝑥քօմո  Operational state of a circuit 𝑧քӴցӴֆդգ  Operational state of CBs modules 
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I. INTRODUCTION 

e constant growth of environmental concerns and tech-
nological progress has motivated the integration of distrib-
uted generation (DG) based on renewable energy sources 
(RES) in electric power systems [1]. However, because of the 
intermittency of RES, the output of DG presents significant 
uncertainty, impacting the normal operation of electric sys-
tems. is calls for studies to evaluate how much of these new 
energy sources can be integrated into electric power systems. 

e hosting capacity problem aims to determine the ca-
pacity of an electric power system to accommodate new en-
ergy sources without violating technical and operational con-
straints [1]. In distribution systems, the introduction of these 
new energy sources is a challenging task since conventional 
distribution systems are planned considering the primary sub-
station (SS) as the only energy source, with unidirectional 
power flow from the SS to the final consumer. Depending on 
the location and level of penetration, RES introduction is re-
stricted by operational constraints, including thermal and 
voltage limits [2]. To overcome these limitations, the standard 
solution has been the application of grid reinforcement strat-
egies, however, this approach is slow and costly [1]. us, 
other alternatives should be explored to adequate and im-
prove distribution systems operation for improving the host-
ing capacity. 

Network reconfiguration is a major strategy to improve 
distribution systems’ operation. It consists of changing the 
state of sectional and tie switches to modify the topology of 
the system [2]. In [2], the potential of network reconfiguration 
to improve hosting capacity in a 33-node balanced distribu-
tion system is assessed. e problem is formulated as a 
mixed-integer nonlinear model to maximize the DG hosting 
capacity considering thermal and voltage constraints. In [1], 
a multiperiod network reconfiguration strategy is proposed to 
increase the hosting capacity of distribution systems consid-
ering the uncertainty of renewable generation. e problem is 
formulated as a nonlinear, nondifferentiable integer optimiza-
tion problem and solved using a hybrid particle swarm opti-
mization algorithm. In [3], the impact of network reconfigu-
ration is analyzed for improving the photovoltaic (PV) host-
ing capacity using a binary particle swarm optimization algo-
rithm. e formulation of the problem considers minimizing 
voltage violations associated with increasing solar penetra-
tion in a 37-node unbalanced three-phase test system. 

Distribution systems are planned in meshed structures and 
are usually operated in radial topologies to facilitate protec-
tion coordination and reduce short-circuit currents [4]. A 
meshed structure allows reconfiguration procedures in nor-
mal state and reconnection of de-energized loads after a per-
manent fault. In the literature, works have considered closed-
loop operation for reducing technical losses [5], improve re-
liability indices in normal operation [6], and the possibility of 
reconnecting more loads to primary feeders during the restor-
ative operation state [7]. In [8], closed-loop topologies are 
considered for RES integration in a 119-node balanced distri-
bution system. In [9], network reconfiguration with a relaxed 
radiality constraint is proposed for increasing the hosting ca-
pacity in distribution systems. A modified genetic algorithm 
is employed to solve the problem in a 69-node balanced sys-
tem. 

In the literature, other approaches have been considered 
for improving hosting capacity. In [10], the impact of active 
system management schemes is analyzed in the PV hosting 
capacity of distribution systems. In [11], a robust optimiza-
tion method is proposed for evaluating the maximum hosting 
capacity. Voltage control and reactive power compensation 
are also considered for improving the capability of the distri-
bution systems to accommodate DG. In [12], active distribu-
tion system management including switching capacitor banks 
(CBs), controllable switches, and smart PV inverters are con-
sidered for maximizing PV hosting capacity. e problem is 
formulated as a mixed-integer nonlinear optimization model 
and solved using a genetic algorithm-based approach. 

For enhancing the maximum penetration of PV generation 
in distribution systems, this study considers network recon-
figuration procedures and switchable CBs adjustments. Un-
like the majority of works in the literature, we are considering 
the possibility of allowing closed-loop operation to maximize 
the PV hosting capacity in unbalanced three-phase distribu-
tion systems. e problem is formulated as a mixed-integer 
nonlinear programming (MINLP) model and converted into 
a mixed-integer linear programming (MILP) model using lin-
earization strategies. A stochastic scenario-based formulation 
is used to handle the uncertainties of PV generation. e ob-
jective function of the proposed model is defined as maxim-
izing the penetration of PV generation in distribution sys-
tems. To validate the proposed formulation, several tests are 
performed in a 25-node unbalanced three-phase distribution 
system. 

e main contributions of this work are as follows: 
 A novel stochastic-programming-based model for identi-

fying the optimal operation of unbalanced three-phase 
distribution systems, which allows for closed-loop topol-
ogy and CBs adjustments to enhance PV hosting capacity; 

 e resulting MINLP problem is recast into a MILP for-
mulation, which can be effectively solved by optimization 
solvers, in order to guarantee convergence to the optimal 
solution of the problem. 
e benefits of the proposed approach include improving 

the efficiency of the system and reducing the associated CO2 
emissions. 

e remainder of this work is divided into the following 
sections: Section II introduces the proposed formulation for 
the problem; Section III presents the results for the tests per-
formed using a 25-node unbalanced three-phase distribution 
system; finally, the conclusions of the work are presented in 
Section IV. 

II. MATHEMATICAL FORMULATION 
e proposed MINLP formulation for the problem is pre-

sented below. en, the linearizations of the nonlinear con-
straints are introduced in the second part of this section. 
A. Objective Function 

e model maximizes the PV hosting capacity of the 
system. Equation (1) presents the objective function 𝒱 of the 
problem. maximize 𝒱 = ం 𝒮քձշք∈ΛԻՁ  (1)

e objective function (1) maximizes the sum of the PV 
units capacity in the system. 



B. Operational Constraints of the System 
e operation of the system is represented by (2)–(9), ex-

pressed in terms of currents in rectangular coordinates. ం 𝜄օքӴցӴ֎ճօք∈Λԭ − ం 𝜄քօӴցӴ֎ճքօ∈Λԭ + 𝜄քӴցӴ֎ճԾԾ + 𝜄քӴցӴ֎ճԻՁ + 𝜄ք̂ӴցӴ֎ճԮԭ = 𝜄քӴցӴ֎ճԯ  (2)ం 𝜄օքӴցӴ֎ժօք∈Λԭ − ం 𝜄քօӴցӴ֎ժքօ∈Λԭ + 𝜄քӴցӴ֎ժԾԾ + 𝜄քӴցӴ֎ժԻՁ + 𝜄ք̂ӴցӴ֎ժԮԭ = 𝜄քӴցӴ֎ժԯ  (3)

𝜄քӴցӴ֎ճԯ = 𝒫քӴցӴ֎ե 𝜐քӴցӴ֎ճ + 𝒬քӴցӴ֎ե 𝜐քӴցӴ֎ժॕ𝜐քӴցӴ֎ճ ॖϵ + ॕ𝜐քӴցӴ֎ժ ॖϵ  (4)

𝜄քӴցӴ֎ժԯ = 𝒫քӴցӴ֎ե 𝜐քӴցӴ֎ժ − 𝒬քӴցӴ֎ե 𝜐քӴցӴ֎ճॕ𝜐քӴցӴ֎ճ ॖϵ + ॕ𝜐քӴցӴ֎ժ ॖϵ  (5)∀𝑖 ∈ Λկ , 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  𝜐քӴցӴ֎ճ − 𝜐օӴցӴ֎ճ + 𝜏քօӴցӴ֎ճ = ం ि𝑅քօӴցӴ𝒻𝜄քօӴ𝒻Ӵ֎ճ − 𝑋քօӴցӴ𝒻𝜄քօӴ𝒻Ӵ֎ժ ी𝒻∈ΛԱ  (6)𝜐քӴցӴ֎ժ − 𝜐օӴցӴ֎ժ + 𝜏քօӴցӴ֎ժ = ం ि𝑋քօӴցӴ𝒻𝜄քօӴ𝒻Ӵ֎ճ + 𝑅քօӴցӴ𝒻𝜄քօӴ𝒻Ӵ֎ժ ी𝒻∈ΛԱ  (7)ੵ𝜏քօӴցӴ֎ճ ੵ ≤ 2𝜐ि1 − 𝑥քօմո ी (8)ੵ𝜏քօӴցӴ֎ժ ੵ ≤ 2𝜐ि1 − 𝑥քօմո ी (9)∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  
Constraints (2) and (3) represent the application of Kirch-

hoff’s current law to the system in each scenario and provide 
the nodal balance equations for the real and imaginary com-
ponents of the currents, respectively. e real and imaginary 
components of the three-phase current demanded by the load 
at each node in each scenario are calculated by constraints (4) 
and (5). e systematic application of Kirchhoff’s voltage law 
to the system is represented by constraints (6)–(9). e slack 
variables 𝜏քօӴցӴ֎ճ  and 𝜏քօӴցӴ֎ժ  are calculated using (8) and (9) de-
pending on the states of the switches. 

C. Physical and Operational Limits of the System 
Constraints (10)–(16) are the physical and operational 

limits of the system. ि𝜄քօӴցӴ֎ճ ीϵ + ि𝜄քօӴցӴ֎ժ ीϵ ≤ 𝜄քօӴցϵ 𝑥քօմո  ∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (10)ੵ𝜄քօӴցӴ֎ճ ੵ ≤ 𝜄քօӴց𝑥քօմո  ∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (11)ੵ𝜄քօӴցӴ֎ժ ੵ ≤ 𝜄քօӴց𝑥քօմո  ∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (12)𝜐ϵ ≤ ि𝜐քӴցӴ֎ճ ीϵ + ि𝜐քӴցӴ֎ժ ीϵ ≤ 𝜐ϵ ∀𝑖 ∈ Λկ , 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (13)−𝜐 ≤ 𝜐քӴցӴ֎ճ ≤ 𝜐 ∀𝑖 ∈ Λկ , 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (14)−𝜐 ≤ 𝜐քӴցӴ֎ժ ≤ 𝜐 ∀𝑖 ∈ Λկ , 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (15)ॕ𝜄քӴցӴ֎ճԾԾॖϵ + ॕ𝜄քӴցӴ֎ժԾԾ ॖϵ ≤ ि𝜄քմմीϵ ∀𝑖 ∈ Λմմ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (16)

Constraints (10)–(12) specify the current capacity, real 
component, and imaginary component limits for the current 
on each phase of the circuits based on the switch states. e 
voltage magnitude limit for each phase of the nodes is con-
strained by (13); the real and imaginary components of the 
voltage for each phase at each node are constrained by (14) 
and (15), respectively. Finally, each phase of the SSs has a 
current capacity limit defined by (16). 

D. Operation of CBs 
e operation of the CBs is modeled in (17)–(20). 𝜄ք̂ӴցӴ֎ճԮԭ = ం 𝜄քӴցӴֆӴ֎ճԮԭมՎԮԭ

ֆ=φ  ∀𝑖 ∈ Λդգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (17)

𝜄ք̂ӴցӴ֎ժԮԭ = ం 𝜄քӴցӴֆӴ֎ժԮԭมՎԮԭ
ֆ=φ  ∀𝑖 ∈ Λդգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (18)𝜄քӴցӴֆӴ֎ճԮԭ = ℬքդգ𝜐քӴցӴ֎ժ 𝑧քӴցӴֆդգ  (19)𝜄քӴցӴֆӴ֎ժԮԭ = −ℬքդգ𝜐քӴցӴ֎ճ 𝑧քӴցӴֆդգ  (20)∀𝑖 ∈ Λդգ, 𝑓 ∈ Λէ , 𝑘 ∈ ृ1,⋯ , 𝒩քօդգॄ, 𝑠 ∈ Λմ  

Constraints (17) and (18) determine the total real and im-
aginary components of the currents injected by a CB at each 
phase and node, respectively, while (19) and (20) calculate 
the real and imaginary components of the current injected by 
each CB module at each phase, respectively. It is worth noting 
that the CBs in each phase are controlled separately. 

E. Topological Constraints 
Artificial demands that must be fulfilled at all nodes are 

used by (21)–(24) to control the network’s connectivity and 
the maximum number of basic loops that may be formed. |Λկ | − |Λմմ| ≤ ం 𝑥քօմոքօ∈Λԭ ≤ |Λկ | − |Λմմ| + 𝒩խձ  (21)ం 𝓅օքօք∈Λԭ − ం 𝓅քօքօ∈Λԭ + ℊք = 1 ∀𝑖 ∈ Λկ  (22)𝓅քօ ≤ |Λկ |𝑥քօմո  ∀𝑖𝑗 ∈ Λգ (23)0 ≤ ℊք ≤ |Λկ | ∀𝑖 ∈ Λմմ  (24)

Constraint (21) is used to restrict the maximum number of 
basic loops in the network, whereas constraints (22)–(24) 
guarantee network connection, i.e., that each node in the net-
work must have a path to a SS. Note that, ℊք = 0 for the load 
nodes. 

F. PV Hosting Capacity 
e operation and investment constraints in PV units are 

formulated in (25)–(32). Equation (33) calculates the total 
emissions from the system. 𝒫քӴ֎ձշ 3⁄ = 𝜐քӴցӴ֎ճ 𝜄քӴցӴ֎ճԻՁ + 𝜐քӴցӴ֎ժ 𝜄քӴցӴ֎ժԻՁ  (25)𝒬քӴ֎ձշ 3⁄ = −𝜐քӴցӴ֎ճ 𝜄քӴցӴ֎ժԻՁ + 𝜐քӴցӴ֎ժ 𝜄քӴցӴ֎ճԻՁ  (26)∀𝑖 ∈ Λձշ , 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  ि𝒫քӴ֎ձշ ीϵ + ि𝒬քӴ֎ձշ ीϵ ≤ (𝒮քձշ )ϵ ∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  (27)−𝒫քӴ֎ձշ tan(cos−φ(Υ քձշ )) ≤ 𝒬քӴ֎ձշ ≤ 𝒫քӴ֎ձշ tanॕcos−φॕΥ࣓࣒࣒࣒࣑քձշ ॖॖ (28)∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  𝒫քӴ֎ձշ = 𝒢քӴ֎ձշ 𝒮քձշ − 𝒫քӴ֎դ  ∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  (29)0 ≤ 𝒫քӴ֎դ ≤ 𝒢քӴ֎ձշ 𝒮քձշ  ∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  (30)0 ≤ 𝒮քձշ ≤ 𝒮քձշ  ∀𝑖 ∈ Λձշ  (31)ం ∆֎յ 𝒫քӴ֎դ֎∈ΛԾ ≤ 𝒞ք ం ∆֎յ 𝒢քӴ֎ձշ 𝒮քձշ֎∈ΛԾ  ∀𝑖 ∈ Λձշ  (32)𝜉 = ం ం ం ∆֎յ 𝑒քӴ֎մմॕ𝜐քӴցӴ֎ճ 𝜄քӴցӴ֎ճԾԾ + 𝜐քӴցӴ֎ժ 𝜄քӴցӴ֎ժԾԾ ॖ֎∈ΛԾց∈ΛԱք∈ΛԾԾ  (33)

In each scenario 𝑠, constraints (25) and (26) define the ac-
tive and reactive power injected by the PV unit at node 𝑖. e 
apparent power limit of the PV units is represented by con-
straint (27) and the power factor limits of the PV units are 
defined in (28). Constraint (29) restricts the PV unit’s active 
power injection at node 𝑖 to the generating capacity in sce-
nario 𝑠. e active power curtailment is limited by (30). e 
maximum PV capacity that may be installed at a node is lim-
ited by constraint (31). e total amount of energy that can be 



curtailed is limited by (32). Finally, the system’s total CO2 
emissions are determined in (33). 

In the proposed model, the objective function (1) is linear, 
as well constraints (2), (3), (6)–(9), (11), (12), (14), (15), (17), 
(18), (21)–(24), and (28)–(32). Constraints (4), (5), (10), (13), 
(16), (19), (20), and (25)–(27) are nonlinear. Due to the pres-
ence of the binary variables 𝑥քօմո  and 𝑧քӴցӴֆդգ , the resulting for-
mulation is an MINLP model, which is difficult to solve di-
rectly. e following subsection will present linear formula-
tions to the nonlinear constraints. 

G. Linearization of the Nonlinear Constraints 
e current demanded by the loads, presented in (2) and 

(3) is linearized as presented in (34)–(37) [13]. 𝑔ि𝜐քӴցӴ֎ճ , 𝜐քӴցӴ֎ժ ी = 𝒫քӴցӴ֎ե 𝜐քӴցӴ֎ճ + 𝒬քӴցӴ֎ե 𝜐քӴցӴ֎ժॕ𝜐քӴցӴ֎ճ ॖϵ + ॕ𝜐քӴցӴ֎ժ ॖϵ  (34)

ℎि𝜐քӴցӴ֎ճ , 𝜐քӴցӴ֎ժ ी = 𝒫քӴցӴ֎ե 𝜐քӴցӴ֎ժ − 𝒬քӴցӴ֎ե 𝜐քӴցӴ֎ճॕ𝜐քӴցӴ֎ճ ॖϵ + ॕ𝜐քӴցӴ֎ժ ॖϵ  (35)

𝜄քӴցӴ֎ճԯ ≈ 𝑔∗ + 𝜕𝑔𝜕𝜐քӴցӴ֎ճ ઑ∗ ि𝜐քӴցӴ֎ճ − 𝜐քӴցӴ֎ճ∗ ी + 𝜕𝑔𝜕𝜐քӴցӴ֎ժ ઑ∗ ि𝜐քӴցӴ֎ժ − 𝜐քӴցӴ֎ժ∗ ी (36)𝜄քӴցӴ֎ժԯ ≈ ℎ∗ + 𝜕ℎ𝜕𝜐քӴցӴ֎ճ ઑ∗ ि𝜐քӴցӴ֎ճ − 𝜐քӴցӴ֎ճ∗ ी + 𝜕ℎ𝜕𝜐քӴցӴ֎ժ ઑ∗ ि𝜐քӴցӴ֎ժ − 𝜐քӴցӴ֎ժ∗ ी (37)∀𝑖 ∈ Λկ , 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  

Constraints (34) and (35) define the auxiliary functions 𝑔 
and ℎ, obtained from the right hand side of (4) and (5), respec-
tively. e first-order terms of the Taylor series expansion of 𝑔  and ℎ  at the estimated values for the real and imaginary 
parts of the nodal voltages, 𝜐քӴցӴ֎ճ∗  and 𝜐քӴցӴ֎ժ∗ , are represented in 
constraints (36) and (37), respectively. 

Constraint (10) is replaced by the linear equivalent (38), 
while the squared value of the current magnitude at each 
phase of each circuit, in each scenario, is calculated using the 
piecewise linearization (39)–(45) [13]. 0 ≤ 𝜄քօӴցӴ֎մղ ≤ 𝜄քօӴցϵ 𝑥քօմո  ∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (38)𝜄քօӴցӴ֎մղ ≈ ం (2𝜑 − 1)𝜄քօӴցΦြ

ᇜ=φ ि𝛾քօӴցӴᇜӴ֎ճ + 𝛾քօӴցӴᇜӴ֎ժ ी (39)𝜄քօӴցӴ֎ճ = 𝜄քօӴցӴ֎ճ+ − 𝜄քօӴցӴ֎ճ−  ∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (40)𝜄քօӴցӴ֎ժ = 𝜄քօӴցӴ֎ժ+ − 𝜄քօӴցӴ֎ժ−  ∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (41)𝜄քօӴցӴ֎ճ+ + 𝜄քօӴցӴ֎ճ− = ం 𝛾քօӴցӴᇜӴ֎ճြ
ᇜ=φ  ∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (42)

𝜄քօӴցӴ֎ժ+ + 𝜄քօӴցӴ֎ժ− = ం 𝛾քօӴցӴᇜӴ֎ժြ
ᇜ=φ  ∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (43)0 ≤ 𝛾քօӴցӴᇜӴ֎ճ ≤ 𝜄քօӴց Φ⁄  (44)0 ≤ 𝛾քօӴցӴᇜӴ֎ժ ≤ 𝜄քօӴց Φ⁄  (45)∀𝑖𝑗 ∈ Λգ, 𝑓 ∈ Λէ , 𝜑 ∈ {1,⋯ , Φ}, 𝑠 ∈ Λմ  

As presented in [13], the nodal voltage magnitude con-
straints (13) can be linearized by defining maximum positive 
and negative variations, 𝜑+ and 𝜑−, around the reference an-
gle of each phase, 𝜑ց . The set of constraints (46)–(50) is an 
approximation for (13). e inequality symbols used in these 
constraints are shown in Table I, for each phase. Also, it is 
assumed that 𝜑+ and 𝜑− are lower than 30°. 

𝜐քӴցӴ֎ժ⋚ sinि𝜑ց + 𝜑+ी − sinि𝜑ց − 𝜑−ीcosि𝜑ց + 𝜑+ी − cosि𝜑ց − 𝜑−ी ॅ𝜐քӴցӴ֎ճ − 𝜐 cosि𝜑ց + 𝜑+ीॆ+ 𝜐 sinि𝜑ց + 𝜑+ी(46)𝜐քӴցӴ֎ժ⋚ sinि𝜑ց + 𝜑+ी − sinि𝜑ցीcosि𝜑ց + 𝜑+ी − cosि𝜑ցी ॅ𝜐քӴցӴ֎ճ − 𝜐 cosि𝜑ցीॆ + 𝜐 sinि𝜑ցी (47)𝜐քӴցӴ֎ժ⋚ sinि𝜑ց − 𝜑−ी − sinि𝜑ցीcosि𝜑ց − 𝜑−ी − cosि𝜑ցी ॅ𝜐քӴցӴ֎ճ − 𝜐 cosि𝜑ցीॆ + 𝜐 sinि𝜑ցी (48)𝜐քӴցӴ֎ժ ⋚ 𝜐քӴցӴ֎ճ tanि𝜑ց + 𝜑+ी (49)𝜐քӴցӴ֎ժ ⋚ 𝜐քӴցӴ֎ճ tanि𝜑ց − 𝜑−ी (50)∀𝑖 ∈ Λկ , 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  
e current injection by the SSs, (16), is linearized as 

shown in (51) and (52). ੵ𝜄քӴցӴ֎ճԾԾ ੵ ≤ 𝜄քմմ  ∀𝑖 ∈ Λմմ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (51)ੵ𝜄քӴցӴ֎ժԾԾ ੵ ≤ 𝜄քմմ  ∀𝑖 ∈ Λմմ, 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  (52)
e nonlinear terms related to the operation of CBs, (19) 

and (20), can be represented by the disjunctive formulation 
(53)–(56). ઘ𝜄քӴցӴֆӴ֎ճԮԭℬքդգ − 𝜐քӴցӴ֎ժ ઘ ≤ 𝜐ि1 − 𝑧քӴցӴֆդգ ी (53)ੵ𝜄քӴցӴֆӴ֎ճԮԭ ੵ ≤ 𝜐ℬքդգ𝑧քӴցӴֆդգ  (54)ઘ𝜄քӴցӴֆӴ֎ժԮԭℬքդգ + 𝜐քӴցӴ֎ճ ઘ ≤ 𝜐ि1 − 𝑧քӴցӴֆդգ ी (55)ੵ𝜄քӴցӴֆӴ֎ժԮԭ ੵ ≤ 𝜐ℬքդգ𝑧քӴցӴֆդգ  (56)∀𝑖 ∈ Λդգ, 𝑓 ∈ Λէ , 𝑘 ∈ ृ1,⋯ , 𝒩քօդգॄ, 𝑠 ∈ Λմ  

Note that, in these constraints, when 𝑧քӴցӴֆդգ = 1 , then 𝜄քӴցӴֆӴ֎ճԮԭ = ℬքդգ𝜐քӴցӴ֎ժ   and 𝜄քӴցӴֆӴ֎ժԮԭ = −ℬքդգ𝜐քӴցӴ֎ճ  . When 𝑧քӴցӴֆդգ = 0 , 𝜄քӴցӴֆӴ֎ճԮԭ = 𝜄քӴցӴֆӴ֎ժԮԭ = 0, and the imaginary and real components of 
the voltage are adequately bounded in (53) and (55), respec-
tively. 

e nonlinear constraints that represent the operation of 
PV units, (25)–(27), are linearized in (57)–(63). 𝒫քӴ֎ձշ 3⁄ ≈ 𝜐քӴցӴ֎ճ∗ 𝜄քӴցӴ֎ճԻՁ + 𝜐քӴցӴ֎ժ∗ 𝜄քӴցӴ֎ժԻՁ  (57)𝒬քӴ֎ձշ 3⁄ ≈ −𝜐քӴցӴ֎ճ∗ 𝜄քӴցӴ֎ժԻՁ + 𝜐քӴցӴ֎ժ∗ 𝜄քӴցӴ֎ճԻՁ  (58)∀𝑖 ∈ Λձշ , 𝑓 ∈ Λէ , 𝑠 ∈ Λմ  0 ≤ 𝒫քӴ֎ձշ ≤ 𝒮քձշ  ∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  (59)ੵ𝒬քӴ֎ձշ ੵ ≤ 𝒮քձշ  ∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  (60)ੵ𝒬քӴ֎ձշ ੵ ≤ √2𝒮քձշ − 𝒫քӴ֎ձշ  ∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  (61)ੵ𝒬քӴ֎ձշ ੵ ≤ 1sin५𝜋8६ 𝒮քձշ − tan ঁ3𝜋8 ং𝒫քӴ֎ձշ  ∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  (62)ੵ𝒬քӴ֎ձշ ੵ ≤ 1sin ५3𝜋8 ६𝒮քձշ − tan ঁ𝜋8ং𝒫քӴ֎ձշ  ∀𝑖 ∈ Λձշ , 𝑠 ∈ Λմ  (63)

TABLE I 
SYMBOLS FOR CONSTRAINTS (46)–(50) 

Constraint 𝑓 = 𝑎 𝑓 = 𝑏 𝑓 = 𝑐 
(46) ≥ ≤ ≥ 
(47) ≤ ≥ ≤ 
(48) ≥ ≥ ≤ 
(49) ≤ ≥ ≥ 
(50) ≥ ≤ ≤ 



Constraints (57) and (58) use the real and imaginary com-
ponents of an estimated voltage at each phase of each node. 
Constraints (59)–(63) are a polyhedral approximation of (27). 

e resulting formulation is a MILP problem, which can 
be efficiently solved by optimization solvers: maximize (1) 
Subject to: (2), (3), (6)–(9), (11), (12), (14), (15), (17), (18), 

(21)–(24), (28)–(32), and (34)–(63).

III. TESTS AND RESULTS 
e proposed model is validated using the 4.16 kV 25-

node unbalanced three-phase system depicted in Fig. 1 [13]. 
ree switchable CBs with two modules of 100 kVAr per 
phase are installed at nodes 5, 14, and 25. Nodes 11, 15, and 
18 are candidates for PV generation installation, with Υ քձշ =Υ࣓࣒࣒࣒࣑քձշ =  0.85 and 𝒞ք =  10%. For the SS, 𝑒քӴ֎մմ =  2.17 kg 
CO2/kWh. e maximum and minimum voltage limits are 
1.05 p.u. and 0.95 p.u., respectively. 

A one-year operation horizon is examined. Historical data 
from the seasons [14] is utilized to represent load behavior 
and solar irradiation, and the k-means clustering technique is 
used to limit it to an acceptable set of 24 scenarios using the 
procedure outlined in [15]. 

e proposed formulation was implemented in AMPL 
[16] and solved with the commercial solver CPLEX v20.1.0 
[17] on a computer with a 3.2 GHz Intel® Core™ i7–8700 
processor and 32 GB of RAM. 

A. Study Cases 
e following four cases are considered while maximiz-

ing the PV hosting capacity of the system: 
I. Without taking into account network reconfiguration 

(the closed switches of the initial configuration of 
the network cannot be opened) and without consid-
ering the adjustments of the CBs, i.e., they are fixed 
at their initial states; 

II. Disregarding network reconfiguration and consider-
ing the optimal operation of CBs; 

III. Considering network reconfiguration and disregard-
ing the optimal operation of CBs; 

IV. Considering both network reconfiguration and the 
optimal operation of CBs. 

e radial and closed-loop operation of the system is ex-
amined in all cases. 

B. Discussion of the Results 
Tables II–V show the total PV generation hosting capacity 

for the 25-node system in Cases I–IV, respectively. ese ta-
bles also show the maximum capacity for PV generation in-
tegration at nodes 11, 15, and 18, as well as the network con-
figuration, indicated by the open switches, and estimated CO2 
emissions. 

Table II shows that the maximum PV generation that can 
be incorporated into the 25-node system is 13,816.14 kW, 
based on the network’s initial radial configuration and with-
out accounting for changes in CBs operation. It can be also 
seen that the PV generation installed increases by 4.45% after 
closing the switch of circuit 15-8 and allowing one loop in 
the system. e maximum PV penetration of 15,073.42 kW is 
reached by closing the switches of circuits 15-8 and 12-25, 
allowing two loops in the topology. 

For the case considering adjustments of CBs operation but 
avoiding network reconfiguration, Table III shows that the ad-
justments of CBs operation allow increasing the PV genera-
tion capacity in 2.43% in relation to the initial radial config-
uration. Like in Case I, the maximum capacity of PV genera-
tion installed in the system is reached with the same two loops 
formed, however, the adjustments of CBs allow increasing by 
3.19% the PV generation installed in relation to the solution 
of Case I with two loops. 

Table IV presents the obtained results allowing the net-
work reconfiguration without adjustments of CBs. For a ra-
dial configuration, the PV generation penetration can be in-
creased by 7.07% to 14,793.34 kW, in relation to the initial 
radial configuration. On the other hand, this solution allows to 
install 4.53% more PV generation than the radial solution ob-
tained in Case II. In this case, the loop formation allows in-
creasing the PV penetration up to 3.48% and 3.74% when one 
and two loops are considered, respectively, in relation to the 
radial solution. 

Finally, Table V shows that, in comparison to the initial 
radial topology, PV generation penetration can be increased 
by 8.36%, reaching 14,971.44 kW when radial reconfigura-
tion is considered together with adjustments of CBs. When 
two basic loops are allowed to be formed in the system with 
simultaneous adjustments of CBs, the PV penetration can be 
increased in 13.71% in relation to the initial configuration of 
Case I, to 15,710.26 kW. As a result, it can be verified that 
network reconfiguration combined with CBs operation ad-
justments can provide more versatile solutions to the prob-
lem. 

e obtained results show that for the 25-node system, the 
optimal number of loops that allow the maximum PV pene-
tration in the system is two. To validate this, we force the for-
mation of three loops in the system, i.e., all the switches are 
closed. In this case, results reveal that the PV penetration val-
ues are lower than the values with two loops. is apparently 
contradictory result is explained by the necessity of satisfying 
both Kirchhoff’s laws in the system: an additional closed cir-
cuit improves the capacity of the system for complying with 
Kirchhoff’s current law, but additional loops are formed, and 
Kirchhoff’s voltage law must be satisfied in all loops, leading 
to a more constrained problem. is phenomenon is known 
as Braess’s paradox, and more information about it can be 
found in [18] for the optimal transmission switching problem. 

 

 
Fig. 1 Initial configuration of the 25-node distribution network. 
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IV. CONCLUSIONS 
is study presented a stochastic scenario-based mixed-

integer linear programming model for the problem of short-
term planning of three-phase unbalanced distribution systems 
to increase the network’s photovoltaic (PV) generation host-
ing capacity through network reconfiguration and capacitor 
banks (CBs) operation. Both radial and closed-loop opera-
tions are considered in the network reconfiguration. 

When reconfiguration with closed-loop topologies was 
examined with simultaneous adjustments of CBs operation, 
the obtained results indicated a greater capacity for PV gen-
eration penetration. As a result, the presented approach can 
provide more environmentally friendly and efficient operat-
ing schemes while deferring the need for network structure 
reinforcement investments. 

An important conclusion of this study is that not neces-
sarily an operation configuration with all switches closed is 
the topology with higher PV generation hosting capacity val-
ues. As seen in the obtained results, the total PV generation 
installed usually increases as the number of basic loops in-
creases. However, due to Braess’s paradox, additional closed 
switches may lead to lower-quality solutions. 

Future works could include voltage control through other 
devices, such as on-load tap changers and voltage regulators 
for increasing the PV hosting capacity of distribution 
systems. 
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TABLE II 
RESULTS FOR THE 25-NODE NETWORK – CASE I: WITHOUT CONSIDERING NETWORK 

RECONFIGURATION AND CB ADJUSTMENT 
Results Radial 1 Loop 2 Loops 3 Loops
Total PV generation  
installed (kW) 13,816.14 14,431.95 15,073.42 14,942.76

PV generation installed at 
nodes 11/15/18 (kW) 

3,490.30/
3,426.41/
6,899.42

2,950.93/
4,584.97/
6,896.04

1,368.73/
6,884.40/
6,820.29

1,523.63/
6,821.61/
6,597.53

Open switches 5-22, 15-8, 
12-25 5-22, 12-25 5-22 –

CB modules connected at 
nodes 5/14/25 phase (a,b,c) 

5-(2,2,2)/
14-(2,2,2)/
25-(2,2,2)

5-(2,2,2)/
14-(2,2,2)/
25-(2,2,2)

5-(2,2,2)/
14-(2,2,2)/
25-(2,2,2)

5-(2,2,2)/
14-(2,2,2)/
25-(2,2,2)

Total emissions (tonnes) 25,792.82 25,533.69 25,224.21 25,249.99

TABLE III 
RESULTS FOR THE 25-NODE NETWORK – CASE II: WITHOUT CONSIDERING NETWORK 

RECONFIGURATION AND CONSIDERING CB ADJUSTMENT 
Results Radial 1 Loop 2 Loops 3 Loops
Total PV generation  
installed (kW) 14,151.95 14,855.11 15,554.29 15,314.56

PV generation installed at 
nodes 11/15/18 (kW) 

3,774.44/
3,451.67/
6,925.83

2,499.93/
5,447.41/
6,907.77

1,429.41/
7,172.70/
6,952.19

1,669.58/
6,936.90/
6,708.10

Open switches 5-22, 15-8, 
12-25 5-22, 12-25 5-22 –

CB modules connected at 
nodes 5/14/25 phase (a,b,c) 

5-(0,0,2)/
14-(2,2,2)/
25-(1,0,2)

5-(0,0,2)/
14-(1,1,2)/
25-(0,0,2)

5-(0,0,1)/
14-(0,0,2)/
25-(0,0,1)

5-(2,1,0)/
14-(0,0,2)/
25-(1,1,2)

Total emissions (tonnes) 25,665.79 25,431.13 25,226.86 25,188.07

TABLE IV 
RESULTS FOR THE 25-NODE NETWORK – CASE III: CONSIDERING NETWORK 

RECONFIGURATION AND NOT CONSIDERING CB ADJUSTMENT 
Results Radial 1 Loop 2 Loops 3 Loops
Total PV generation  
installed (kW) 14,793.34 15,308.86 15,346.71 14,942.76

PV generation installed at 
nodes 11/15/18 (kW) 

3,200.07/
4,568.70/
7,024.56

1,689.00/
6,599.96/
7,019.91

1,500.07/
6,846.80/
6,999.83

1,523.63/
6,821.61/
6,597.53

Open switches 4-5, 14-15, 
23-24 4-5, 9-10 4-5 –

CB modules connected at 
nodes 5/14/25 phase (a,b,c) 

5-(2,2,2)/
14-(2,2,2)/
25-(2,2,2)

5-(2,2,2)/
14-(2,2,2)/
25-(2,2,2)

5-(2,2,2)/
14-(2,2,2)/
25-(2,2,2)

5-(2,2,2)/
14-(2,2,2)/
25-(2,2,2)

Total emissions (tonnes) 25,529.62 25,219.88 25,177.16 25,249.99

TABLE V 
RESULTS FOR THE 25-NODE NETWORK – CASE IV: CONSIDERING BOTH NETWORK 

RECONFIGURATION AND CB ADJUSTMENT 
Results Radial 1 Loop 2 Loops 3 Loops
Total PV generation  
installed (kW) 14,971.44 15,625.47 15,710.26 15,314.56

PV generation installed at 
nodes 11/15/18 (kW) 

2,910.89/
5,003.80/
7,056.75

1,536.18/
6,997.88/
7,091.41

1,532.75/
7,043.77/
7,133.75

1,669.58/
6,936.90/
6,708.10

Open switches 4-5, 7-14, 
23-24 4-5, 10-11 4-5 –

CB modules connected at 
nodes 5/14/25 phase (a,b,c) 

5-(2,1,2)/
14-(0,0,2)/
25-(2,2,1)

5-(0,0,2)/
14-(0,0,2)/
25-(1,1,1)

5-(0,0,1)/
14-(0,0,2)/
25-(0,0,1)

5-(2,1,0)/
14-(0,0,2)/
25-(1,1,2)

Total emissions (tonnes) 25,461.82 25,189.13 25,199.57 25,188.07

 


