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Abstract—This paper proposes an innovative integrated power 

and hydrogen distribution system (IPHDS) restoration model in 

response to multiple outages caused by natural disasters. During 

the restoration, repair crews (RCs) and mobile battery-carried ve-

hicles (MBCVs) are considered to repair faulted lines and support 

critical power loads. Also, the network reconfiguration is taken 

into consideration in the restoration model to pick up loads. Be-

sides, to address the different response time of hydrogen and 

power systems, the aerodynamic law-based dynamic hydrogen 

flow model is applied in the hydrogen system. The proposed model 

is presented as a mixed-integer linear program, which is verified 

on a 33-bus-48-node IPHDS with multiple outages. The present re-

sults verify the effectiveness of the proposed method. 

 

Index Terms—Resilience, integrated system restoration, repair 

crews, mobile battery-carried vehicles, dynamic hydrogen flow, 

network reconfiguration. 

I. INTRODUCTION 

UE to the global climate change, extreme weather events, 

e.g., hurricanes, windstorms, and typhoons, have become 

increasingly frequent and devastating in recent years, causing 

serious power outages and infrastructure damages [1]-[3]. For 

instance, Hurricane Sandy in 2012 brought severe damages to 

the power distribution systems, which led to 8.66 million cus-

tomer outages [4]. Furthermore, more than 80% of power out-

ages in the U.S. were attributed to natural disasters, and approx-

imately 90% of them were caused by failures in distribution sys-

tems [5], [6]. Hence, it is of critical importance to enhance the 

resilience of power distribution systems against extreme natural 

disasters [7]-[17]. 

In [7], a robust optimization-based approach was proposed 

for the optimal planning of resilient distribution networks, 

which considered the distributed generation resource placement 

and grid hardening strategies. Reference [8] proposed a two-

stage robust optimization framework for the optimal line hard-

ening of the resilient distribution systems with multiple renew-

able resources. Based on deep reinforcement learning, a long-

term planning model based on hardening strategies was pro-

posed in [9] to improve the resilience of power distribution sys-

tems. In [10], a sequential service restoration model was formu-

lated for distribution systems and microgrids in extreme power 

outage events by coordinating the distributed generators and 

switches. Also, [11] developed a risk-limiting load restoration 

approach to enhance the resilience of distribution systems with 

networked microgrids. In [12], a resilient model to restore crit-

ical loads from natural disasters was proposed by a microgrid 

formulation for distribution systems. 

In addition, network reconfiguration is also an efficient 

method for the resilience enhancement of distribution systems 

[13]-[17]. Reference [13] proposed an optimal load restoration 

model for enhancing the distribution system resilience by uti-

lizing the network reconfiguration and microgrid formation. 

Based on the topology reconfiguration and distributed generator 

islanding, a tri-level defender-attacker-defender framework for 

the resilient distribution systems was formulated in [14]. A uni-

fied two-stage reconfiguration model was established in [15] to 

improve the resilience of distribution networks, and the sce-

nario decomposition method was employed to relieve the com-

putation burden. In [16], a resilience enhancement strategy for 

distribution systems was presented considering islanding and 

dynamic reconfiguration. In [17], a novel formulation was pro-

posed for radiality constraints to increase the flexibilities in the 

network reconfiguration-related optimization problems of dis-

tribution systems. Considering the network reconfiguration and 

distributed generators scheduling, [18] proposed a power out-

age management strategy for enhancing the resilience of the 

distribution network. 

The previous papers were mainly focused on the resilience of 

power distribution systems, while neglecting the impact of 

other energy systems such as natural gas and hydrogen. In re-

cent years, with the continuous progress in power-to-gas (P2G) 

technology, the electric hydrogen production (EHP) becomes 

feasible and economical, which can provide enormous flexibil-

ity for power grids to accommodate the intermittent power sup-

ply from renewable energy resources [19]. Therefore, the inte-

grated power-hydrogen system (IPHS) will play a crucial role 

in the future energy transformation and low-carbon pathways. 

Besides, after a natural disaster, the power system will reach 

a steady-state within a few milliseconds, while the hydrogen 

system will change dynamically over a period of several 

minutes. The time scales in the power and hydrogen system 
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are quite different from each other, indicating that the exist-

ing methodologies proposed for a resilient power system will 

not be suitable for an IPHS.  

Several papers have studied the optimal planning and opera-

tion of the IPHS [20]-[25]. Reference [20] proposed a robust 

IPHS planning model that considered the power to hydrogen 

and heat, seasonal hydrogen storage, and N-1 reliability con-

straints of crucial devices. Reference [21] formulated an opti-

mal operation framework for the IPHS with utilization of hy-

drogen fuel cell vehicles. In [22], a hybrid IPHS energy sharing 

framework was presented considering the P2G devices and 

plug-in hybrid electric-hydrogen vehicles. In [23], an optimal 

dispatch model was established for the active distribution sys-

tems considering the power-to-hydrogen-and-heat scheme. Ad-

ditionally, reference [24] proposed a security constrained unit 

commitment model with integration of P2G devices and hydro-

gen gas turbines. Reference [25] proposed a joint optimization 

model for the power-hydrogen-heat energy systems to reduce 

the wind and solar power curtailment.  

Although there are quite a lot of similarities between hydro-

gen system and natural gas system, there still exist much more 

difference between these two systems. On the one hand, the 

high safety requirements for hydrogen transmission in pipelines 

make it impossible to transmit hydrogen in large volumes and 

over long distances like natural gas. Compared with the inte-

grated power and natural gas systems which can achieve large-

scale and stable operation, the integrated power and hydrogen 

systems usually operate in the form of a power distribution sys-

tem coupled with several small-scale hydrogen distribution sys-

tems to each other. On the other hand, the hydrogen systems 

and natural gas systems are operated by different agents, and 

the model of the integrated power and hydrogen system is also 

different from that of the integrated power and natural gas sys-

tem. In the integrated power and natural gas system, the power 

system and natural gas system are managed operated by differ-

ent agents, indicating that the model of integrated power and 

distribution system must be solved by distributed solution algo-

rithms [26-28]. In contrast, the large-scale application of hydro-

gen is supposed to address the replacement of traditional fossil 

energy sources, and is wildly used in the power industry. The 

power system will become the main industry for hydrogen pro-

duction and consumption in the future. Therefore, the future hy-

drogen system will be dependent on the operation of the power 

system, indicating that the model of integrated power and hy-

drogen system can be solved by centralized algorithms. 

Furthermore, the increasing interdependency between power 

distribution systems and hydrogen systems will bring extraor-

dinary challenges to the resilience of the IPHS. In addition to 

the electric infrastructures, the key components of hydrogen 

systems, such as EHPs, pipelines, storage tanks, compressors, 

and gas-fired units, may also get damaged by natural disasters, 

which makes the IPHS disaster restoration more complicated. 

Therefore, the existing methodologies for the power distribu-

tion system resilience [7]-[18] may no longer be applied to the 

resilience of the IPHS. It is necessary to mathematically char-

acterize the new features of the IPHS, such as the transient mod-

eling of hydrogen pipeline flow and EHP process, to set up a 

hybrid disaster restoration framework for the IPHS. However, 

all these issues have not yet been sufficiently addressed in the 

current publications. 

Emergency response resources, such as the repair crews (RCs) 

and mobile power sources (MPSs), can be dispatched to the de-

sired fields through the transportation network, providing flex-

ibilities for the restoration strategies of the IPHS [29]-[31]. In 

essence, the optimal dispatch of RRCs and MPSs can be equiv-

alent to a classical vehicle routing problem [32], [33]. Consid-

ering the hybrid dispatch of RRCs and MPSs in the transporta-

tion network, [34] proposed an optimal load restoration ap-

proach for the resilient distribution systems. In [35], a two-stage 

outage management strategy was suggested by co-optimizing 

the RRCs, topology reconfiguration, and distributed generation 

dispatch. Reference [36] proposed a three-stage stochastic opti-

mization model by fully incorporating the optimal planning, 

pre-position, and dispatch of MPSs, thus minimizing the invest-

ment costs and improving the system resilience. In [37], a mul-

tiperiod restoration framework was proposed for the resilient 

distribution systems by optimally coordinating the RCs, mobile 

battery-carried vehicles (MBCVs), and networked microgrids 

formation. 

In further studies, the uncertainties introduced by renewable 

energy should be considered, and several different multi-period 

stochastic programming also can be applied to enhance the re-

silient IPHS. For instance, [38] proposed a two-stage robust op-

timization model to coordinate the discrete and continuous re-

active power compensators and find a robust optimal solution 

against any possible realization within the uncertain wind 

power output. Reference [39] proposed a two-stage robust cen-

tralized-optimal dispatch model to achieve a robust PV inverter 

dispatch solution considering the PV output uncertainties. And 

in [40], a novel day-ahead PV power forecasting approach 

based on deep learning was proposed and validated. Reference 

[41] established a total of 14 DYB models to estimate daily 

global solar radiation in six climate zones of China. 

In this paper, a comprehensive multi-period restoration 

model (MPRM) is proposed for integrated power and hydrogen 

distribution system (IPHDS) under natural disasters with the co-

ordination of RCs and MBCVs, and the dynamic delivery pro-

cess of hydrogen is also taken into consideration.  

The main contributions can be summarized as follows: 

(i) We propose an IPHDS model, in which the power system 

and the hydrogen system are connected by electric hydrogen 

production devices (EHPs) and hydrogen-fired generators. 

Based on the aerodynamic laws, the dynamic hydrogen flow for 

the hydrogen delivery is applied in the IPHDS. To address the 

differential equations for the hydrogen dynamic flow, a differ-

entiation and linearization method is also applied in this paper. 

(ii) Based on the proposed IPHDS model, a multi-period resto-

ration model is set up to improve the resilience of IPHDS, lev-

eraging RCs and MBCVs to assist in system recovery of critical 

loads. Different from the existing research of RCs and MBCVs, 

the dynamic transportation state and ever-changing travel time 

for RCs and MBCVs are also taken into consideration in the 

proposed model.  

The rest of the paper is summarized as follows. Section II 

details the modeling of three technologies: RCs, MBCVs, and 

dynamic hydrogen flow. Section III sets up the optimization of 

the MPRM model for the IPHDS with three technologies. Sec-

tion IV studies and analyzes two cases for distribution network 

restoration. Finally, section V concludes this paper. 
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II. MATHEMATICAL MODELING OF RCS, MBCVS AND 

DYNAMIC HYDROGEN FLOW 

In this part, the models of RCs, MBCVs, and dynamic hydro-

gen flow are respectively set up for IPHDS restoration. Note 

that RCs and MBCVs have their own routes and are easily in-

fluenced by the transportation state. The transportation state and 

travel time variability are considered in the model of RCs and 

MBCVs.  

Besides, since the hydrogen flow constraints are non-linear 

equalities and inequalities, a linearization method is used for the 

dynamic hydrogen flow to facilitate the computational burden. 
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Fig. 1. An example of RC routes. 

A. Modeling of Repair Crews 

RCs are a kind of important resilient resources in IPHDS res-

toration. After the natural disaster happens, the RCs will be rap-

idly dispatched to faulted power branches and pipelines to per-

form the maintenance tasks. Reasonable routing and mainte-

nance tasks of RCs can reduce the scheduling pressure of 

MBCVs. By collaboratively dispatching the RCs and MBCVs, 

the system outages can be effectively reduced, and the restora-

tion speed will be clearly updated. In a restoration process, RCs 

can be modeled as a routing problem that can be formulated by 

the graph theory [46]. To explain the model of RCs, we assume 

that N lines are damaged in a natural disaster. Then, we can de-

fine a graph HK=(ΨKA, ΨKL), and {0, 1, 2, 3, … , N, end} is the 

index for the set of faulted lines, where “0” and “end” both rep-

resent the RC depot center. In a RC route, the repair crew should 

leave from the faulted line “0” to repair lines and return to 

faulted line “end” after repairing tasks. Fig. 1 shows an example 

of two RCs, including the travel routes of RC1 and RC2 which 

are Route1={0, 2, 3, end} and Route2={0,4,5,end}. To guarantee 

that all RC routes start from “0” and return to “end” after re-

pairing tasks are finished, we should have 

 
KA KA

0, , ,0, 1,
 

− =  
crew crew

n c m c

n m
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where M
crew 

0,n,c  is a binary variable that shows whether crew c trav-

els from line 0 to line n. M
crew 

m,0,c is a binary variable that shows 

whether crew c travels from line m to line 0. M
crew 

m,end,c is a binary 

variable that shows whether crew c travels from line m to line 

end. M
crew 

end,n,c  is a binary variable that shows whether crew 𝑐 

travels from line end to line n. For example, for RC1 in Route1, 

we have M
crew 

0,2,1 =M
crew 

2,3,1 =M
crew 

3,end,1=1, and others are 0. ΨKA denotes 

the set of the faulted lines. It worth noting that ΨKA contains not 

only faulted power branches, but also faulted hydrogen pipe-

lines.  

Moreover, the repair process should be continuous and each 

component should be repaired only once. Therefore, we have 

 
KA

K
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A

, ,
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,
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=   i c
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where Ri,c is a binary variable that indicates whether faulted line 

i is repaired by RC c. M
crew 

m,i,c  is a binary variable that indicates 

whether RC c travels from m to i during the restoration. 

Since each RC which leaves to repair a faulted line must re-

turn to the crew depot center after all repairing tasks, the num-

ber of RCs which leave each line should be equal to the number 

of RCs that arrive at this line. Thus, we have 

 
KA KA

, , ,

K

,
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− =    
crew crew
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(5) 

where M
crew 

s,n,c  is a binary variable that indicates whether RC c 

travels from s to n during the restoration. M
crew 

m,s,c is a binary var-

iable that indicates whether RC c travels from m to s during the 

restoration. 

Besides, the repair and travel time for each RC should also 

be formulated. To explain the time constraints for each RC, we 

still take Fig. 1 as an example. RC1 arrives at line 2 at T
crew 

2,1 = T
crew 

0,1 +t0,2,l, l= T
crew 

0,1 , and arrives at faulted line 3 at T
crew 

3,1 = T
crew 

2,1 +t
crew 

2,1

+t2,3,l, l= T
crew 

2,1 +t
crew 

2,1 . So, we can summarize that the faulted line 

m would be repaired and reconnected by the c-th RC after T
crew 

m,c

+t
crew 

m,c . Thus, we have: 
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where T
crew 

0,c  denotes the time when crew c arrives at line 0. T
crew 

m,c  

denotes the time when crew c arrives at line m; t
crew 

m,c  denotes the 

time for crew c to repair the line m. tm,n,l denotes the travel time 

for crew c from m to n at time l. Since the transportation state 

would be different at each time, the travel time for each road 

would be different according to the traffic congestion. f
 m 

i,t  is a 

binary variable that indicates at time t whether station i is re-

paired. ε denotes the error factor. t denotes the current time. ys,r,t 

is a binary variable indicating whether line (s, r) is connected at 

time t; 1 is “connected” and 0 otherwise. ΨKL denotes the set of 

the roads connected to faulted lines. Also, ΨKL contains the 
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roads connected to both faulted power branches and pipelines. 

Constraints (6)-(12) are crew time limits. Constraint (6) ensures 

that all crews start from the depot (marked as 0) immediately 

after the outage (t = 0). Constraint (7) is a big-M constraint to 

define the arrival time for each point in the graph. In constraint 

(7), we assume that a RC arriving at a faulted line will complete 

the line repair before departure. When M
crew 

m,n,c =1, RC c travels 

from m to n, spends tm,n,l, l = T
crew 

m,c +t
crew 

m,c  on travel, and completes 

the repair at t
crew 

i,c . And when M
crew 

m,n,c≠1, M is defined as a large 

number so that the variables are affected. Constraint (8) implies 

that each faulted line would be repaired only once; f
 m 

i,t  means 

that the faulted line i repair is completed and the line is ready to 

be energized at time t. Constraints (9) and (10) combine the bi-

nary variable f
 m 

i,t  with integer variable T
crew 

i,c  to limit the repair 

time for each faulted line. Constraint (11) guarantees that only 

crew c, which was used to repair line i, has a positive value of 

T
crew 

i,c ; otherwise, the sum of T
crew 

i,c  for each crew c will not repre-

sent the time the crew arrives at faulted line i. Constraint (12) 

ensures that the line can be energized in the distribution system 

after the repair, and (8) ensures that every faulted lines would 

be repaired. 

B. Modeling of Mobile Battery-Carried Vehicles 

When an outage happens, MBCVs will be dispatched from 

the vehicle depot center to the charging station to support criti-

cal loads, especially the loads located in an island. After the 

critical loads are restored, the MBCV should travel to another 

charging station to support other loads. Similar to the RCs, the 

model of MBCVs can also be formulated by graph theory. Also, 

we can define a graph HG=(ΨGA, ΨGL) with N charging stations, 

and {0, 1, 2, 3, … , N, end} is the index for the set of charging 

station nodes, where “0” and “end” both represent the vehicle 

depot center. In an MBCV route, the MBCV should leave from 

the vehicle charging station “0” to support critical loads and re-

turn to the charging station “end” after the charging tasks. Also, 

to guarantee that all MBCVs start from “0” and return to “end” 

after the charging tasks are finished, there should be 
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where M
vehicle 

0,n,d  is a binary variable that shows whether MBCV d 

travels from station 0 to station n. M
vehicle 

m,0,d  is a binary variable 

that shows whether MBCV d travels from station m to station 0. 

M
vehicle 

m,end,d is a binary variable that shows whether MBCV d travels 

from station m to station end. M
vehicle 

end,n,d  is a binary variable that 

shows whether MBCV d travels from station end to station n. 

ΨGA denotes the set of stations with plugs to MBCV.  

Similarly, MBCVs that come to a charging station must leave 

when charging is completed, which leads to 
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Though there are many similar parts in the RC and MBCV 

models, there still exist three differences. Note that MBCVs can 

only support power load at the charging station and cannot re-

pair the faulted stations and lines. Therefore, functions (3) and 

(4) are not applied in the MBCV model. On the other hand, in 

the RC model, only one RC can repair a faulted line simultane-

ously. But in the model for MBCVs, it is normal that several 

MBCVs arrive at the same charging station, which means func-

tion (8) is not necessary in the MBCV model. Besides, the 

charging time of MBCVs at each station can be varied accord-

ing to the demand, while the repair time for RCs at each faulted 

line is fixed. Thus, the charging and travel time constraints for 

MBCVs should be expressed as 

, , , , , , , ,, ,vehicle vehicle MBCV vehicle vehicle vehicle

n d m d m n d l m d m d m dT lT t t T td == + + +   (16) 

where T
vehicle 

n,d  denotes the time when vehicle d arrives at the sta-

tion n. T
vehicle 

m,d  denotes the time when vehicle d arrives at station 

m. t
MBCV 

m,n,d,l  denotes the travel time of MBCV d from m to n at time 

l. t
vehicle 

m,d  denotes the time when vehicle d stays at station m. To 

characterize the relationship between T
vehicle 

m,c  and t
MBCV 

m,n , a big-M 

approach is employed by [47],where 
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Moreover, MBCVs satisfy the following operation con-

straints 
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where f
 c 

i,t,d is a binary variable that indicates whether vehicle d 

arrives at station i at time t. l
 c 

i,t,d is a binary variable that indicates 

whether vehicle d leaves the station at time t i. Constraint (18) 

ensures that all vehicles start from the depot at time 0. Con-

straint (19) indicates that a station is visited only once by each 

MBCV. Constraint (20) suggests that one MBCV should leave 

the station only if it visits the station. Constraints (21)-(23) are 

similar to (9) and (10), coupling the binary variables (f
 c 

i,t,d , l
 c 

i,t,d) 

with the integer variables (T
vehicle 

i,d , t
vehicle 

i,d ). Constraint (24) indi-

cates that the MBCV stay time is non-negative. In addition, con-

straint (25) makes sure that vehicle arrive time is equal to 0 if 

vehicle d did not visit the station. 

C. Model of IPHDS and Hydrogen Dynamic Flow 

Fig. 2 shows an illustration of an IPHDS, where the hydro-

gen system and power distribution system are connected with 

each other by hydrogen-fired generators and EHPs. The hydro-

gen-fired generators generate electricity by burning hydrogen. 

And the hydrogen-fired generators are the power source in the 

power distribution system, while they are also hydrogen loads 

in the hydrogen system. On the contrary, the EHPs are the hy-

drogen sources in the hydrogen system, while they are electric 

load in the power distribution system.  

When the power system is integrated with a hydrogen system, 

the hydrogen-fired generators will be wildly utilized as an im-

portant coupling component in the IPHDS. The hydrogen-fired 
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generators generate electricity by burning hydrogen gas. Tech-

nically, the operation parameters of the coal-fired generators 

and hydrogen-fired generators are quite different, and the dif-

ference between the modeling of coal-fired generators and hy-

drogen-fired generators mainly lies in two aspects. On the one 

hand, the ramping rates and minimum technical generations of 

the coal-fired and hydrogen-fired generators are different. 

On the other hand, the coal-fired generators are only the gen-

eration components in the power system, while the hydro-

gen-fired generators not only generate electricity in the 

power system but also consume hydrogen gas in the hydro-

gen system. 

C E

C

EC

H

H

Power System 

Network
Hydrogen 

System Network

C Coal-fired generator

H
Hydrogen-fired 

generator

E
Electric hydrogen 

production

Electric load

Hydrogen load

 

Fig. 2 An illustration of the IPHDS 

The distribution power system is applied in this paper, and 

the power flow equations in the distribution power system can 

be expressed as 
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where Pc,t and Qc,t are the active and reactive powers of the coal-

fired generator connected to bus c at time period t; Ph,t and Qh,t 

are the active and reactive powers of the hydrogen-fired gener-

ator connected to bus h at time period t; Pq,EHP,t is the active 

power consumption of the EHP connected to bus q at time pe-

riod t; Hjs,t and Gjs,t are the active and reactive powers on the 

power branch (j, s) at time period t; Vj,t is the voltage magnitude 

of bus j at time period t; 𝜃j,t is the voltage phase angle of bus j 

at time period t; P
e 

j,t and Qj,t are the active and reactive loads of 

bus j at time period t; δt(j) and πt(j) are the sets of child buses 

and parent buses of bus j at time period t;  denotes the set of 

electric buses;  denotes the set of electric buses connected 

with coal-fired generators;  denotes the set of electric buses 

connected with the hydrogen-fired generators.  is the set of the 

backup reconfigured power branches. Ω is the set of the buses 

connected with EHPs. (28) denotes the power balance con-

straint at each bus in the power system. (29) indicates that the 

power factor of each bus should be kept within a specified value 

at each time period. (30) specifies the voltage drop on each 

power branch. 

In this paper, the distribution hydrogen system consists of 

three major components, including EHPs, hydrogen-fired gen-

erators, and hydrogen transmission pipelines. The models of 

key hydrogen components are described as follows. 

Different from the electricity delivery in power branches, the 

hydrogen delivery in hydrogen pipelines follows the aerody-

namic laws, and the hydrogen flow will be driven by the pres-

sure along the pipelines in correspondence to the ingredients, 

temperature, density, etc.  

To visually illustrate the modeling of a hydrogen pipeline, 

Fig. 3 presents a graphical illustration about a typical hydrogen 

pipeline with the corresponding internal parameters. 

Hydrogen 

Flow

0 Lx

, ,x x xF pX

 

Fig. 3 An illustration of a hydrogen pipeline 

In Fig. 3, if we take the leftmost end of the pipeline as the 

starting point, a coordinate axis can be easily created with the 

leftmost end of the pipeline as the origin. As a result, the right-

most coordinate of the pipeline is L. For each point in the pipe-

line, the coordinate of this point can be determined by the dis-

tance of this point from the starting point. Therefore, for the 

point X in Fig. A-1, the coordinate of this point is x, which also 

denotes the distance of point X from the starting point. The hy-

drogen density, hydrogen mass flow rate, and hydrogen pres-

sure also can be shown as ρx, Fx, and px. 

The hydrogen states such as velocity, temperature, density, 

pressure, etc. can be linked by the one-dimensional fluid dy-

namics along the pipelines. Generally, according to the aerody-

namic criteria, the process can be described by the following 

two equations [47]: 

 0
 
+ =

 

F

t A x

 
(30) 

 

2

2
+ 0

2





 
+ =

 

F p F

A t x d A

 
(31) 

where ρ refers to the hydrogen density; F denotes the hydrogen 

mass flow rate; p denotes the hydrogen pressure; t denotes to 

the operation time; x denotes the coordinate of each point in a 

pipeline; A denotes the cross-sectional area of the pipelines; d 

denotes the diameter of the pipeline; λ denotes the friction co-

efficient of the pipeline. 

Since (30) and (31) are partial differential equations and dif-

ficult to be solved, they need to be turned into their difference 

form. Here, the partial differential equations (30) and (31) are 
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approximately transformed in the following Wendroff differ-

ence form [44, 45], where each partial differential equation is 

reformulated by Xi+1,t+1, Xi,t+1, Xi+1,t and, Xi,t.  
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(34) 

where Δt and Δx indicate the time and spatial step, respectively. 

The second order accuracy with the truncation errors O(Δt2+Δx2) 

in (32)-(34) are ignored in this paper. 

According to the Wendroff difference form, the partial dif-

ferential equations (30) and (31) can be transformed into (35) 

and (36), and the transient mass flow in the hydrogen pipelines 

can be simply expressed by (35)-(36). 
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Thus, inspecting the hydrogen flow in pipeline (m, n) gives 
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(38) 

where Lmn denotes the length of pipeline (m, n).  

Note that constraint (38) is a non-linear function and cannot 

be solved by convex optimization method. Thus, the relation-

ship among hydrogen density ρ, hydrogen mass flow rate F, and 

hydrogen velocity w is applied as [46]. 
=  F A w                (39) 

Since the hydrogen velocity wouldn’t change too much in the 

operation state, the second-order term in (38) can be approxi-

mately changed into 
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where mnw  denotes the average hydrogen velocity in pipeline 

(m, n). Thus, equation (38) can be linearized into (41). 
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To ensure the balance of hydrogen flow at each hydrogen 

node, the hydrogen flow should follow the equation below. 
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(42) 

where Ki,t denotes the hydrogen output of EHP connected to 

node i at time period t; Kb,t denotes the consumption of hydro-

gen-fired generator connected to node b at time period t; F
g 

n,t 

denotes the hydrogen load connected to node n at time period t. 

αt(n) and βt(n) are the sets of child and parent nodes of node n 

at time period t;  is the set of hydrogen nodes; γ is the set of 

hydrogen nodes connected to the EHPs. Π is the set of hydrogen 

nodes connected to the hydrogen-fired generators. 

The EHPs and hydrogen-fired generators are the major cou-

pling components in the IPHDS. The electricity and hydrogen 

conversion equations of the EHPs and hydrogen-fired genera-

tors can be expressed as follows. 
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where ηi,q is the conversion factor of EHP allocated at hydrogen 

node i and electric bus q, and GHV is the hydrogen gross heat-

ing value. 

III. FORMULATION OF THE RESTORATION PROCESS 

In this section, a multi-period restoration model for IPHDS 

considering dynamic hydrogen flow is proposed to maximize 

the total restored weighted loads. The model aims to determine 

the optimal routes for RCs and MBCVs as well as the network 

reconfiguration with the consideration of the transportation 

states. The optimization model can be set up as follows. 

A. Objective Function 

The objective of the MPRM is to quickly pick up critical 

loads. By properly choosing the weights, we can ensure that 

high-priority loads are restored first. Mathematically, the objec-

tive function is expressed as the sum of weighted loads:  
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where P
e 

j,t and F
g 

n,t denote the restored active power at bus j and 

restored hydrogen load at node n at time t, respectively; z
e 

j  and 

z
g 

n  denote the power load weight and hydrogen load weight, re-

spectively; P
e 

max,j and F
g 

max,n denote the upper bound of power 

load and hydrogen load, respectively. 

B. Constraints 

The constraints of the model should satisfy the requirement 

of the secure system operation. Specifically, these constraints 

will include 

1) Power flow constraints 
The MPRM for the IPHDS should maintain power flow bal-

ance at each time period without the violation of physical limits,  
 (27)-(29) (46) 
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  (1)-(25) (52) 

where P
min 

q,EHP and P
max 

q,EHP are the lower and upper bounds of the 

active power of the EHP connected to bus q; Q
min 

q,EHP and Q
max 

q,EHP 

are the lower and upper bounds of the reactive power of the EHP 

connected to bus q; P
min 

c  and P
max 

c,  are the lower and upper 

bounds of the active power of the coal-fired generator con-

nected to bus c ; Q
min 

c  and Q
max 

c,  are the lower and upper bounds 

of the reactive power of the coal-fired generator connected to 

bus c ; P
min 

h  and P
max 

h,  are the lower and upper bounds of the ac-

tive power of the hydrogen-fired generator connected to bus h ; 

Q
min 

h  and Q
max 

h,  are the lower and upper bounds of the reactive 

power of the hydrogen-fired generator connected to bus c ; r
min 

c  

and r
max 

c are the lower and upper bounds of the coal-fired gener-

ators ramping rate; r
min 

h and r
max 

h are the lower and upper bounds 

of the hydrogen-fired generators ramping rate; V
min 

j  and V
max 

j  

are the lower and upper bounds of the voltage magnitude at bus 

j; V
0 

j is the specified voltage magnitude at bus j. 

For these constraints in the power system, we assume that the 

power system and hydrogen system are coupled by hydrogen-

fired generators and EHPs. Moreover, constraint (46) denotes 

the limitations for the power flow balance. Constraint (47) spec-

ifies the upper and lower bounds of the voltage magnitude at 

each bus, and constraint (48) indicates that the voltage magni-

tude for the bus connected with coal-fired generators or hydro-

gen-fired generators will always be specified as the given value. 

Constraint (49) denotes the power consumption limit of EHPs. 

Constraints (50) and (51) specify the upper and lower bounds 

of coal-fired generators and hydrogen-fired generators. (52) is 

the constraint for RCs and MBCVs. 
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2) Hydrogen flow constraints 

In the hydrogen system, the MPRM should maintain hydro-

gen balance and physical limits, giving 
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 (42)-(44) (56) 

 (37), (41) (57) 

where F
min 

mn  and F
max 

mn  are the lower and upper bounds of the hy-

drogen mass flow rate in pipeline (m, n); p
min 

mn  and p
max 

mn  are the 

lower and upper bounds of the hydrogen pressure in pipeline (m, 

n); ρ
min 

n  and ρ
max 

n  denote the lower and upper bounds of the hy-

drogen density in pipeline (m, n). 

For these constraints in the hydrogen system, we assume that 

the hydrogen loads are only supplied by EHPs, and the hydro-

gen flow will be dynamically changed in pipelines. Moreover, 

constraint (53) denotes the limit of the hydrogen mass flow rate. 

Constraint (54) denotes the limit of the hydrogen pressure for 

each pipeline. Constraint (55) denotes the limit of hydrogen 

density for each pipeline. Constraint (56) denotes the hydrogen 

flow balance, and conversion relationship between EHPs and 

hydrogen-fired generators. Constraint (57) gives the dynamic 

hydrogen flow for each pipeline. 

3) Network reconfiguration constraints 

To improve the resilience of IPHDS, the network reconfigu-

ration strategy has been adopted in the MPRM, yielding the fol-

lowing constraints: 
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where ui,j,t is a binary variable indicating whether power line (i, 

j) is reconfigured at time period t: if it is reconfigured, ui,j,t =1; 

0 otherwise. rm,n,t is a binary variable which indicates whether 

pipeline (m, n) is reconfigured at time period t; u
max 

t  denotes the 

maximum number of the reconfigured power branches at time 

period t; r
max 

l,t  denotes the maximum number of the reconfigured 

pipelines at time period t. Functions (58) and (61) are the recon-

figuration state constraints, denoting that if a power line or pipe-

line is reconfigured, it would follow the power flow constraints 

and the hydrogen flow constraints. Constraints (59) and (62) 

shows the limits of reconfigured power branches and pipelines 

at each time period. Constraints (60) and (63) indicate that each 

power line or pipeline should only be reconfigured once during 

an outage. 

Therefore, the MPRM for IPHDS can be finally set up with 

the objective function (45), subject to power system constraints 

(46)-(52), hydrogen system constraints (53)-(57), and network 

reconfiguration constraints (58)-(63). 

IV. CASE STUDIES 

In this section, two different IPHDSs are employed to shown 

the effectiveness of the proposed model. The first IPHDS is in-

tegrated by a modified IEEE 33-bus distribution system and a 

48-node hydrogen system. The other IPHDS is integrated by a 

144-bus distribution system and three hydrogen systems con-

taining 85 different hydrogen nodes. 

1) IPHDS integrated by a modified IEEE 33-bus distribution 

system and a 48-node hydrogen system 

The IPHDS integrated by a modified IEEE 33-bus distribu-

tion system and a 48-node hydrogen system is employed to 

show the effectiveness of the proposed model, the topology of 

which is depicted in Fig. 4. In Fig. 4, the faulted lines are de-

noted by “”. Power buses 1, 15 and 29 are connected with 

coal-fired generators, and power buses 6, 9, 17, 21 and 23 are 

connected with hydrogen nodes 9, 7, 20, 24 and 37 by hydro-

gen-fired generators, respectively. Besides, we prioritize all 

power loads into five levels, demonstrating the load priority in 

[48]. The power loads with the highest priority are located at 

buses 4, 19, 25, while the power loads with the second-highest 

priority are located at buses 9, 26, 27. 

In the 48-node hydrogen system, source nodes 2, 11, 16, 23 

and 39 are connected to power buses 3, 16, 19, 25 and 30 by 

EHPs, respectively. Other nodes are all connected with hydro-

gen loads. Similarly, hydrogen loads are also prioritized into 

five levels, with hydrogen loads at nodes 4 and 15 being prior-

itized the highest level, and loads at nodes 1 and 18 being pri-

oritized the second-highest level. Note that nodes 7, 9, 20, 24 

and 37 are connected with the power distribution system via hy-

drogen-fired generators. To guarantee the hydrogen supply, the 

loads at nodes 7 and 20 also have the highest priority. 

To quantify the restoration performance, the load restoration 

time is defined as the total required time to recover the load. 

Besides, we assume that there are two RCs and two MBCVs in 

the power system, and two RCs in the hydrogen system. The 

time for each RC to repair the faults is shown in Table I and 

Table II. Moreover, the travel time for each RC and MBCV 

among faulted lines is detailed in [48]. 

The optimal RC and MBCV routes are also depicted in Fig. 4. 

Once the faulted lines are repaired, the islands will be re-con-

nected and the loads will be restored. In the power distribution 

system, the fault power branches closer to the RC depot, such 

as Fault 1 and Fault 3, will be first repaired by RC1 and RC2, 

respectively. Next, Fault 5 will be repaired by RC1, while Fault 

3, Fault 2 and Fault 4 will be repaired by RC2 in sequence. 

TABLE I    REPAIR TIME OF RCS IN THE 33-BUS SYSTEM 

Outages 
Repair time (minutes) 

Repair Crew 1 Repair Crew 2 

Fault 1 120 60 

Fault 2 120 60 
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Fault 3 60 120 
Fault 4 60 60 

Fault 5 120 60 

TABLE II    REPAIR TIME OF RCS IN THE 48-NODE SYSTEM 

Outages 
Repair time (minutes) 

Repair Crew 3 Repair Crew 4 

Fault 6 60 60 

Fault 7 180 120 
Fault 8 120 120 

Fault 9 120 60 

Fault 10 60 60 
Fault 11 120 120 

Fault 12 120 60 
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Fig. 4 RC and MBCV routes in the 33-bus-48-node IPHDS 

In addition, Fig. 5 shows the hydrogen flows in the pipelines 

2-9, 7-8 and 8-10. Different from the power flow in the power 

system, when the hydrogen network topology changes, the hy-

drogen flow cannot change immediately, but changes dynami-

cally. For instance, after the pipeline 7-8 is damaged at the 0-th 

minute, the hydrogen flow in the pipeline 7-8 will remain 0, and 

the hydrogen loads at nodes 3, 4, 5, 6, and 7 will be shed until 

the fault is repaired at the 110-th minute. However, the hydro-

gen flow in the pipeline 2-9 cannot decrease immediately, and 

the excess hydrogen will become to line pack restoration in the 

pipelines, resulting in a temporary increase in the hydrogen 

flow of the pipeline 8-10. When the pipeline 7-8 is repaired, the 

hydrogen flows in these pipelines begin to gradually increase to 

support the restored hydrogen loads at nodes 3, 4, 5, 6, and 7, 

and will reach the steady -state values after the 400-th minute.  

To investigate the influence of RCs, MBCVs, the dynamic 

hydrogen flow, and transportation states in the IPHDS restora-

tion, we compare the restoration time and restored weighted 

loads in five cases: 

Case 1: no RCs and MBCVs;  

Case 2: 4 RCs and 2 MBCVs;  

Case 3: 4 RCs and 2 MBCVs with the consideration of the 

dynamic hydrogen flow model;  

Case 4: 4 RCs and 2 MBCVs with the consideration of the 

transportation state;  

Case 5: 4 RCs and 2MBCVs with the consideration of the 

dynamic hydrogen flow and the transportation state. 

Fig. 6 depicts the restored weighted loads at different time pe-

riods in these five cases. Firstly, during the given 550 minutes, 

the weighted load is only restored from 4.21 p.u. to 5.36 p.u. in 

Case 1. In contrast, the weighted load has increased to the nor-

mal state (12 p.u.) at the 480-th minute with the help of RCs and 

MBCVs in Case 2, which is more than 7.7 times faster than the 

restoration strategy in Case 1. Secondly, when the dynamic hy-

drogen flow model is applied to the IPHDS, the weighted load 

restoration will lag behind the network repairing and reconfig-

uration in nearly 60 minutes since the hydrogen flow cannot be 

changed instantaneously with the load demand. Therefore, the 

total weighted restored load in Case 3 is 3.7%-22.1% lower than 
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that in Case 2 at each time period. Thirdly, if the transportation 

states (i.e., the traffic congestion) are considered in the restora-

tion process, the repair sequence of the faulted power branches 

in Case 4 will be different. Compared with the restoration pro-

cess in Case 2, although the weighted load restoration in Case 

4 is 60 minutes slower in the first 200 minutes, the total resto-

ration time in Case 4 is over 40 minutes less than that in Case 

2. Finally, the dynamic hydrogen flow model and transportation 

states are both considered in Case 5, in which the traffic con-

gestion and the dynamic hydrogen flow will both influence the 

restoration time. Before the 330-th minute, the total weighted 

restored load in Case 4 is 6%-33.9% lower than that in Case 2 

at each time period. After the 330-th minute, the total weighted 

restored load in Case 5 is only 5% lower than that in Case 2 at 

each time period, and the total restoration time in Case 5 is 70 

minutes longer than that in Case 2. 

In the hydrogen system, RCs will also be dispatched to re-

pair the fault pipelines closer to the RC depot (i.e., Fault 6 and 

Fault 10) first. Once Fault 6 and Fault 10 are recovered, the two 

islands in the hydrogen system will be reconnected and the cor-

responding hydrogen loads are picked up. Next, Fault 8 and 

Fault 7 will be repaired by RC3 in sequence, and Fault 9, Fault 

12 and Fault 11 will be repaired by RC4 in sequence. Note that 

RC3 is dispatched to Fault 8 rather than Fault 7 after repairing 

Fault 6. It is because although the distance from Fault 6 to Fault 

7 is shorter than that to Fault 8, the travel time from Fault 6 to 

Fault 7 is still longer than that to Fault 8 due to the traffic con-

gestion. Similarly, RC4 is dispatched to Fault 12, rather than 

Fault 11 after repairing Fault 10. 

 
Fig. 5 Hydrogen flow in classic pipelines 

  

Fig. 6 Restored weighted loads in the 33-bus-48-node IPHDS 

 

2) IPHDS integrated by a 144-bus distribution system and 

three hydrogen systems 

In this part, a practical IPHDS with a 144-bus power distri-

bution system and two hydrogen systems containing 85 nodes 

is derived from a region in China to further test the proposed 

MPRM model. The topologies for the 144-bus power distribu-

tion system and the hydrogen systems are shown in Fig. 7 and 

Fig. 8, respectively. There are 25 coal-fired generators with 

slow ramp rates; 6 hydrogen-fired generators, which can ramp 

up from the minimum to the maximum within 1 hour. The hy-

drogen system contains 85 hydrogen nodes that can be divided 

into 3 different small-scale hydrogen systems integrated with 

the power distribution system. In the hydrogen systems, there 

are 9 EHPs connecting with the power system. The capacity of 

each generator and EHPs is detailed in [48]. Besides, we also 

prioritize all power and hydrogen loads into five levels, demon-

strating the load priority in [48]. The cascaded outages of 53 

power branches and 25 pipelines are presented by red dashed 

lines in Fig. Fig. 7 and Fig. 8, which account for 31.5% of the 

total number of power branches and pipelines. 
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Fig. 7 Topology of 144-bus power distribution system 
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Fig. 8 Topology of the hydrogen systems 

In this case, we assume that there are 5 RCs in the 144-bus 

power system, 3 RCs in the hydrogen systems and 5 different 

MBCVs in the IPHDS. 

To investigate the influence of the dynamic hydrogen flow 

and transportation states on the IPHDS restoration, two differ-

ent models are set up to compare with the proposed transporta-

tion state and dynamic hydrogen flow (MPRM): the restoration 

model only considering transportation state (RMTS), and the 

restoration model only considering dynamic hydrogen flow 

(RMDH). We sequentially compare the restoration time, re-

stored weighted loads, the collaborative dispatch results of RCs 

and MBCVs, and the computational time for these three models. 

Fig. 9 depicts the Gantt chart of the routes about two typical 

RCs deployed in the power system and the hydrogen system, 

and one MBCV in these three models. RC 1 is deployed in the 

power system, while RC 2 is deployed in the hydrogen system. 

The Gantt chart detailed the travel routes and repair tasks for 

the RCs and MBCV, where the scheduling orders are also 

shown in the Gantt chart. Based on the Gantt chart, the dynamic 

changes of transportation state and hydrogen flow can influence 

the RC and MBCV dispatch results in two aspects. Take RC 1 

in the power system for an example. This RC will sequentially 

repair the branches 78-128, 128-60, 78-60, 89-60, 89-90, 60-

112, 51-116, 50-51, 32-50, 32-137, 78-128, and 128-60. On the 

one hand, since the transportation state keeps changing, the time 

for RC 1 to complete all repair tasks in MPRM is 690 minutes, 

which is 80 minutes longer than those in RMTS and RMDH. 

On the other hand, the scheduling orders for RC 1 in three mod-

els were different from each other. Compared with the RC 1 

routes in RMDH, the RC 1 in MPRM preferred to repair 

branches 51-116, 50-51, and 32-50 at first rather than branches 

128-60, 89-60, and 89-90. The main reason is that there is a se-

vere blockage in the path from branch 78-60 to branches 128-

60, 89-60, and 89-90 at the beginning of the repair tasks. If RC 

1 first repaired branches 128-60, 89-60, and 89-90, the total re-

pair and travel time would be 240 minutes, while the total repair 

and travel time for RC 1 to repair branches 51-116, 50-51, and 

32-50 was 210 minutes. To balance the repair time and travel 

time, RC 1 would first repair the branches with a relatively 

lower priority. As for RMTS and RMDH, the difference be-

tween scheduling orders of RC 1 in these two models indicates 

that the dynamic hydrogen flow will certainly influence the dis-

patch results. Since the hydrogen flow changes relatively 

slower than the power flow, the branches connected to the EHPs 

and hydrogen generators would require an earlier restoration. 

Thus, RC 1 preferred to repair branches 60-112 and 50-51 

which are relatively connected with two EHPs. 
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Fig. 9 Gantt chart of two typical RCs and one MBCV in three models 

Furthermore, to illustrate the efficiency of the proposed 

model, the computational time for these three models is also in-

vestigated in this part, and three models are conducted by 

GUROBI on a computer with qua-core, 2.4 GHz CPU and 4 GB 

memory. Table III shows the computational time for three mod-

els, where we also simulate different outage scales by increas-

ing faulted power branches and pipelines in the system, and 

compare the efficiency of the different models. The proposed 

MPRM takes into account both dynamic hydrogen flow model 

and transportation state, resulting in the longest computational 

time among these three models. RMDH considers the model of 

dynamic hydrogen flow which introduces the difference equa-

tions with numerous auxiliary variables into the restoration 

model. Thus, the computational time for RMDH is longer than 

that for RMTS. Generally, the computational time for MPRM 

is 18.1%-37.2% longer than that for RMTS and is 5.96%-23.9% 

longer than that for RMDH. With the increase in the number of 

faulted lines and expansion of the outage scale, the computa-

tional time of these three models gradually increases. When the 

number of faulted lines is doubled, the computational time will 

increase more than twice. 

TABLE III COMPUTATIONAL TIME IN THREE MODELS 

Number of 
faulted lines 

Computational time (second) 

MPRM RMTS RMDH 

60 850.2 619.6 703.2 

70 913.7 731.4 862.3 
78 1127.5 955.3 1044.1 

85 1594.4 1067.2 1198.3 

95 103.2 1210.5 1322.3 
100 1747.3 1302.5 1410.7 

110 2011.3 1573.3 1655.3 

120 2401.1 1902.1 2111.8 

V. CONCLUSION 

This paper proposed a multi-period restoration model for an 

integrated power and hydrogen distribution system with RCs, 

MBCVs, dynamic hydrogen flow, and transportation states. 

Once the outage happens, the network reconfiguration will be 
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first applied to avoid islanding. Then, RCs will be quickly dis-

patched to repair faulted lines under the consideration of the 

transportation state. MBCVs will also be dispatched to cooper-

ate with RCs and support critical loads, which are located in 

islands. Numerical results showed that the hydrogen flow and 

hydrogen load restoration will be slightly lagging behind the 

pipeline repair and reconfiguration. Moreover, transportation 

states will influence the RC repair orders and routes. Therefore, 

considering dynamic hydrogen flow model and the transporta-

tion states, the restoration strategy will be much more realistic 

and viable, although the restoration time will be a little longer. 

Certainly, the computational time for the proposed model is 

longer than the model without the dynamic hydrogen flow. 
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