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Abstract—In this paper, a new decomposing strategy is proposed 
to solve the power flow problem in the large-scale Multi-Energy 
Carrier (MEC) systems, including gas, electrical and heating  
sub-networks. This strategy has been equipped with a novel  
non-iterative method named Holomorphic Embedding (HE) to 
solve the energy flow of the electrical sub-network. Moreover, it 
benefits from the less-computational graph method for solving 
the energy flows of the heating sub-network. The HE method 
unlike initial-guess iterative methods guarantees to find ´the 
power flow solution, if there is a solution. In addition, it finds 
only the operational power flow solution without concern about 
the convergence of the solution. In the proposed strategy, the 
decomposing method decouples various energy flows of sub-
networks without losing the major benefits of the simultaneous 
analysis of the sub-networks and losing accuracy. Moreover, the 
proposed decomposing strategy has more reliability and faster 
computation time than the Newton-Raphson technique. In order 
to demonstrate the efficiency and superiority of the proposed 
decomposing strategy on solving large-scale MEC systems, the 
strategy is tested on three large-scale case studies. 
 

Index Terms—Multi-Energy Carrier, Energy Hub, Heating 
Network, Decomposed Energy Flow, Holomorphic Embedding, 
Graph Theory. 
 

Nomenclature 

a) Electrical Network Variables and Parameters 

d_V              The percentage voltage magnitude deviation of  
                     DNR-PFMEC and DHG-PFMEC methods from 
                     the results of NR-PFMEC method (%). 
d_ θ              The percentage voltage angle deviation of  
                     DNR-PFMEC and DHG-PFMEC methods from 
                     the results of NR-PFMEC method (%). 
Le                            Electrical load  (MW) ாܰ                 Number of electrical buses 
Pe                  Electrical power received by electrical network   

                                 (MW)         
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௜ܲ஼ு௉ ,	ܳ௜஼ு௉  Electric active and reactive power of CHPs 
                      in	݅th bus (MVA)                 ௜ܲௗ௘௠, ܳ௜ௗ௘௠   Electric active and reactive power demand in ith  
                      Bus (MVA) ௜ܲ௚௘௡, ܳ௜௚௘௡    Electric active and reactive power of generators  

                      in	݅th bus (MVA) ௜ܲ௉௨௠௣           Electric power consumption by heating pumps 

                     (MW)  ௜ܲ஼௢௠௣           Electric power consumption by gas compressors            

                     (MW)  ௜ܲ                  The power generation at bus i (P.U.) ܳ௜ௌு               Injected reactive power by shunt capacitors  
                     (MVAR) ܵ                   Complex power ௜ܸ                  Voltage magnitude at bus ݅th (P.U.) ௜ܸ ௦௣               The voltage magnitude at bus ݅ (P.U.) ௜ܻ௝                 Admittance of the transmission line between  

                    nodes i to j (P.U.) ௜ܻ௞	,௦௘௥௜௘௦      Related to the branch series in the line data ௜ܻ	௦௛௨௡௧        Related to the shunt element in the line data ߠ௜                Voltage angle at bus ݅th 

b) Natural Gas Network Variables and Parameters ܥ௚௞             Pipeline constant between nodes ݃th and ݇th  

 .(݉݉.ܭ√)                   
d_π             The percentage pressure deviation of  
                   DNR-PFMEC and DHG-PFMEC methods from 
                   the results of NR-PFMEC method (%). ܦ௚௞ீ௅              Diameter of pipeline between nodes ݃ to k (mm) ܧ௣              Absolute rugosity of natural gas pipeline (mm) ௚݂ௌ௢௨௥௖௘      Injected gas flow at node ݃th (m3/day)          ௚݂ௗ௘௠         Gas demand at node ݃th (m3/day) ௚݂௞             Gas flow through the pipeline connected between  

  nodes ݃th and ݇th (m3/day) ݂ீ௕௢௜௟௥௘        Gas consumed by boilers (m3/day) ௚݂௞௖௢௠௣        Gas consumed by gas turbo compressors (m3/day) ݂ீ௖௛௣           Gas consumed by CHP units (m3/day) ݂ீீ            Gas consumed by gas-fired generators (m3/day) 
GHV          Gross heating value (MBTU/݉ଷ) ܪ௣௚௞            Slope pipeline correction for the pipeline (kPa2) ܮ௚௞             Length of the pipeline between nodes ݃ to k (km) 
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,	௚ߨ   ௔௚௞             Average pressure for the pipeline (kPa) ଴ܶ                Base temperature (K)ߨ ௞         Gas pressure at nodes ݃th and ݇th (kPa)ߨ
TG               Gas temperature at the entry of the compressor (K) ߨ଴                Base pressure (kPa) 
Pg                Gas power received by Gas network (MSCM/h)         ߯௚௞ீ௅              Friction factor of the gas pipeline between nodes  																						݃ to k (Dimensionless) ߟ௧௖௛௣            Efficiency of CHP ௔ܶ                Average gas flowing temperature (K) Z௔                Gas compressibility factor at flowing temperature  
                    (Dimensionless) ீߣ                Specific heat ratio of natural gas (Dimensionless) ߟ௚௞௖௢௠௣          Compressor efficiency (Dimensionless) ீߛ                Gas gravity (Dimensionless) ߙ௚௞௖௢௠௣, ߚ௚௞௖௢௠௣, ߛ௚௞௖௢௠௣   Consumption coefficients of the  

                     compressors (Dimensionless) 

c) Heating Network Variables and Parameters 

(ak,j)            The elements of incidence matrix (A) ܽ௕௢௜௟ , ܾ௕௢௜௟ Coefficients that depend on the part-load  
                    performance of the boiler. 
d_T             The percentage temperature deviation of  
                   DNR-PFMEC and DHG-PFMEC methods from 
                   the results of NR-PFMEC method (%). ܮ                 Pipeline length (Km) 
Lh                        Heating load  (MW) 
g                 The gravity (݃ܭ.݉/ܵଶ) ܪ௉               Pump head (m) 
௛௕௢௜௟௘௥ߔ ு௉            Pump efficiency (Dimensionless)ߟ          Injected heat power by CHP at node ℎth (MW) ߔ௛஼ு௉           Injected heat power by CHP at node ℎth (MW) ߔ௛ௗ௘௠           Heat power demand at node ℎth (MW ߔு௕௢௜௟,௠௔௫       Maximum heat power produced by boiler (MW) ሶ݉                 The mass flow rate in the pipes (kg/s)  ሶ݉ ௤             Injected or discharged mass flow rate from sources  

                   and loads (kg/s) ሶ݉ ௛௕            Mass flow rate through the pipeline between nodes  
                   hth to bth (kg/s) ሶ݉ ுு௉           Mass flow of water through heat pump ܿ௣               Specific heat capacity of water (KJ/KgK) 

Ph                         Heating power received by heating network    
                             (MW)         ௦ܶ௧௔௥௧, ℎ      Supply temperature at nod ℎth (Co) ௘ܶ௡ௗ, ℎ        Return temperature at node ℎth (Co) ܷ                Heat transition coefficient (W/mK) ௚ܶ               Ground temperature (Co) ߩௐ              Water density (Kg/m3) 

d) Acronyms 

HE              Holomorphic Embedding  

CHP           Combined Heat and Power  
MEC           Multi-Energy Carrier  
PF               Power Flow  
PFMEC      Power Flow of Multi-Energy Carrier  
NR              Newton-Raphson 
DHG-PFMEC   Decomposed power flow of multi-energy  
                    carrier strategy with holomorphic and graph  
                     methods 
NR-PFMEC      Newton-Raphson technique for power flow  
                    of multi-energy carrier  
DNR-PFMEC    Decomposed Newton-Raphson technique for  
                    power flow of  multi-energy carrier  

I. INTRODUCTION 

OWADAYS, reliable and economic effects of supplying 
energy cause that many interdependencies have been 

created among various forms of energy carriers. Among 
energy carriers, electrical, natural gas and heating sub- 
networks have more interdependencies [1], [2]. For example, 
in some areas various cooling and heating loads must be 
supplied by electrical energy. Moreover, many generators in 
the power system are gas-fired generators. Growing new 
interdependent equipment such as Combined Heat and Power 
(CHP), gas-fired boilers and etc. have increased 
interdependencies among energy carriers.  

The energy carrier networks are commonly modeled as a 
separate subsystem. Many previous works in the literature 
have been presented to individually schedule these sub-
systems [3]-[5]. However, significantly increasing in the 
utilization of the equipment that creates interdependencies 
among various energy infrastructures blemishes the reliable 
operation of sub-networks. However, it can create economic 
opportunities for enhancing the supply efficiency of energy 
systems. Recently, an integrated view of energy carrier 
networks has been proposed named Multi-Energy Carrier 
(MEC) systems in which energy carrier networks are 
simultaneously operated. In this regard, the energy hub 
concept has been developed in order to analyze the integrated 
MEC systems. The initial idea about the energy hub has been 
suggested in [6]–[7]. An energy hub can be defined as an 
interface among the power generation units, the energy 
consumers and transmission infrastructures [7]. The energy 
hub has a number of advantages including diversity in the 
energy supplying, possibility of energy storage and increasing 
the reliability of MEC systems [8]. 

In the secure operation of a MEC system, the Power Flow 
(PF) problem plays a remarkable role in the MEC system 
analysis. Moreover, the PF of Multi-Energy Carrier (PFMEC) 
system lays the basis for optimal operation and reliable 
planning analysis of these systems. The interdependencies 
among MEC networks affect the energy flow of the mentioned 
systems. The few recent studies in the field of MEC systems 
try to focus on the impact of interdependent operations of 
MEC networks, e.g., electricity and natural gas networks [9]–
[10]. In [11], gas and electrical infrastructures have taken into 
account as networks composed of nodes and arcs. However, in 
this study the technical operating parameters of the 
infrastructures are omitted in the model. A method to evaluate 
the gas network based on the Newton-Raphson method is 
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suggested in [12] but the effects of the heating network on 
electrical and gas sub-networks are neglected. In [13], the 
conceptual framework for energy flow in an MEC system has 
been investigated utilizing a 3-bus system. However, the 
proposed framework has this drawback that is difficult to 
solve the PFMEC problem regarding nonlinear and non-
convex characteristics of the large-scale energy hubs. The 
coupling of the gas and the electrical infrastructures is clearly 
investigated in [14] through an energy hub. In this study, the 
energy hub represents the energy interactions via coupling 
matrices whose elements correspond to efficiency and 
conversion factors of hub components. However, this energy 
hub model is established only for the equal input and output 
numbers and constant component efficiencies which do not 
have generality for all hub models. A comprehensive 
framework in [15] has been proposed to analyze distributed 
multi-generation systems for the purpose of identifying their 
potential to participate in real-time demand response 
programs. Moreover, in [16] a model for external 
dependencies within a multi-generation energy hub has been 
presented. This model is used to introduce carrier-based 
demand response programming. The interaction impacts of the 
heating and the electrical networks are evaluated in [17] but 
the significant interaction impacts of the gas network on these 
networks are not involved. In [18], a bilateral optimization is 
proposed to solve the optimal power flow of a MEC system. 
In this study, dispatch factors and slack variables have been 
used to decompose the optimal PF of a MEC system into 
separate optimal PF for each sub-network. The utilized 
dispatch factors and slack variables cannot consider the non-
constant efficiency of the hub equipment. Moreover, the study 
cannot address the flow value of important equipment like 
electrical compressors, electrical pumps and gas-fired 
generators. In [19], the energy flows of the electrical, gas and 
heating networks are studied based on Newton-Raphson 
method. However, the proposed model is not capable into the 
fast power flow analysis of a real large-scale MEC due to the 
inversing calculation of a big variable Jacobian matrix for 
three sub-networks in the each iteration of Newton-Raphson 
method. Another disadvantage of this method is that Jacobian 
matrix components must be calculated in the each iteration. 
Increasing in the system scale increases the matrix size. The 
above previous energy flow methods for a MEC system can be 
classified into two main categories: 1-Using decomposing 
technique for only one hub with pre-determined dispatch 

factors 2- Utilizing Newton-Raphson technique with a big 
Jacobian matrix for all networks of system.  

In the first category pre-determined dispatch factors are 
utilized in order to how much of the gas transmit to a CHP and 
how much transmit to a boiler in the hub. These techniques 
need to determine dispatch factors before energy flow 
analysis. Moreover, in these techniques the number of input 
energy carriers and output energy carriers should be equal. 
These techniques express the relations between input and 
output of an energy hub by a linear matrix including dispatch 
factors and constant linear efficiencies like Refs [10], [13], 
[15], [16] and [18]. However, with non-linear efficiency of 
hub equipment, these techniques face to a critical challenge 
and are not a realistic operational method. For surmounting 
the difficulties and issues related to methods in the category 1, 
the Newton-Raphson technique with a simultaneous Jacobian 
matrix for all networks of the MEC system is presented in Ref. 
[19]. As has been subsequently shown the Newton technique 
may be unsuitable for a large MEC system and cannot be 
converged. This is due to Newton-Raphson method creates a 
big Jacobian matrix with various large and low values for 
three networks which these various large and low values 
conduct the Newton method not to be converged. 

To the best of authors’ knowledge, none of the previous 
publications that investigate the PFMEC systems including 
electrical, gas and heating sub-networks have successfully 
suggested a fast and reliable method which be applicable to 
large-scale systems without sub-network simplification.  

In order to solve the large-scale PFMEC problem with the 
reliable method, this paper proposes a new decomposing 
strategy. In this context, decomposing method decouples 
various energy flows of sub-networks without losing the major 
benefits of the simultaneous analysis of sub-networks and 
losing accuracy. The proposed decomposing energy flow 
procedure has two advantages: 1-Causes that the solving of the 
multi-energy carrier flow problem is faster than Newton-
Raphson technic with a big Jacobian matrix for the whole of 
multi-carrier system. 2- In the decomposed PFMEC analysis, 
we can use different methods for each sub-network that they 
can quickly solve the PF problem of sub-networks instead of 
Newton technique for all sub-networks. Accordingly, this 
paper employs the novel Holomorphic Embedding (HE) 
method for solving the electrical power flow and less-
computational graph theory method for solving the heat power 
flow. The HE is a novel non-iterative approach to solve the 
electrical power flow problems [20].

TABLE I: TAXONOMY OF THE PROPOSED DECOMPOSED ENERGY FLOW STRATEGY EQUIPPED WITH HE AND GRAPH METHODS AND THE PREVIOUS LITERATURE 

Reference Year 
Sub-Network Considering Non-

constant 
efficiency 

Decomposed 
method 

Interdependent 
equipment 
with details 

Large-
scale 

capability 

Solution Quality 

Electrical (Ac 
power flow) 

Gas sub-
network 

Heat sub-
network 

Reliable 
Solution 

Speed 

[2] 2016 No No Yes No Yes Yes Yes Yes ++ 
[9] 2016 Yes Yes No No Yes No Yes No + 
[10] 2016 Yes Yes No No Yes No Yes No + 
[12] 2012 Yes Yes No No No Yes No No + 
[13] 2007 Yes Yes No No Yes No No No + 
[15] 2013 Yes Yes No Yes Yes No Yes No + 
[16] 2015 Yes Yes No No Yes No Yes No + 
[17] 2016 Yes No Yes No No Yes Yes No ++ 
[18] 2014 Yes Yes No No Yes No Yes No + 
[19] 2016 Yes Yes Yes Yes No Yes No No + 

This Paper - Yes Yes Yes Yes Yes Yes Yes Yes +++ 
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Unlike iterative methods such as Gauss-Seidel and Newton-
Raphson, the implementation of the HE guarantees to find the 
operational solution when it to be existed. Using the HE and 
graph [21] methods for solving the large-scale energy flow 
problem of a MEC in this study is a novel strategy. As shown 
in the next sections, the proposed decomposed strategy is 
faster than iterative methods such as Newton-Raphson and 
Gauss-Seidel which solve the PFMEC by the big Jacobian 
matrix for the total of the system or solve the electrical and 
heat sub-networks by a non-constant Jacobian matrix. In other 
words, due to the proposed energy flow decomposes the 
PFMEC problem and eliminates any non-constant Jacobian 
matrix in the electrical and the heat sub-networks, the iteration 
procedure and the time computational of the PFMEC problem 
have minimized. Moreover, due to that the proposed strategy 
utilizes the HE method which does not need the initial 
guesses, is more reliable than the previous methods. Finally, 
the taxonomy of the proposed decomposed energy flow 
strategy equipped with the HE and graph methods and the 
previous literature with details is demonstrated in Table I. 

The main contributions of this paper can be summarized as: 
(i) Presenting a new decomposing strategy for PF of a MEC 

system consisting of electrical, gas, and heating sub-
networks regarding interdependent equipment with details. 

(ii) Using non-iterative holomorphic embedding and less-
computational graph methods in the field of energy flow of 
a MEC system for the power flow analysis of the electrical 
and heating networks. 

(iii) Eliminating the time-consuming iterative procedure and 
non-constant Jacobian matrix in the analysis of the 
electrical and heat sub-networks. 

(iv) Successfully validating the efficiency and the capability of 
the proposed strategy for the complex large-scale multi-
carrier systems with the numerical simulations. 

II. MULTI-ENERGY CARRIER SYSTEM MODEL 

In this section, the general model for a steady state multi-
energy carrier system including electrical, gas, and heating 
sub-networks with respect to the energy hub is presented. The 
general structure for the energy hub in a MEC system is 
presented in Fig.1.  

The energy flow shown with the solid line is related to the 
energy conversion equipment. However, the one with the 
dashed line is the energy flow received by the network and 
delivered to load demand without energy conversion 
equipment. For the analysis of any network, the related 
equations for the corresponding network must be solved by the 
proposed method. It is noted that Eqs. (1)-(2) are for the 
electrical network, Eqs. (3)-(12) are for the gas network, and 
Eqs. (13)-(20) are for the heating network. 

A. Electrical Sub-Network 

Equations governing electrical network are composed from 
two main parts. The active and reactive power flow balances 
for the ith bus can be expressed by: ௜ܲ௚௘௡ + ௜ܲ஼ு௉ = ௜ܲௗ௘௠ + ௜ܲ௉௨௠௣+ ௜ܲ௖௢௠௣ +ܴ݁ቀ ௜ܸ ∑ ௜ܻ௝∗ேಶ௝ୀଵ ௝ܸ∗ቁ																																																																																						(1) ܳ௜௚௘௡+ܳ௜஼ு௉ + ܳ௜ௌு = ܳ௜ௗ௘௠ + ݅݉( ௜ܸ ∑ ௜ܻ௝∗ேಶ௞ୀଵ ௝ܸ∗)                         (2) 

 
Fig. 1. The general structure for the energy hub in an MEC system 

where, ൫ ௜ܸ ∑ ௜ܻ௝∗ேಶ௝ୀଵ ௝ܸ∗൯ represents the power that is transmitted 
through the line between i-th to j-th buses. In this formulation, ௜ܸ and ௝ܸ are voltage magnitudes of bus ݅-th and ݆-th while ௜ܻ௝  
is the admittance of the related transmission line. Also, ாܰ is 
the number of electrical buses.  

B. Natural Gas Sub-Network 

The gas network includes sources, pipelines, compressors 
and gas loads. The gas balance at each node and the gas flow 
in a pipeline can be expressed as [12]: ௚݂ௌ௢௨௥௖௘ = 	 ௚݂ௗ௘௠ + ݂ீீ + ௚݂௞௖௢௠௣ + ݂ீ௖௛௣ + ݂ீ௕௢௜௟ + ∑ ௚݂௞ேಸ௞ୀଵ         (3) ௚݂௞ = ൫݊݃݅ݏ ௚݂௞൯ܥ௚௞൫|ߨ௚ଶ − ௞ଶߨ − ௣௚௞ܪ ௣௜௞|൯଴.ହ                                       (4)ܪ = 0.0375݃൫ܪ௚ − ௔௚௞൯ଶܼ௔ߨ௞൯൫ܪ ௔ܶ௚௞ ௔௚௞ߨ (5)																																																								 = ଶଷ ൤൫ߨ௚ + ௞൯ߨ − ൬ గ೒గೖగ೒ାగೖ൰൨                                                       (6) ܥ௚௞ = ଵ.ଵସൈଵ଴షయ బ்൫஽೒ೖಸಽ൯మ.ఱா೛ቀ௅೒ೖఊಸ௓ೌ்ೌ ఞ೒ೖಸಽቁబ.ఱ 																																																		                    (7) ߯௚௞ீ௅ is the friction factor of the gas pipeline and is computed 
by the Colebrook equation as follows [22]: ଵටఞ೒ೖಸಽ = −2 ݃݋݈ ቌ ఌಸଷ.଻ଵ஽೒ೖಸಽ + ଶ.ହଵோ೒ೖಸಽ ଵටఞ೒ೖಸಽቍ                                           (8)  

The flow is unrestricted in sign. In other words, if gas flow 
goes from node g to node k, ௚݂௞ comes positive and vice versa. 

Therefore, ݊݃݅ݏ൫ ௚݂௞൯ is a sign function of gas flow. Hence, if ௚݂௞ ൐ 0 then the ݊݃݅ݏ൫ ௚݂௞൯ is +1 and -1 otherwise. 
In the gas network, compressors are used to compensate the 

pressure drop at the endpoint of the pipelines. If the 
compressor is driven by a gas turbine called turbo-compressor 
and the corresponding power consumption can be regarded as 
additional power flowing into the pipeline section. However, 
for a motor-compressor the electrical energy is provided from 
the electrical sub-network. The consumed horsepower by a 
compressor is calculated as follows [23]: ܧ௚௞௖௢௠௣ = ଵହଵ.ସ଺ହଷఎ೒ೖ೎೚೘೛ గబబ் ఒಸఒಸିଵ ௔ܶீݖ ௚݂௞ ቆ൫ܪ௚௞௖௢௠௣൯ഊಸషభഊಸ − 1ቇ																					 (9) ܪ௚௞௖௢௠௣ = గೖ,೚ೠ೟೎೚೘೛గ೒,೔೙೎೚೘೛                                                                                (10) 
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Hence, the electrical energy consumed provided by 
electrical sub-network for compressor is calculated as follows: ாܲ,௚௖௢௠௣ = ቀ଻ସହ.଻ൈଵ଴షలଷ଺଴଴ ቁ  ௚௞௖௢௠௣                                                (11)ܧ

while the amount of gas consumed provided by gas sub-
network for a gas-fired turbine is computed as follows: 

௚݂௞௖௢௠௣ = ௚௞௖௢௠௣ߙ + ௚௞௖௢௠௣ܧ௚௞௖௢௠௣ߚ +  ଶ                      (12)(௚௞௖௢௠௣ܧ)௚௞௖௢௠௣ߛ

The parameters ߙ௚௞௖௢௠௣ ௚௞௖௢௠௣ߚ ,  and ߛ௚௞௖௢௠௣  are consumption 
coefficients of the compressors. 

C. Heating Sub-Network 

The heating equipment using fuel like natural gas and 
generates heat. Heat is transferred to the heat loads via a heat 
transfer network. The heat power flow rate at each branch 
௛௕ߔ :and the temperature at each node are as follows [21] (௛௕ߔ) = ሶ݉ ௛௕ܿ௣( ௦ܶ௧௔௥௧,௛ − ௘ܶ௡ௗ,௕)                                                    (13) 

௘ܶ௡ௗ = ൫ ௦ܶ௧௔௥௧,௛, − ௚ܶ൯exp	( ௅.௎௠ሶ ೓್௖೛) + ௚ܶ                                         (14) 

where ܮ is the pipeline length. At a node with more than one 
branch or supplying source, the temperature is calculated as 
the mixture temperature of the incoming flows as follows [17]: (∑ ሶ݉ ௢௨௧) ௢ܶ௨௧ = ∑( ሶ݉ ௜௡ ௜ܶ௡)                                                       (15) 

Hence, in order to heat flow balance between loads  
and generation and lines the following equation must be 
satisfied: ߔ௛஻௢௜௟௘௥ + ௛஼ு௉ߔ = ௛ௗ௘௠ߔ + ∑ ௛௕ேಹ௕ୀଵߔ                                        (16) 

In a heating network, there are circulation pumps to create 
the required pressure difference between the supply and return 
pipelines. The equation that calculates the electric power 
consumption by the electrical pump is found in [19]. 

D. Interdependencies among Sub-Networks 

Electrical generators that consume natural gas relate the 
electrical and gas networks. The relationship between the 
input and output power of a gas consumed generator can be 
computed with dividing cost power curve by the Gross 
Heating Value (GHV). Accordingly, the amount of consumed 
fuel by the generator can be calculated by: ݂ீீ = ଵீு௏ ቀܽ௚௘௡൫ ாܲ௚௘௡൯ଶ + ܾ௚௘௡ ாܲ௚௘௡ + ܿ௚௘௡ +																																ቚ		݀௚௘௡ sin ቀ݁௚௘௡൫ ாܲ௚௘௡,௠௜௡ − ாܲ௚௘௡൯ቁቚቁ             (17) 

The second term of Eq. (17) shows the valve-point effect 
[25]. In the CHPs, both heat and electrical output powers 
depend on each other. Generally, it is assumed that the heat 
power is known and fix. Note that the complete formulation 
and coefficients for calculating the generated electrical power 
of the CHPs are fully described in [26]. With having the 
electrical power of CHPs, the amount of natural gas consumed 
by CHPs can be computed using the following equation [26]: ݂ீ௖௛௣ = ଷ.ସଵଶீு௏ ൬௉ಶ೎೓೛ାఃಹ೎೓೛ఎ೟೎೓೛ ൰                                                             (18) 

where ߟ௧௖௛௣ is the efficiency of the CHP and the factor 3.412 
used to convert watt to BTU/h.   

Boilers produce heat power by consuming natural gas. 
Similar to the CHPs, the amount of gas consumed by boilers 
in the heating network can be found in [19]. 

 
Fig. 2. Procedure for decomposing analysis of energy flow in a multi-energy 
carrier system  

III. PROPOSED DECOMPOSED POWER FLOW STRATEGY  

A. Decomposing Power Flow Analysis of MEC systems 

The proposed decomposing strategy determines the power 
flows of a MEC system consists of the heating, electrical and 
gas sub-networks. In this regard, the PFMEC problem is 
decomposed into power flow of each sub-network separately 
regarding the power flow of interdependent equipment among 
them. Due to the decomposing of PFMEC problem, the 
proposed strategy has more flexibility in the solution 
procedure of each sub-network. Moreover, the proposed 
decomposing strategy has more speed due to avoid making a 
big simultaneous Jacobin matrix for solving the PFMEC 
problem. Accordingly, in the decomposing analysis, we can 
separately utilize fast power flow methods for each sub-
network. Hence, we utilize HE method which is a non-
iterative and accurate electrical PF analysis method. 
Moreover, the less-computational graph theory method is used 
to analyze the heating sub-network. The gas sub-network is 
solved by the Newton-Raphson technique. 
For decomposing the PFMEC problem, the flow amount of 
interdependent equipment is initially assumed to be zeros. 
Then, by separately analyzing the power flow of each sub-
network, the power flows of each sub-network have been 
determined. Afterward, by the pipeline flows of each sub-
network, the power flow amounts of interdependent 
equipment including the gas or the electrical demand of the 
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compressors and the electrical demand of heat pumps are 
approximately specified. Moreover, the approximate amount 
of gas consumed by slack generator if it is gas-fired is 
determined. After initial step these values are updated in the 
few next steps until all sub-networks power balances are 
accurately satisfied. The whole procedure for the proposed 
decomposed power flow of the MEC system is shown in Fig. 
2. As shown in Fig. 2, the solved energy flow of the first sub-
network is the electrical sub-network and then heat and gas 
sub-networks. Then, values of interdependent equipment are 
updated. Since the energy flow of each sub-network is 
sequentially solved and does not solve simultaneously, the 
different time scales of the solving energy flow of each sub-
network are not significantly matter. If there are these 
different time scales, they do not bring a challengeable 
problem into energy flow solving a multi-carrier energy. 

B. Holomorphic Embedding Power Flow 

The HE power flow strategy is a novel non-iterative method 
to solve the steady-state equations of AC electrical power 
flow. The HE power flow method is based on a complex-
valued embedding technique specifically devised to exert the 
specific algebraic nonlinearities of the AC power flow 
problem. Unlike the iterative methods such as Gauss-Seidel 
and Newton-Raphson, the implementation of HE guarantees to 
find the operational solution when there is a solution. In 
addition, it finds only the operational power flow solution. 
Holomorphic about a point is a neighborhood around that 
point. Hence, functions with complex variables are expressed 
by holomorphic functions.  

On the other hand, holomorphic functions can be uniquely 
represented utilizing a convergent Taylor series in the 
neighborhood of that point. One of the complex non-
holomorphic functions in the power system analyzing is the 
power flow problem. Hence, holomorphic embedding 
functions can be employed in the power flow analyzing. Since 
the holomorphic functions are analytic, we can use the 
applicable techniques to analyze the non-holomorphic 
electrical power flow equations. Hence, for analyzing the 
power flow, the formulation of the power flow should be 
initially become holomorphic. Then, a set of linear equations 
is attained that should be solved for all buses. The following 
equations explain the HE solution procedure for power flow 
analysis of all electrical nodes [20], [28].  

As formerly expressed in Section II, complex electrical 
power can be calculated by: ∑ Y୧୨୒ಶ୨ୀ଴ V୨ = ୗ౟∗୚౟∗ ,					i	ϵ	m                                                                   (19) 

One way to embed the above equation into the holomorphic 
is the utilizing separate series and shunt element in the 
admittance matrix and also utilizing an embedding variable S: 

 ∑ ௜ܻ௝	,௦௘௥௜௘௦ேಶ௝ୀଵ ௝ܸ(ݏ) 	= ௦ௌ೔∗௏೔∗(௦∗) − ݏ ௜ܻ	௦௛௨௡௧ ௜ܸ(ݏ)	, ݅	߳	݉                  (20) 

where ܵ is the complex power, ௜ܻ௞	,௦௘௥௜௘௦  relates to the branch 
series and ௜ܻ	௦௛௨௡௧ relates to the shunt element in the line data. 
Hence, can be expressed with: 

௜ܻ௝	,ୱୣ୰୧ୣୱ = ൜ ௜ܻ௜ − ௜ܻ	௦௛௨௡௧					݅ = ݆									 ௜ܻ௝														݅ ≠ ݆ (ݏ)ܸ (21)                                                     in (20) is in the holomorphic form. If ܸ(ݏ)  is 
represented by Maclaurin series, we can express it as follows: ܸ(ݏ) = ∑ ௡ஶ௡ୀ଴ݏ[݊]ܸ = ܸ[0] + ݏ[1]ܸ + ⋯+ 	௡                   (22)ݏ[݊]ܸ

By Substituting (22) into (20), then: ∑ ௜ܻ୨	,ୱୣ୰୧ୣୱேಶ୨ୀଵ ൫ ௝ܸ[0] + ௝ܸ[1]ݏ + ⋯+ ௝ܸ[݊]ݏ௡൯ =௦ௌ೔∗൫௏೔∗[଴]ା௏೔∗[ଵ]௦ା⋯ା௏೔∗[௡]௦೙൯ − ݏ ௜ܻ	௦௛௨௡௧ ௜ܸ( ௜ܸ[0] + ௜ܸ[1]ݏ +⋯+௜ܸ[݊]ݏ௡)				,					݅	߳	݉                                                                         (23) 
 expresses the inverse of the voltage function in order to (ݏ)ܹ 
achieve the voltage coefficients. ܹ(ݏ) can be defined as:  ܹ(ݏ) = ଵ௏(௦) = ܹ[0] ݏ[1]ܹ+ +  ௡                             (24)ݏ[݊]ܹ+⋯

The PQ bus model is attained using the ܹ(ݏ) expansion as:  ∑ ௜ܻ୨	,ୱୣ୰୧ୣୱேಶ୨ୀ଴ ୨ܸ[݊] = ܵ௜∗ ௜ܹ∗[݊ − 1] − ௜ܻ	௦௛௨௡௧ ௜ܸ[݊ − 1]               (25) 

The traditional PV buses formulation is similar to the PQ 
buses and is expressed as follows [28]: ௜ܲ = ܴ݁൫ ௜ܸ ∑ ௜ܻ௞∗ேಶ௞ୀଵ ௞ܸ∗൯	, |	        (26)                                                      ݌	߳	݅ ௜ܸ| = 	 ௜ܸ௦௣			,			݅	߳	(27)                                                                         ݌         
where ௜ܲ  determines the power generation and ௜ܸ ௦௣  is the 
voltage magnitude at bus ݅. This equation can be represented 
in the holomorphic form as follows:  ∑ ௜ܻ௝	,௦௘௥௜௘௦ேಶ௝ୀଵ ௝ܸ(ݏ) = ௦௉೔ି௝ொ೔(௦)௏೔∗(௦∗) − ݏ ௜ܻ	௦௛௨௡௧ ௜ܸ(ݏ)	,  (28)            ݌݌	߳	݅

where pp  defines the set of PV buses. Following equation 
illustrates the voltage magnitude: ௜ܸ(ݏ) ∗ ௜ܸ∗(ݏ∗) = 1 + ݏ ቀห ௜ܸ௦௣หଶ − 1ቁ  (29)                               ݌	߳	݅				,		

Moreover, the suitable holomorphic function for the voltage 
magnitude of the slack bus is in the following: ௜ܸ(ݏ) = 1 + ൫ ௜ܸ௦௣ − 1൯ݏ			,			݅	߳	(30)                                             ݈݇ܿܽݏ 
For more explanations about the holomorphic embedding 
method, please see [28]. 

C. Graph-Based Heat Flow   
In this paper, hydraulic and thermal equations of heating 

networks are solved by the less-computational graph theory 
method [20]. The advantage of the graph theory is that the 
elements of utilizing matrix in this method depend on the 
topology of the system. Hence, unlike Jacobian matrix in the 
NR method, the matrix elements of the graph based method 
are constant and do not vary in the PF procedure. Accordingly, 
we only need to calculate the inverse of the incidence matrix 
once and save it for the overall PF procedure. A graph is 
commonly defined as a combination of a set of nodes, 
branches, and relations among them. A heating sub-network of 
a MEC system can be treated as a graph. In this regard, the 
pipes, the heat sources and the loads are represented as 
branches. Hence, the incidence matrix is created with N nodes 
and M flows (branches). The incidence matrix (A) with N×M 
dimensions includes the element (ak,j) as follows [9]: 

۔ۖەۖ
௞,௝ܽۓ 	= ௞,௝ܽ	݇	݁݀݋݊	ݐܽ	ݏݐݎܽݐݏ	݆	݁݌݅݌	݂ܫ	1− 	= ௞,௝ܽ	݇	݁݀݋݊	ݐܽ	ݏ݀݊݁	݆	݁݌݅݌	݂ܫ	1 = ௞,௝ܽ݇	݁݀݋݊	ݐܽ	ݏ݀݊݁	݆	݁ܿݎݑ݋ݏ	݂ܫ	1 	= ௞,௝ܽ	݇	݁݀݋݊	ݐܽ	ݏݐݎܽݐݏ	݆	݀ܽ݋݈	݂ܫ	1− 	= ݁ݏ݅ݓݎℎ݁ݐܱ																																		0 ۙۘۖ

ۖۗ
                                (31) 

The injected or discharged mass flow rates from sources 
and loads are calculated as follows [9]: ܳ௦௢௨௥௖௘	௢௥	௟௢௔ௗ = ሶ݉ ௤ܿ௤( ௦ܶ,௦௢௨௥௖௘	௢௥	௟௢௔ௗ − ௥ܶ,௦௢௨௥௖௘	௢௥	௟௢௔ௗ)         (32) 

The A matrix is used to calculate the heat flow of pipes by: ܣ ሶ݉ = ሶ݉ ௤                                                                                        (33) 

where ሶ݉  is the mass flow rate in the pipes and ሶ݉ ௤ is injected 
or discharged mass flow rate from sources and loads. Then, 
(33), (13) and (14) are utilized in order to calculate the heat 
flow of the pipes. Moreover, flow rates in the return heat pipes 



1949-3029 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TSTE.2018.2795755, IEEE
Transactions on Sustainable Energy

7 
 

are calculated in the same manner with the supply heat pipes.  
It is noted that the graph method has an ability to solve the 

network with hydraulic loops. In the network consisting of 
hydraulic loops, it is essential to solve the pressure drop 
equation. Hence, the mass flow correction procedure is 
utilized in the graph method to calculate the accurate mass 
flow rates in the network considering pressure drops. Please 
see [21] for more information and a numerical example. 

D. Initialization of the energy flow methods 

In order to cope with the initialization points of the 
proposed decomposing strategy, the flow amount of 
interdependent equipment is initially assumed to be zero. 
Hence, as mentioned before, the amount of the gas or 
electrical demands by compressors and electrical demand by 
heat pumps and amount of gas consumed by the slack 
generator is assumed to be zero in the initial step. However, 
after initial step, these values are updated in the few next steps 
until all interdependent flows are accurately satisfied. 
Afterwards, for solving the decomposed electrical sub-
network by the holomorphic embedding method, this method 
does not need any initial guess. However, for solving energy 
flow of the heating network, the initial points are needed for 
all returns and supply nodes of the heating network. These 
points can be initialized with equality to the value of the slack 
node in the heating network.  

The initialization of the nodal pressures in the gas network 
is cumbersome. This problem is due to the fact that the gas 
flow through the pipelines of the gas network is a function of 
the difference of pressures at the pipeline’s ends. Hence, if a 
flat level initialization is adopted for two ends of the pipeline, 
the Jacobian matrix of the gas network will become an ill-
conditioned matrix. To cope with this issue, as expressed in 
[12] and [19], the initial values for the nodal pressures at the 
pipeline’s ends are selected with a 5-10% pressures difference 
between the receiving and sending nodes. This technique is 
taken into account with the specified pressure at the slack 
node as a reference value. If the Newton technique is utilized 
for energy flow of the electrical network, it is better to 
initialize the values of all voltage magnitudes of non-PV buses 
at 1 per-unit and voltage angles of all nodes are initially 
selected to be zero degree. The initialization for two other 
networks is similar to the initialization of the two remained 
networks in the decomposing method. 

IV. CASE STUDIES  

In order to investigate and demonstrate the efficiency and 
capability of the proposed decomposing strategy, the proposed 
strategy is tested on two MEC systems. These cases consist of 
electrical, heat and gas sub-networks. The simulations have 
been performed on MATLAB utilizing a Core i7, 2.7-GHz 
personal computer with 4 GB of RAM. For all cases, the part-
load characteristics for boilers and CHPs are regarded. 

A. Case 1 

First MEC system consists of standard 14-bus IEEE test 
system for electrical sub-network, 20-nodes gas network and 
14-nodes heating network. In this case, the electrical network 
consists of two generators and 20 branches. In addition, the 
gas network composes of 6 sources and 24 pipelines [29].  

TABLE II: DATA OF THE SUB-NETWORKS 
Electrical Network Natural Gas Network Heating Network ܽ௖௛௣=0.463 ܾ௖௛௣ = −0.0491 ܿ௖௛௣ = 4.49 ݀ଵ௖௛௣=0.8 ݀ଶ௖௛௣=0.6 ݁ଵ௖௛௣=0.0736 ݁ଶ௖௛௣=0.0845 ܽீ஼ = ஼ீܾ (ଶܹܯ/$)0.01 = ஼ீܿ (ܹܯ/$)4.0 = 150 $ ݀ீ஼ = 15 ݁ீ஼ = 0.5 

 

=ܸܪܩ ஼ீߟ (ଷ݉/ܷܶܤܯ)	40.611 = ௚௞௖௢௠௣ߙ 0.8 = ௚௞௖௢௠௣ߛ = ௚௞௖௢௠௣ߚ 0 = ீߝ 0.0025 = 0.05	݉݉ ܼ௔ = ீߛ 0.8 = ீߣ 0.6106 = 1.309 ଴ܶ = ீܶ ܭ	273.15 = ଴ߨ ܭ	281.15 =  ݎܾܽ	1.01325
 

ܿ௣ = ܷ (ܭ݃ܭ/ܬܭ)4182 = ௐߩ (ܭ݉/ܹ)0.2 = 960	(Kg/m3) ݃ = ௣ܪ (ଶܵ/݉.݃ܭ)	9.81 = ு௉ߟ ݉	100 = 0.65 ௚ܶ = ௕௢௜௟ܽ ∘ܥ	10 = 0.01686 ܾ௕௢௜௟=0.8218646 ߔு௕௢௜௟,௠௔௫=5 MW ߟ௧௖௛௣ = 0.88 

 

TABLE III: CONFIGURATION OF SUB-NETWORKS FOR CASE 1 
Unit Electric bus Gas node Heat node 

Slack Generator 1 12 --- 
Generator 2 19 --- 

Moto-Compressor 4 9 --- 
Moto-Compressor 5 18 --- 

Slack boiler and pump 12 3 1 
CHP, boiler and pump 6 15 4 
CHP, boiler and pump 13 7 9 
CHP, boiler and pump 14 6 10 
CHP, boiler and pump 8 10 13 

TABLE IV: VOLTAGE RESULTS COMPARISON IN 14-BUS IEEE CASE 

Power Flow Method 
Holomorphic 
Embedding  

Newton-Raphson  

Node (i) d_|V|(%) d_θ (%) |V|(p.u.) θ (°) 

1 0 0 1.0600 0.0000 
2 0 0 1.0450 -4.9874 
3 0 0 1.0100 -12.7424 
4 0 0 1.0142 -10.2564 
5 0 0 1.0172 -8.7646 
6 0 0 1.0700 -14.4177 
7 0 0 1.0503 -13.2519 
8 0 0 1.0900 -13.2519 
9 0 0 1.0337 -14.8323 

10 0 0 1.0326 -15.0412 
11 0 0 1.0475 -14.8478 
12 0 0 1.0535 -15.2684 
13 0 0 1.0471 -15.3081 
14 0 0 1.0213 -16.0647 

Computational Time (s) 0.024 0.066

The heating network contains 13 pipelines and 9 heat 
sources which can be boilers or CHPs [30]. The generators in 
the electrical network are assumed to be gas-fired. The 
coefficients for the sub-networks and configuration between 
the units of sub-networks are given in Tables II and III, 
respectively. More detail about CHP and boiler units can be 
seen in [30].  

In order to show the effectiveness of the HE method to 
solve PF of the electrical sub-network, the results of this 
method on solving 14-bus IEEE case are compared by the 
conventional NR method in terms of the accuracy and the time 
consumption in Table IV. It is clear from this table that the HE 
is accurate with less computational time than the NR. Since 
the proposed HE method does not use any Jacobian matrix, the 
computation speed of electrical power flow is more than the 
traditional iterative methods. Hence, the convergence rate of 
the PFMEC is increased and the solving time is decreased. 
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TABLE V: RESULTS COMPARISON OF VARIOUS METHODS ON CASE 1 

PFMEC METHOD 
Proposed 

DHG-PFMEC 
DNR-

PFMEC 
NR-

PFMEC 

Computational Time (s) 0.089 0.114 0.122 

TABLE VI: ELECTRICAL VOLTAGE RESULTS COMPARISON IN CASE 1 
PFMEC 
Method 

Proposed DHG-
PFMEC 

DNR-PFMEC NR-PFMEC 

Node  d_|V|(%) d_θ (%) d_|V|(%) d_θ (%) |V|(p.u.) θ (°) 

1 0 0 0 0 1.060 0.00 
2 0 0 0 0 1.040 -3.13 

3 0 0.012 0.515 0.289 0.969 -10.37 

4 -0.03 0 0.302 0.258 0.992 -7.74 

5 0 0 0.299 0.311 1.000 -6.43 

6 0 0 0 0.097 1.030 -10.24 

7 -0.04 0 0.1 0.212 0.999 -9.39 

8 0 0.045 0 0.358 1.000 -8.37 

9 -0.04 0.007 0.1 0.183 0.991 -10.91 

10 -0. 05 0 0.101 0.18 0.990 -11.10 

11 -0.019 0 0 0.092 1.006 -10.80 

12 0 0.009 0 0.091 1.019 -10.94 

13 0 0 0 0 1.020 -10.90 

14 0 0 0 0 1.000 -11.33 

 
To investigate the efficiency of the proposed Decomposing 

PFMEC strategy with Holomorphic and Graph methods 
(denoted as DHG-PFMEC) in terms of the accuracy and the 
time consumption, a comparison between results of it, 
Newton-Raphson-PFMEC (NR-PFMEC) method and 
Decomposed Newton-Raphson-PFMEC (DNR-PFMEC) 
method is presented. The DNR-PFMEC method is a 
decomposed procedure like the proposed DHG-PFMEC 
method while it employs NR method to solve the electrical 
sub-network instead of the HE method. Moreover, the NR-
PFMEC is a coupling method for PFMEC solving utilizing a 
simultaneous Jacobian matrix for three sub-networks [19].  

The energy flow problem of mentioned test system has 81 
state variables. The solutions were obtained with a mismatch 
tolerance of 10 -5 in the values of interdependent equipment.  

Table V shows the computational time results obtained by 
the DHG-PFMEC strategy, DNR-PFMEC and NR-PFMEC 
methods. As seen from Table V, all PFMEC methods can 
solve the power flow problem of the integrated system. The 
computation time of the proposed DHG-PFMEC strategy, 
DNR-PFMEC and NR-PFMEC are 0.089, 0.114 and 0.122 
seconds, respectively. It indicates that DNR-PFMEC is faster 
28% and 22% more than DNR-PFMEC and NR-PFMEC, 
respectively.  

It is notable that the proposed DHG-PFMEC strategy only 
needs 3 steps to converge the interdependent values of MEC 
system including electrical power consumed by the heating 
pumps and compressors as well as gas consumed by 
generators. The result comparisons among three mentioned 
methods including bus voltages, gas pressures and supply and 
return temperatures are summarized in Tables VI-VIII. In 
these tables, the results of DHG-PFMEC strategy and DNR-
PFMEC method are compared with the results of NR-PFMEC 
method in terms of the accuracy and have been brought by 
percentage of the deviation from NR-PFMEC method by 
d_|V|, d_θ, d_Pi and d_ ௜ܶௌ. It can be realized from these tables 
that the results of DHG-PFMEC strategy is very close to the 
results of NR-PFMEC method in terms of the accuracy. 

TABLE VII: GAS PRESSURE RESULTS COMPARISON IN CASE 1 

PFMEC 
Method 

DHG DNR NR 
PFMEC 
Method 

DHG DNR NR 

Node (g) 
 gπd_(%) 

d_πg (%) πg 

(bar)  
Node (g) 

d_πg (%) d_πg (%) πg 
(bar) 

1 0 0 56.00 11 0 0 55.65 
2 0 0 55.96 12 0 0 53.84 
3 0 0 55.81 13 0 0 52.73 
4 0 0 53.99 14 0 0 52.56 
5 0 0 52.81 15 0 0 51.21 
6 0 0 52.06 16 0 0 49.54 
7 0 0 52.17 17 0 0 54.58 
8 0 0 49.43 18 0 0 45.10 
9 0 0 48.89 19 0 0 31.84 
10 0 0 56.83 20 0 0 29.69 

TABLE VIII: HEATING TEMPERATURES RESULTS COMPARISON IN CASE 1 

PFMEC 
Method 

Proposed DHG-
PFMEC 

DNR-PFMEC NR-PFMEC 

Node (h) d_ ௛ܶௌ(%) d_ ௛ܶ௥(%) d_ ௛ܶௌ(%) d_ ௛ܶ௥(% ௛ܶௌ(ܥ) ௛ܶ௥(ܥ)
1 0 0 0 0 120.00 48.01 
2 0 -0.02 0 -0.02 117.69 48.83 
3 -0.008 0 -0.008 0 116.98 50.00 
4 0.016 0 0.016 0 118.38 48.95 
5 0 0.02 0 0.02 117.14 49.40 
6 0 0.02 0 0.02 116.58 49.47 
7 -0.008 0 -0.008 0 116.12 50.00 
8 0 0 0 0 115.87 50.00 
9 0.008 0 0.008 0 122.74 46.92 

10 0 -0.02 0 -0.02 119.38 48.46 
11 0 0 0 0 117.65 49.07 
12 0 0 0 0 116.93 50.00 
13 0.008 -0.02 0.008 -0.02 117.43 49.66 
14 0 0 0 0 116.49 50.00 

B. Case 2 

In order to test the validity of the proposed DHG-PFMEC 
strategy on solving large-scale PFMEC problems, the 
proposed strategy is tested on a large-scale MEC system. 
Hence, the large-scale MEC system including the modified 
118-bus IEEE system [31], the 48-bus natural gas system [32] 
- [33] and 14-nodes heating system [30] is utilized. The MEC 
system has 54 thermal units including 12 natural gas-fired 
units, 4 CHP units, 5 boilers, 2 heat pumps, 9 natural gas 
sources and 8 compressors (5 motor compressors and 3 turbo-
compressors). Each electrical, gas and heating network 
consists of 186, 43 and 13 branches, respectively. The 
configuration between units and the energy hubs for this case 
are presented in Table IX. 

TABLE IX: CONFIGURATION OF SUB-NETWORKS FOR CASE 2 

Unit Electric Gas Heat 

Generator 10 30 --- 
Generator 12 36 --- 
Generator 25 29 --- 
Generator 26 45 --- 

Moto-Compressor 10 12-13 --- 
Moto-Compressor 65 20-21 --- 
Moto-Compressor 65 21-22 --- 
Moto-Compressor 65 20-48 --- 
Moto-Compressor 65 48-25 ---

Slack boiler and pump 82 20 1 
CHP, boiler and pump 60 3 4

   CHP, boiler and pump      45     5    9
CHP, boiler and pump 11 7 10
CHP, boiler and pump 66 15 13 
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TABLE X: VOLTAGE RESULTS COMPARISON IN 118-BUS IEEE CASE 

Power Flow Method 
Holomorphic 

Embedding Method 
Newton-Raphson 

Method 

Node (i) d_|V|(%) d_θ |V|(p.u.) θ (∘) 
8 0 -0.047 1.015 21.03 

36 0 0.09 0.980 11.08 
66 0 0 1.050 27.55 
87 0 0.031 1.015 31.44 

104 0 0 0.971 21.74 
116 0 0 1.005 27.17 

Computational Time (s) 0.175 0.275 

TABLE XI: COMPARISON RESULTS OF VARIOUS METHODS ON CASE 2 

PFMEC METHOD 
Proposed 

DHG-PFMEC 
DNR-

PFMEC 
NR-PFMEC 

Computational Time (s) 0.261 0.624 Did not converge 

TABLE XII: COMPARISON RESULTS OF VARIOUS METHODS ON CASE 2 

Sub-
network 

PFMEC Method 
Proposed DHG-

PFMEC 
DNR-PFMEC 

Electrical 

Node (i) d_|V|(%) d_θ (%) |V|(p.u.) θ (∘) 
45 -0.074 0 0.992 16.8
60 -0.085 0 0.998 24.0
66 -0.053 0.057 1.054 28.1
82 0.061 0.042 0.984 27.8

Heating 

Node (h) d_ܶ௛ௌ(%) d_ܶ௛௥(%) ܶ௛௦(ܥ) ܶ௛௥(ܥ)
1 0 0 120.00 48.0
6 0 0.02 116.57 49.4

11 0 0 117.65 49.0
13 0 -0.02 117.43 49.6

Natural 
Gas 

Node (g) d_πg (%bar) πg (bar)

12 0 55.34
20 0 49.95
26 0 67.17

29 0 58.06 

To test the applicability of holomorphic embedding method 
in large-scale electrical sub-networks, the PF results of the HE 
method and the conventional NR method for the 118-bus 
IEEE system have been compared in Table X. It is evident that 
the HE method can accurately solve the large-scale electrical 
power flow with less computational time than the NR method. 

Since MEC system in case 2 is large-scale, the feasible 
solution for PFMEC problem of this system is computational 
and troublous. Fortunately, the high computational efficiency 
and feasible applicability of the proposed strategy could 
greatly diminish this problem. Table XI presents the 
calculation time of various PFMEC methods. As shown from 
this table, no feasible solution can be obtained by NR-PFMEC 
method while the proposed decomposing DHG-PFMEC and 
DNR-OPF methods could reach to a feasible solution. It is 
noteworthy to say that the Jacobian matrix size that the NR-
PFMEC method needs to inverse for this case is 257×257. 
Accordingly, the NR-PFMEC method with big variable 
Jacobian matrix could not converge for this large-scale 
system. However, the proposed DHG-PFMEC strategy 
accurately solves the power flow problem within 0.261 
seconds which is faster 58% more than the DNR-PFMEC 
method. It is obvious that proposed DHG- PFMEC strategy is 
faster than DNR-PFMEC method to solve the large-scale 
power flow of the MEC system. Due to the proposed strategy 
does not utilize inverse of a Jacobian with variable elements in 

each iteration of electrical and heating sub-networks like NR- 
PFMEC and DNR-PFMEC methods, the computational time 
of the proposed strategy is less than the other methods. Also, it 
is capable to reach a feasible and reliable solution in the 
electrical sub-network by Holomorphic embedding due to it is 
not initial guess depending. The proposed DHG-PFMEC 
strategy converged only in six steps for the value of 
interdependent equipment. The comparison PFMEC results of 
DHG-PFMEC and DNR-PFMEC methods are displayed in 
Table XII. The accurate results of the proposed PFMEC show 
that this method effectively solves the large-scale problem. 

In order to investigate the performance of the proposed 
decomposing strategy on solving a MEC system with high 
interdependency between the three networks, Case 2 has been 
extended. In this regard, the existing numbers of CHPs and 
boilers and electrical pumps have been become double. 
Moreover, the generation heat values of CHPs and boilers 
have been become triple of the previous values. Thus, four 
surplus CHPs, boilers and heating pump are placed in the 
MEC system of Case 2. The configuration of surplus 
equipment is shown in Table XIII.  

TABLE XIII: CONFIGURATION OF SUB-NETWORKS FOR EXTENDED CASE 2 

Unit Electrical Gas Heat 
Heat 

Generation (MW)  

CHP 84 9 3 60 
CHP 86 13 5 60 
CHP 95 14 6 75 
CHP 108 11 7 75

Boiler --- 9 3 15
Boiler --- 13 5 9
Boiler --- 14 6 6
Boiler --- 11 7 15 

Electrical 
Heat Pump 

84 --- 3 --- 

Electrical 
Heat Pump 

86 --- 5 --- 

Electrical 
Heat Pump 

95 --- 6 --- 

Electrical 
Heat Pump 

108 --- 7 --- 

TABLE XIV: COMPARISON RESULTS OF DHG-PFMEC Method ON 

EXTENDED CASE 2 WITH HIGH INTERDEPENDENCIES 

Sub-network PFMEC Method 
Proposed DHG-

PFMEC 

Electrical 

Node (i) |V|(p.u.) θ (∘) 
45 0.987 20.147 
60 0.993 26.774 
66 1.050 30.404 
82 0.989 34.980 

Heating 

Node (h) ܶ௛௦(ܥ) ܶ௛௥(ܥ) 
1 120.00 51.002 
6 119.658 49.452 

11 121.051 49.960 
13 120.397 49.631 

Natural Gas 

Node (g) πg (bar)

12 54.008
20 48.126
26 63.130

29 53.173 

Computational Time (s) 0.307 
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TABLE XV: VOLTAGE RESULTS COMPARISON IN 6468TRE-CASE  

Power Flow Method 
Holomorphic 

Embedding Method 
Newton-Raphson 

Method 
Node (i) d_|V|(%) d_θ (%) |V|(p.u.) θ (∘) 

57 0 -0.021 1.059 -18.74 
473 0 0 1.04 -20.52 
762 0 0.05 1.034 -12.89 
2506 0 0 1.009 -20.42 
2851 0 0.095 1.04 -13.87 
4051 0 0.046 0.88 -15.28 

Computational Time (s) 1.32 1.51 

TABLE XVI: COMPARISON RESULTS OF VARIOUS METHODS ON CASE 3 

PFMEC METHOD 
Proposed 

DHG-PFMEC 
DNR-

PFMEC 
NR-PFMEC 

Computational Time (s) 2.13 2.56 not converged 

The energy flow results of this extended MEC by the 
proposed decomposing strategy are presented in Table XIV. It 
can be seen from this table that the proposed DHG-PFMEC 
method can solve the extended MEC with high 
interdependency by 0.307 second which is 0.046 second more 
than original Case 2. It is notable that the proposed DHG-
PFMEC strategy converged only in seven steps for the high 
interdependent equipment. 

C. Case 3 

In order to demonstrate conclusively the superiority of the 
proposed DHG-PFMEC method with respect to the DNR-
PFMEC and NR-PFMEC methods, we decided to simulate a 
large-scale case with more complexities.  

Hence, we tested our proposed DHG-PFMEC method on a 
MEC system including 6468rte-case electrical network [33], 
previous 48-bus gas network and previous 20-nodes heating 
network with added two hydraulic loops [33] which increase 
the complexity of the problem. In addition, the results are 
compared with the results of the DNR-PFMEC and the NR-
PFMEC methods. The MEC system has 1295 generators and 
9000 electrical branches.  

The PF results of HE method and conventional NR method 
for the electrical 6468rte-bus network are compared in Table 
XV. It is notable that the applicability of the holomorphic 
embedding method in large-scale electrical sub-networks is 
shown by the results of Table XV. In this case, the HE method 
can accurately solve the large-scale electrical power flow with 
less computational time than the NR method. 

The proposed energy flow method in case 3 must specify 
11715 variables including 28 values for the heating network, 
47 values for the gas network and 11640 values for the 
electrical network, respectively. The computational times of 
various methods on solving case 3 are presented in Table XVI. 
It is noteworthy to say that NR-PFMEC method cannot 
converge in this case like case 2. The proposed DHG-PFMEC 
strategy accurately solves the energy flow of MEC system in 
case 3 within 2.13 seconds which is 17% faster than the DNR-
PFMEC method.  

The results of DNR-PFMEC and the deviation values of 
PFMEC results from DNR-PFMEC are shown in Table XVII. 
It is notable that the decomposing strategy helps the speed and 
convergence rate of the proposed DHG-PFMEC in this 
complex case.  

 

TABLE XVII: COMPARISON RESULTS OF VARIOUS METHODS ON CASE 3 

Sub-
network 

PFMEC Method 
Proposed DHG-

PFMEC 
DNR-PFMEC 

Electrical 

Node (i) d_|V|(%) d_θ (%) |V|(p.u.) θ (�) 

45 0.057 0.042 0.992 16.507
60 0.061 -0.008 0.998 23.847 

3990 0.036 -0.021 1.026 -3.282 
6086 -0.042 0.067 1.042 15.914 

Heating 

Node (h) d_T୦ୗ(%) d_T୦୰(%) T୦ୱ(C) T୦୰(C) 
1 0 0 120.00 47.11 
6 0.01 0 120.54 49.62 

11 0 0.02 121.25 48.02 
13 0 0 124.95 49.73 

Natural 
Gas 

Node (g) d_πg (%bar) πg (bar) 
12 0 58.64
20 0 48.45
26 0 69.23

29 0 61.46 

V. CONCLUSIONS 

A novel decomposing energy flow strategy for a multi-
energy carrier system with electrical, natural gas and heating 
sub-networks has been proposed in this paper. For this aim, 
the interdependent equipment among sub-networks such as 
CHPs, boilers and electrical pump are taken into account. The 
proposed energy flow used in this paper minimizes the 
iteration procedure of the energy flow and accelerates the 
computation time by decomposing the PFMEC problem and 
eliminates any non-constant Jacobian matrix in the electrical 
and heat sub-networks based on the novel non-iterative HE 
and less-computational graph-based methods. The numerical 
results demonstrate that the proposed decomposing strategy 
can solve the MEC power flow accurately with less 
computational time than the Newton-Raphson method. The 
superiority and applicability of the proposed decomposing 
strategy are salient comparing to the coupling iterative 
methods like Newton-Raphson for the simultaneous solution 
of the large-scale power flow of MEC systems. The results 
showed that for solving the large-scale MEC energy flows, it 
is essential to use the decomposing strategy to reach a feasible 
solution.  
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